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Abstract

The present paper envisages the applications of Riemann-Liouville frac-
tional q-integral operator to a basic analogue of Fox H-function. Results
involving the basic hypergeometric functions like Gq(.), Jv(x; q), Yv(x; q),
Kv(x; q),Hv(x; q) and various other q-elementary functions associated with
the Riemann-Liouville fractional q-integral operator have been deduced as
special cases of the main result.
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1. Introduction

Agarwal [1] introduced the q-analogue of the Riemann-Liouville frac-
tional integral operator as follows:

Iµ
q f(x) =

1
Γq(µ)

x∫

0

(x− yq)µ−1 f(y)d(y; q), (1.1)

where ‘µ‘ is an arbitrary order of integration such that Re(µ) > 0.
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Following Jackson [5], Al-Salam [2] and Agarwal [1], we have the basic
integration defined as:

x∫

0

f(t)d(t; q) = x(1− q)
∞∑

k=0

qkf(xqk). (1.2)

In view of equation (1.2), (1.1) can be expressed as:

Iµ
q f(x) =

xµ(1− q)
Γq(µ)

∞∑

k=0

qk(1− qk+1)µ−1f(xqk), (1.3)

where Re(µ) > 0.
Further, for real or complex α and 0 < |q| < 1, the q-factorial is defined

as:

(α; q)n ≡ (qα; q)n =
{

1 ; n = 0
(1− qα)(1− qα+1)...(1− qα+n−1) ; n = 1, 2, ...

(1.4)
or equivalently,

(α; q)n =
∞∏

j=0

(1− αqj)
(1− αqn+j)

=
(α; q)∞

(αqn; q)∞
. (1.5)

In terms of the basic analogue of the gamma function, we have

(α; q)n =
Γq(α + n)(1− q)n

Γq(α)
, n > 0 , (1.6)

where the q-gamma function, cf. Gasper and Rahman [4], in various form
is given by

Γq(α) =
(q; q)∞

(qα; q)∞(1− q)α−1
=

(1− q)α−1

(1− q)α−1
=

(q; q)α−1

(1− q)α−1
, (1.7)

(α 6= 0,−1,−2, ...).

Indeed
lt

q → 1−
(qα; q)n

(1− q)n
= (α)n, (1.8)

where
(α)n = α(α + 1)...(α + n− 1). (1.9)
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The q-binomial series, cf. Gasper and Rahman [4], is given by

1φ0




α ;
q, x

−;


 =

(αx; q)∞
(x; q)∞

. (1.10)

Saxena, Modi and Kalla [10], introduced the basic analogue of the Fox H-
function in the following manner:

Hm1,n1

A,B

[
x; q

∣∣∣∣
(a, α)
(b, β)

]
(1.11)

=
1

2π i

∫

C

m1∏
j=1

G(qbj−βjs
)

n1∏
j=1

G(q1−αj+αjs)πxs

B∏
j=m1+1

G(q1−bj+βjs)
A∏

j=n1+1
G(qαj−αjs)G(q1−s) sinπs

ds,

where 0 ≤ m1 ≤ B, 0 ≤ n1 ≤ A; α′is and β′js are all positive integers,
the contour C is a line parallel to Re(ws), with indentations if necessary, in
such a manner that all poles of G(qbj−βjs ), 1 ≤ j ≤ m1 are to the right, and
those of G(q1−αj+αjs), 1 ≤ j ≤ n1, to the left of C. The integral converges
if Re[s log(x) − log sinπs] < 0 for large values of |s| on the contour, i.e.
if |{arg(x) − w2w

−1
1 log |x|}| < π, where 0 < |q| < 1, log q = −w =

(w1 + iw2), w, w1, w2 are definite quantities w1 and w2 being real.
Also

G(qα) =

{ ∞∏

n=0

(1− qα+n)

}−1

=
1

(qα; q)∞
. (1.12)

If we set αj = βi = 1, 1 ≤ j ≤ A, 1 ≤ i ≤ B in (1.11), then it reduces to the
basic Meijer’s G-function, namely

Hm1,n1

A,B

[
x; q

∣∣∣∣
(a, 1)
(b, 1)

]
≡ Gm1n1

A,B

[
x; q

∣∣∣∣
a1, ..., aA

b1, ..., bB

]

