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Abstract

We consider the generalized shift operator, generated by the Laplace-

Bessel differential operator

n—1 2 2

Zaifz + By, By —882+7£n, ¥ >0.
The B,-maximal funct10ns and the Bj-Riesz potentials, generated by the
Laplace-Bessel differential operator Ap, are investigated. We study the
B,-Riesz potentials in the B,-Morrey spaces and B,-BMO spaces. An
inequality of Sobolev -Morrey type is established for the B,,-Riesz potentials.
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1. Introduction

The classical Riesz potential is an important technical tool in harmonic
analysis, theory of functions and partial differential equations. The maximal
function, singular integral, potential and related topics associated with the
Laplace-Bessel differential operator

*) This paper has been partially supported by Grant of Azerbaijan-U.S. Bilateral Grants
Program (Project ANSF Award / 3102)
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Ap _Zémi+Bn’ Bn_@w%+xnaxn’ 7>90
have been investigated by many researchers, see B. Muckenhoupt and E.
Stein [14], I. Kipriyanov [13], K. Trimeche [17], L. Lyakhov [12], K. Stempak
[15,16], A.D. Gadjiev and I.A. Aliev [1,4], I.A. Aliev and S. Bayrakeci [2], I.
Ekincioglu and A. Serbetci [10], V.S. Guliyev [5]-[8] and others.

In this paper we consider the generalized shift operator, generated by the
Laplace-Bessel differential operator Ap, in terms of which the B;,-maximal
functions and B,,-Riesz potentials are investigated. We study the B,-Riesz
potential in the B,-Morrey spaces and B,-BMO spaces. An inequality of
Sobolev-Morrey type is established for the B,-Riesz potentials.

The structure of the paper is as follows. In Section 1 we present some
definitions and auxiliary results. In Section 2 we introduce and study some
embeddings into the function spaces, associated with the Laplace-Bessel dif-
ferential operator. In Section 3 the L, ., boundedness of the B,-maximal
operator is proved. In Section 4 the boundedness of the B,-maximal opera-
tor on Bj,-Morrey spaces Ly, » - is proved. The main result of the paper is the
inequality of Sobolev-Morrey type for the B,-Riesz potentials, established
in Section 5.

2. Definitions, notation and preliminaries

Suppose that R™ is the n-dimensional Euclidean space, z = (z1,...,2,)
are vectors in R". Let R} = {z € R" ; = = (2/,x,),2, > 0}, 2| =
>r, 3:12)1/2, v >0, Ef(xz,r) ={y € R} : |x —y| < r}. For a measurable
set E C R let |E|y = [ x)dx, then |EL(0,r)|y = w(n,~)r"*7, where

T ()
w(n,vy) = / rde = ——————.
Bon " or (2322

Denote by TY the generalized shift operator (B)-shift operator) acting
according to the law

TV(x) = C, /0 F (& = (@ yn)3) sin~" BB,

(2t
where (Zn,Yn)g = /72 + y2 — 2T,y cos B and C., = \/STFQ(;)) = 2u(2,7).
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We remark that the generalized shift operator 7Y is closely connected
with the Bessel differential operator B,, (for example, n = 1 see [11] and
n > 1 [13] for details).

For a fixed parameter v > 0, let L, ,(R'.) be the space of measurable
functions on R} with finite norm

£ = £y = ( /|

+

1/p
If(w)lpxldl“) , 1<p<oo.

For p = oo the spaces Lo ~(R!}) are defined by means of the usual modifi-
cation

[l 2oy = 1 fl[Lo = ess sup [ f(2)].
x

ER™

The translation operator TY generates the corresponding B,,-convolution
(oo = [ S,
+

for which the Young inequality

1 1 1
||f®g”r,fyg ||f||p,’y||g||q7ry7 ].Sp,q,TSOO, E—'_&:;—i_l

holds.