=
1

2π i

∫

C

m1∏
j=1

G(qbj−s)
n1∏

j=1
G(q1−aj+s)πxs

B∏
j=m1+1

G(q1−bj+s)
A∏

j=n1+1
G(qαj−s)G(q1−s) sinπs

ds, (1.13)

where 0 ≤ m1 ≤ B, 0 ≤ n1 ≤ A; and Re[s log(x)− log sinπs] < 0.
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Further, if we set n1 = 0,m1 = B in (1.13), we get the basic analogue
of MacRobert’s E-function

GB,0
A,B

[
x; q

∣∣∣∣
a1, ..., aA

b1, ..., bB

]
= Eq[B; bj : A; aj : x]. (1.14)

Saxena and Kumar [11], introduced the basic analogues of Jv(x), Yv(x),
Kv(x), Hv(x) in terms of Gq(.) function as follows:

Jv(x; q) = {G(q)}2G1,0
0,3

[
x2(1− q)2

4
; q

∣∣∣∣
−

v
2 , −v

2 , 1

]
, (1.15)

where Jv(x; q) denotes the q-analogue of Bessel function Jv(x).

Yv(x; q) = {G(q)}2 G2,0
1,4

[
x2(1− q)2

4
; q

∣∣∣∣
−v−1

2
v
2 , −v

2 , −v−1
2 , 1

]
, (1.16)

where Yv(x; q) denotes the q-analogue of the Bessel function Yv(x).

Kv(x; q) = (1− q) G2,0
0,3

[
x2(1− q)2

4
; q

∣∣∣∣
−

v
2 , −v

2 , 1

]
, (1.17)

where Kv(x; q) denotes the basic analogue of the Bessel function of the third
kind Kv(x).

Hv(x; q) =
(

1− q

2

)1−α

G3,1
1,4

[
x2(1− q)2

4
; q

∣∣∣∣
1+α

2
v
2 , −v

2 , 1+α
2 , 1

]
, (1.18)

where Hv(x; q) is the basic analogue of Struve’s function Hv(x).
In view of the definition (1.11), the following elementary basic (q-) func-

tions are expressible in terms of the basic analogue of Meijer’s G-function
as:

eq(−x) = G(q)G1,0
0,2

[
x(1− q); q

∣∣∣∣
−

0, 1

]
(1.19)

sinq(x) =
√

π(1− q)−1/2{G(q)}2 G1,0
0,3

[
x2(1− q)2

4
; q

∣∣∣∣
z−

1
2 , 0, 1

]
(1.20)

cosq(x) =
√

π(1− q)−1/2{G(q)}2 G1,0
0,3

[
x2(1− q)2

4
; q

∣∣∣∣
−

0, 1
2 , 1

]
(1.21)

sinhq(x) =
√

π

i
(1− q)−1/2{G(q)}2 G1,0

0,3

[
−x2(1− q)2

4
; q

∣∣∣∣
−

1
2 , 0, 1

]
(1.22)
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coshq(x) =
√

π(1− q)−1/2{G(q)}2 G1,0
0,3

[
−x2(1− q)2

4
; q

∣∣∣∣
−

0, 1
2 , 1

]
. (1.23)

A detailed account of various functions expressible in terms of the Meijer
G-function or Fox H-function can be found in research monographs due to
Mathai and Saxena [8], [9]. A systematic and unified development of a
new generalized fractional calculus, closely related to special functions of a
rather general nature is given in [6], [7].

In a recent paper, Yadav and Purohit [12] have investigated some appli-
cations of Riemann-Liouville fractional q-integral operator to various basic
hypergeometric functions of one variable.

The motive for the present paper is to evaluate the Riemann-Liouville
fractional basic integral operator involving basic analogue of the H-function
and various other basic hypergeometric functions. The results deduced are
believed to find certain applications to the solutions of basic (q-) integral
equations.

2. Main results

In this section, we shall evaluate the following q-fractional integral of
the Riemann-Liouville type involving a basic analogue of Fox’s H-functions:

Iµ
q

{
Hm1,n1

A,B

[
ρxλ; q

∣∣∣∣
(a, α)
(b, β)

]}

=





xµ(1− q)µHm1,n1+1
A+1,B+1

[
ρxλ; q

∣∣∣∣
(0, λ), (a, α)
(b, β), (−µ, λ)

]
, λ ≥ 0

xµ(1− q)µHm1+1,n1

A+1,B+1

[
ρxλ; q

∣∣∣∣
(a, α), (1− λ)
(1 + µ,−λ), (b, β)

]
, λ < 0

(2.1)

where 0 ≤ m1 ≤ B, 0 ≤ n1 ≤ A.