LEMMA 1. ([1]) Let 1 < p < oo. Then for all y € R}

15Oy, < I£1, . - (2.1)

LEMMA 2. For all x € R} the following equality is valid

1
/ 9(W)yndy = 20/ 9 (Z’, M) |zn 1" dzdzn g,
Ei(x,t) Y B((mvo)vt)

where B((z,0),t) = {(z, zn41) € ™™ ¢ |(2/ — 2w — /22 + 22,1)| <7}

LEMMA 3. For all x € R} the following equality is valid

1
/ TVg(a)yldy = / g (z J2 z3+1) e[ ddzns s,
E1(0,t) 2 JB((.0).0)

where E((z,0),t) = {(2, zn11) € R*" ¢ (. — 2, 2001)| < 7}

The proof of Lemmas 2, 3 is straightforward via the following substi-
tutions 2" = ¢/, z, = ypcosB, |znt1] = ypsinB, 0 < 8 < 7w, y € R,
(2, zn4+1) € R
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3. Function spaces, associated with the Bessel
differential operators B,

DEFINITION 1. Let 1 < p < co. By WLy, (R!) we denote the weak
L, ~ spaces defined as the set of locally integrable functions f(z), x € R’}
with the finite norms

1
HfHWLp,W:SgISTHQUGRi : |f(33)|>7”}v .
‘s

DEFINITION 2. ([6]) Let 1 <p < 00,0 <A <n+7, [t]i = min{l,t}.
We denote by Ly, »~(R}) Morrey spaces, associated with the Bessel differ-
ential operator B,, (= B,-Morrey spaces) and by zp7,\ﬁ(R1) the modified
Morrey spaces, associated with B,, (= modified B,-Morrey spaces) as the
set of locally integrable functions f(x), € R'}, with the finite norms

1/p
Ifll,, = sup (t-A / Tyrf@c)rpyzdy) ,
o E+(07t)

t>0,z€R"
1/p
Iflz,, . = sw (mﬁ / Ty\f<x>rpyzdy> ,
AT 4>0,z€R” E4(0,t)
respectively.
Note that

LP,O,V(RTF) = Lp,O,W(Ri) = Lp,v(Ri%
Lyt (Ri) = Loo (Ri) :
Lprn(BY) Co Lyy(BY) and £l <Iflz - (1)

DEFINITION 3. ([6]) Let 1 <p <00, 0 <A <n+7, [ty = min{l,t}.
We denote by WL, » (R ) the weak B,,-Morrey spaces and by WLy, » (R"})
the modified weak B,-Morrey spaces as the set of locally integrable functions
f(x),x € R with finite norms

1/p
-
Ifllwr, , =supr sup |t / yady |,
PAT r>0 >0,z€RY {y€EL(0,t): TY|f(z)|>r}

1/p
Iz, =swpr sw (1 wdy|
PAT >0 ¢>0,2€RT {y€EL(0t): TY|f(x)|>r}

respectively.
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Note that

WLPKY(RT—:-) = WL%O,’Y(R?-) = WEP,U,’Y(RQL—)a

Lpar(RY) CWLpA(RY) and || fllyp <|fllg

)

DAY PNy

Lppy(RY) € WLppo(RY) and [z <IIfl;

PNy

4. L,.-boundedness of the B,-maximal operator

In this section we study the L, ,-boundedness of the B),- maximal op-
erator (see [5])

M, f(z) = sup | E4 0, ) / T ()| dy.
r>0

Ey (0,7")

THEOREM 1.
1. If f € L1, (Ri), then M, f € WLM(R’?F) and

HMVfHWLLw < CHfHLL'y7

where C' is independent of f.
2. Iffe L, ,(R!), 1 <p< oo, then M, f € L,~(R"}) and

HM'YfHLp,'y S sz’y”fHLp,'y’

where C,,, depends only on p,~ and n.

P r o o f. The B,-maximal function may be interpreted as a maximal
function defined on a space of homogeneous type. By this we mean a topo-
logical space X equipped with a continuous pseudometric p and a positive
measure p satisfying

u(B(w,2r)) < Ciu(E(, ) (4.1)

with a constant C independent of  and r > 0. Here E(x,r) = {y € X :
plx,y) < r}, p(z,y) = |z — y|. Let (X,p, ) be a space of homogeneous
type. Define

M, f(z) = sup u(E(z, )~ /E V@)

r>0
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It is well known that the maximal function M, is weak type (1, 1) and
is bounded on L, (X,du) for 1 < p < oo (see [3]). Here we are concerned
with the maximal operator defined by du(z) = x}dx. It is clear that this
measure satisfies the doubling condition (4.1).

We will show that

2n+7(&

va(:n) < m

M, f(z), (4.2)
23ty

.

From the definition of the B,,—shift operator it follows that T¥x g, (o) ()

is supported in Ey(x,r).
Moreover, there exists a constant Co such that

where Cy =

0 <TXg, (0 (z) <min{l, Cor’az, 7}, Vy € Ef(z,7). (4.3)

In the case x,, < r this follows from the inequality 0 < TYxg, (o (7) < 1.
Also

n—1
pE(z,r) = |E(z,7)], < H / dy; / Yndyn

i
T yil<r {yn>0;|zn—yn|<r}

v ¥
< gntyn—1) T¥n, T < Zn ont+ .ty (xn/7)7, T <y
= r 14 = r
rr > xy, 1, r> Ty

Thus

M, f(x) < My f(z) + May f(z) = sup |E4(0,7)[5"

rT>Tn

x / TV () lyldy + sup B4 (0,7 / TV f(2) |3 dy.

o<r<zn,
E+(0r) E4(0,r)
If r > @y, then pE(z,r) < 2" |EL(0,r)|y = w(n,y)r"™ and
TYX g, (0, (7) < 1. Thus yields

Minf(x) < sup |E4(0,r)]" /E WO 0 (3
+(z,r

r>Tn

on+y n—+-y

1
S R e o ) = M),
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If r < @y, then pE(x,r) < 2"}, |EL(0,r)|y = w(n,v)r"™ and
TYX g, (0)(x) < Cor’z,”. Thus yields

Mo f(x) < sup |E4(0,7)]" /E F T X 0 (@)iddy
+(z,r

r<Tn

2T Oy 1 / 2T Oy
< sup |fW)lduy) = ———= My f(=).
w(n, ) r>o0 nE@, 1) JE(2r) w(n,v) "
Therefore we get (4.2), which completes the proof. n

REMARK 1. For the one-dimensional case Theorem 1 was proved earlier
by K. Stempak [16].

5. Ly »,-boundedness of the B),-maximal functions

In this section we study the Ly,  y-boundedness of the B,-maximal op-
erators.

THEOREM 2.
1 Iff € Liny (RY), 0 <A <n+7, then Myf € WLy, (RY) and

1My fllwes sy < ClFlE s (5.1)

where C' is independent of f.
2. If f € Lyry(RY), 1 < p < 000 < A< n+v, then Myf €
Ly (RL) and

My fllzy s < Conll Ly, (5.2)
where C), , depends only on p,y and n.

P r o o f. We need to introduce another maximal function defined on a
space of homogeneous type (Y,d,v). By this we mean a topological space
Y = R™"! equipped with a continuous pseudometric d and a positive mea-
sure v satisfying

V(E((2,2n41),2r)) < Crv(E((z, Zn41), 7)) (5:3)

with a constant C independent of (x, z,+1) and r > 0. Here E((z, Zpp1 ), 7) =
{(ya Z/n+1) ey: d(((ﬂ}', xn—‘,—l)’ (.% yn—i—l)) < 7’}, dy(yv yn—}—l) = ’yn-»-l‘%ldydynﬂ A
d((2, 2n41), (¥ Ynt1)) = 1@ 2ps1) = (@ Yo )| = (2 =y P+ (@n41-ynr1)?) 2.
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Let (Y, d,v) be a space of homogeneous type. Define

M, F (2, ens1) = sup v(B((, 2np1), 7)) [E o (Rl w)
T, Tp41),T

r>0

where f(z,2n11) = f (37/, \/x2 + wiﬂ).

It is well known that the maximal function M, is of weak type (1, 1)
and is bounded on L, (Y, dv) for 1 < p < oo (see [3]). Here we are concerned
with the maximal operator defined by dv(y,yn+1) = |[ynt1|? ' dydyns1. Tt
is clear that this measure satisfies the doubling condition (5.3).

It can be proved that

M, f (z’, \/ 22 —i—szH) =M,f <z’, \/ 22 +z72l+170) , (5.4)

M, f(z) = M, f(2,0). (5.5)

Indeed, Lemma 3,

Jrvon™
Ey (O’t)

_ 1J/ |
2 E((z’, 22+22 O),r)

n+1°

|EL(0,t)|y =VvE ((z’, \/ 72 +zfl+1,0> ,r)

imply (5.4). Furthermore, taking z,+1 = 0 in (5.4) we get (5.5).
Using Lemma 3 and equality (5.4) we have

Yndy

f <Z/7 \/ ’ZTQ'L =+ z'rQH-l)

Iy, yn+1)} dv(y, Yn+1)

and

/ TV (M, f(2)) 4 dy
E+(07t)

TN G CRE R )
S Myf 2,422+ 22 Zn1|7 T dzdzy,
2 oo ¥ +1 |2n+1] +1
P
Ml,f(z/,\/z%—i—zg ,0)) dv(z, zpi1).
/E((I,O),t) ( i ( " )