P r o o f o f (2.1). To prove (2.1), we apply equations (1.3) and (1.11)
to the left hand side to obtain

xµ(1− q)µ
∞∑

k=0

qk(qµ; q)k

(q; q)k

× 1
2πi

∫

C

m1∏
j=1

G(qbj−βjs)
n1∏

j=1
G(q1−aj+αjs)π(pxλqλk)s

B∏
j=m1+1

G(q1−bj+βjs)
A∏

j=n1+1
G(qaj−αjs)G(q1−s) sin πs

ds.
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Interchanging the order of summation and integration, which is valid under
conditions given with (1.11), the above expression reduces to

xµ(1− q)µ

2πi

∫

C

m1∏
j=1

G(qbj−βjs)
n1∏

j=1
G(q1−aj+αjs)π(pxλ)s

B∏
j=m1+1

G(q1−bj+βjs)
A∏

j=n1+1
G(qaj−αjs)G(q1−s) sin πs

×
∞∑

k=0

qk(1+λs)(qµ; q)k

(q; q)k
ds,

on summing inner 1φ0(.) series with the help of (1.10), it yields after some
simplifications

xµ(1− q)µ

2πi

×
∫

C

m1∏
j=1

G(qbj−βjs)
n1∏

j=1
G(q1−aj+αjs)G(q1+λs)π(pxλ)s

B∏
j=m1+1

G(q1−bj+βjs)G(q1+µ+λs)
A∏

j=n1+1
G(qaj−αjs)G(q1−s) sin πs

ds,

which on interpretation in view of (1.11), leads us to the right hand side of
the result (2.1). The second part follows similarly.

3. Applications

In this section, we shall derive certain basic integrals of the Riemann-
Liouville type, involving various basic functions expressible in terms of the
basic analogue of Fox’s H-function or Meijer’s G-function, as the application
of the main result (2.1). These results are presented in tabular form, see
Table 1.

Proofs of the results (3.1) and (3.2) follows directly from (2.1) with
λ = ρ = 1 and on using the definitions (1.13)-(1.14) respectively.

While if we assign m1 = 1, n1 = A = 0, B = 3, b1 = v/2, b2 = −v/2, b3 =
1, λ = 2, ρ = (1−q)2

4 in equation (2.1), we obtain

Iµ
q

{
H1,0

0,3

[
x2(1− q)2

4
; q

∣∣∣∣
−
(v
2 , 1), (−v

2 , 1), (1, 1)

]}
= xµ(1− q)µ
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×H1,1
1,4

[
x2(1− q)2

4
; q

∣∣∣∣
(0, 2),
(v
2 , 1), (−v

2 , 1)(1, 1), (−µ, 2)

]
, (3.12)

in view of of the definitions (1.15), the left hand side of (3.12) reduces to

Iµ
q {Jv(x; q)} = xµ(1− q)µ{G(q)}2

×H1,1
1,4

[
x2(1− q)2

4
; q

∣∣∣∣
(0, 2)
(v
2 , 1), (−v

2 , 1)(1, 1), (−µ, 2)

]
. (3.13)

This completes the proof of (3.3).

The proof of (3.4)-(3.6) follows similarly. To prove (3.7), we take m1 =
1, n1 = A = 0, B = 2, αi = βj = 1, b1 = 0, b2 = 1, λ = 1, ρ = (1 − q) in the
main result (2.1) and then on making use of the definitions(1.13) and (1.19)
we arrive at (3.7).

The results (3.8)-(3.11) can be proved similarly by assigning particular
values to the parameters m1, n1, A, B, λ and ρ, keeping in view the defini-
tions (1.20)-(1.23).

Finally, it is interesting to observe that in view of a limit formula for
Gq(.) function due to Saxena and Kumar [11], if we let q → 1−1, in (3.1),
we obtain a known result mentioned in Erdélyi [3] [eq. no. 96, table (13.1),
p. 200].
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Table 1
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