NN
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In [9] there was proved that the analogue of the Fefferman-Stein theorem
for maximal functions defined on a space of homogeneous type is valid, if
condition (5.3) is satisfied. Therefore

/ (Mo(9s gs1) (5 Yos 1)y, Y1)
E((I,In+1),t)

<y / 00 s )P Mo (s Y1)y, sr). (5.6)
E((z,xn+1),t)

Then taking ©(y, yni1) = f (y’, YR+ ny_l,O) and 1 = 1 we obtain
from equality (5.6) and Lemma 3 that

/ TV (M, f(2))? y)dy
E+(07t)

p
Ml,f(z’,\/z%—i—z% ,0)> dv(z, z
/E((J;‘,O),t) ( i ( "H‘l)

N |

P
SC/ f(z’,\/z%—l—zfl ,0) dv(z, zn
4 B((2.0).0 +1 ( +1)
P
_C/ f(z’,\/z,%—i—z% > dv(z, zn
4 B((2.0).0) +1 ( +1)

e / TV f(@)Pydy < 2 Cy v |||
E+(07t)

Lpay:
]

REMARK 2. Theorem 1 is obtained from Theorem 2 under the choice
A=0.
Similarly, we prove the following

THEOREM 3. _
1 If f € Liny (RY), 0 <A< n+7, then Myf € WLy, (RY) and

1M, Flyz, . < CIAlZ,
where C' is independent of f.
2 Iffe Lpa~y(RY), 1 < p < 00,0 < X < n+7, then M,f €
Ly (R1) and
1Mz, < Coallfllz, ,

where C), , depends only on p, v and n.
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6. Sobolev theorem for the B,-Riesz potentials

Consider the B,-Riesz potentials
i@ = [ Tl iy, 0<a<nt,
+

For the B,,-Riesz potentials the following generalized Hardy-Littlewood—
Sobolev theorem is valid.

THEOREM 4. Let0<a<n—|—’y,0§)\<n+7
P = then Iof € Ly (RY)

If f € Lyar(RY), 1 < p < 240,

n+7’
and
1511z, . < Coaliflg,, . » (6.1)
where C), \ is independent of f.
If feLiny(RY), 1— % = n+7, then IS f € WLqAV(R’_ﬁ) and
127 l, < Callfl, (62)

where C is independent of f.

Proof Let fe Zp)w (Ri) . Then

IDf(x (/ / ) TV f(x)|y|* " Tyldy = Az, t) + C(x,t).
E1(0.t) DA\E4(0,¢)

(6.3)
For A(x,t) we have
At [ Ty Ry
E+(07t)
—1 a—n—y
<Y () T £ (0)| iy
e —oo E4+(0,2kt1¢)\ E4 (0,2k¢)
Hence

n+-y

|A(z,1)| < CstM, f(z)  with 05:“’(7;;”121. (6.4)

In the second integral by the Holder inequality and inequality (2.1) we
have

e _niy
1C (@, O <ITF O, 11911, gz, 0y < Cot™ 7 11l
by p,'y( +\ +( ’))
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Consequently, we use inequality (3.1) and the relation }D — % = m and
get

—n _nty
C(2,t)| < Cg|| fllr, ,t~ "9 < Cet™ 1z, .- (6.5)
Thus, from (6.4) and (6.5), we have

0{ a _LJ"’Y
|12 ()] < Ot M, f() + Cot ™% IIfllz, -

e e . -1 p/(n+7)
Minimizing with respect to ¢, at t = [(Myf(x)) Iz R we
DAY

have

|19 (2)| < (C5 + Co) (M f ()" ||f||1z;i{;1 -

Hence, by Theorem 3, we have

[ i@y < e ifIeT [ T )P
E4(0,t)

E4(0t)
A — A
< G IAIZ Y NG | < GsltIfIg |

which yields (6.1).
Let f € Lix~(RY). It suffices to prove inequality (6.1) with 23 instead
of 3 on the left-hand of the inequality. So,

[{y € BL(0,t) « TV |I5f ()] > 28}
<y € E+(0,t) : TYA(x,1)| > B}, +Hy € E+(0,1) : TY[C(x,t)] > B}, .
Taking into account inequality (6.4) and Theorem 3, we have
’{y € E-‘r(ovt) : Ty‘A(x7t)| > 6}|'y

< HyeEJr(O,t) : TV (Myf(x)) > Cfta}‘ < Cgﬁt

and thus if Cgt™ S HfHL = = (3, then |C (z,t)] <  and consequently,
[{y € B4(0,) : TY|C(x,0)| > B}], = 0.
Finally

[Nz,

e m0n - 7o) > 29)] <o ()

which proves the theorem. [ ]
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THEOREM 5. Let 0 <a<n+~vand 0 < A<n+~v—ap.

X If f e LP,Q,W(Rﬁ), where 1 < p < "Tﬂ and % —% = n+‘;‘_/\, then
IS f € Lyxy(RY) and
1 sy, < Corllfl, ., (6.6)
where C), \ is independent of f.
If f € Lipy(RE), 1 — ¢ = 59, then IS f € WLy, (RY) and
125 s, <Ol (6.7

where C is independent of f.

Proof. Let f € Ly, (RY). From (6.3), for C(z,t) by the Hélder’s
inequality we have

L

Caol<| [ T @F vy

T\E+(0,1)
v
o I L I Sl 1] PN ()
RI\EL(0)

Thus, from (6.4) and (6.8) we have

12 (@)] < Cua (t°M S () + )
Minimizing with respect to ¢, at ¢ = [(M,yf(ac))_1 HfHLp’M]p/(/\_n_v)

we arrive at

|12 f(2)] < Cra (Mo f ()P || 1129

Ly

Hence, by Theorem 2, we have
[ i@ iy < callfIs [ 106 5@ vy
E+(O7t) P . E+(0’t)
< Cit L5 WA, < Cust lIFIIG,

Let f € Liy(RY). It sufﬁces to prove the inequality (6.7) with 23
instead of 8 on the left-hand side of the inequality. So

[{y € EL(0,t) : TV|IFf(2)] > 28}
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<y e E+(0,1) : TY[A(z,8)] > B} |, +[{y € E+(0,1) = TY|C(x,1)| > B} |y

Taking into account inequality (6.4) and Theorem 2 we have

[{y € E4(0,8) : TY[A(z,t)] > B},

(e
< Clﬁt

s\{yeE+<o,t>:Ty<va<x>>> I
il

Cste

and thus if 013t q Hf||L1 \, = 0, then |C (x,t)] < B and consequently,
[{y € E.(0,1) = TY[C(z,t)] > B} |, = 0.
Finally,

[{y € EL(0,1) = TY|I5f(x)] > 28}] <

f
= Cy6t (‘ H;“”)

The theorem is proved. [

C16
— 2t 11z, -

COROLLARY. ([4]) Let 0 < a<n+ry.
IFl<p<™2 o —0=3%, f€Lp,y(RY), then IS f € Ly (R?) and

a’p g
HlﬁfHqu < CP:’Y”fHpr’ (6’9)
where C), is independent of f.
If f e Llﬁ(Rﬁ) = =1- TM’ then IS f € WLy~(RY) and
HlstfHWLq’,y S C)\ ”fHLl,y ’ (610)

where C'y is independent of f.

THEOREM 6. Let 0 < o < n+ 7.
If1 < p < ™2 then the condition %D—
(6.9) to be valid.

If p = 1, then the condition 1 — % = # is necessary for inequality
(6.10) to hold.

1 _
i +'y is necessary for inequality

Proof Let 1 <p<™2 felL,, (R}) and inequality (6.9) hold.
Define f;(x) =: f(tx). Then

_nty
Ifellg,, =t 7 Ifllg,,
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and .
125 £elly,,, =77 155y -

By the inequality (6.9),

12 sl < Coat™ 5

1
If + m, then in the case t — 0 we have HL‘;‘fHLm = 0 for all
fe va(Rn)
As well as 1f L1 + W’ then at ¢ — oo we obtain HI;’fHL =0 for
a,y

all f e Lm(R")
1

Therefore =g + Tﬂ

Now, let f € Ll,7 (R7%) and inequality (6.10) hold. We have

_ 77L+’Y
HlslftHWLM =t HIO‘fHWLm'
By inequality (6.10)
15 Al < Gt 0=
If1>= + m, then in the case t — 0 we have HIﬁfHWL = 0 for all
a4,

fe le(RJr)
Similarly, if 1 < = +
all f € Llﬁ(R ).
Therefore 1 =

an, then for ¢t — oo we obtain HL‘?‘fHWLm = 0 for

o
+ n+y* u

Q=
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