f

J/ractional Calculus
& £\pplied Ch nalysis

An Irternational Journal for Theory and Applications
VOLUME 9, NUMBER 1 (2006) ISSN 1311-0454

ON THE UNIFORM CONVERGENCE OF PARTIAL DUNKL
INTEGRALS IN BESOV-DUNKL SPACES

Chokri Abdelkefi ! and Mohamed Sifi 2

Abstract

In this paper we prove that the partial Dunkl integral S7(f) of f con-
verges to f, as T' — +oo in L*°(v,) and we show that the Dunkl transform
Fu(f) of fisin L'(v,) when f belongs to a suitable Besov-Dunkl space.
We also give sufficient conditions on a function f in order that the Dunkl
transform F,(f) of f is in a LP-space.
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1. Introduction

Dunkl operators are differential-difference operators introduced in 1989,
by C. Dunkl [3]. On the real line, these operators, which are denoted by
A, depend on a real parameter p > —% and they are associated with the
reflection group Zs on R. For pu > —%, Dunkl kernel £, is defined as
the unique solution of a differential-difference equation related to A, and
satisfying £, (0) = 1. This kernel is used to define Dunkl transform F,
which was introduced by C. Dunkl in [4]. More complete results concerning
this transform were later obtained by M.F.E de Jeu [2]. Rosler in [9] shows
that Dunkl kernels verify a product formula. This allows us to define Dunkl
translation operators 7,, x € R. As a result we have a Dunkl convolution.
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Ifa>0,p>1and 1 < r < 400 a Besov-Dunkl space, denoted by
BDVY, is a subspace of functions f € LP(v,) satisfying

[ (Y

where wy, ,(f,t) is the LP(v,) norm ||7.(f) + 7—c(f) — 2f||lp,u. t € R (see [7]).
The goal of this paper is to prove that the partial Dunkl integral Sp(f)
of f defined by .

Sr(f)(x) = / B(izg) Ful /) (@)dvu(y), € R.T >0,

converges to f, as T'— 400, in L*°(v,) and to show that the Dunkl trans-
form F,(f) of f on R, is in L'(v,), when f belongs to Besov-Dunkl space

: 1
BD’Z o for ) < p <2,

The contents of this paper are as follows.

In Section 2, we collect some results about harmonic analysis associated
with Dunkl operator. In Section 3, we study some properties of partial
Dunkl integral St, that will be useful to establish the uniform convergence
of S7(f) to f. In Section 4, using a Hardy-Littlewood inequality for Dunkl
transform we prove the absolute integrability of F,(f).

Analogous results have been obtained by Giang and Méricz in [6] for
a classical Fourier transform on R. Later, Betancor and Rodriguez-Mesa
in [1] have established similar results in Lipshitz-Hankel spaces involving
Hankel transform on (0, 00).

In the sequel ¢ represents a suitable positive constant which is not nec-
essarily the same in each occurrence.

2. Preliminaries

We consider the differential-difference operator defined for a C*° func-
tion f, on R, by
daf
Muf (@) = So@)+

called Dunkl operator.
For A € C, the initial problem

A,uf(x):)‘f(x)v f(O):l, r €R,
has a unique solution E,(X.) called Dunkl kernel given by

Eu(Az) = ju(idz) +

2#; 1 {f(ﬂ?) —Qf(—x)] ’

AT
— P R
2(M+1)]M+1(2 x), z€R,
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where j, is the normalized Bessel function of the first kind and order p,
given by

oy = ] 2T )EED i e £0
In(Xe) = 1 if Av=0

where J, is the Bessel function of first kind and order p (see [13]).
We have for v € R and A € R

|Bu(—ida)| < 1. 1)
Let v, the weighted Lebesgue measure on R, given by
’2u+1

|z

dv,(z) = ST (a1 1)

dzx

For every 1 < p < oo, we denote by LP(v,) the space of complex-valued
functions f, measurable on R such that

I/

1/p
o = ( / f<x>rpduﬂ<m>) < oo, ifp< oo

and
[ flloo,u = esssup | f(x)] < +oc.
TER

The Dunkl transform F, which was introduced by C. Dunkl in [4], is
defined for f € L'(v,) by :

Fulf)(x) = / B (—izy) f(y)dv(y), z €R,

and we have (see [2])

[Fu() oo < Nl (2)
For all z,y, z € R, consider
I'(p+1))2
Wﬂ(x? y’ Z) = ( (M )) (1 - bx,y,z + bZ,fE,y + bz,y,:p)A,u(xa y? Z)

o Ly/ml(u+ 3)
where

2xy

N P4 =2 iy e R- {0,z €R
R 0 otherwise
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and

((z+lyD? =222 = (2| =lyD)?D /2 .
A“(a:,y,z) = { 0 |zyz|2# if ‘Z| € Am,y

otherwise

where Ay, = [[[z] — [y], [«] + [y]].
The kernel W, (see [9]), is even and we have

Wz, y,2) = Wyu(y,x, 2) = Wy(—2,2,y) = Wu(—2,y, —). (3)

In the sequel we consider the signed measure 7, ,, on R, given by

W, (z,y, z)dv,(2) if x,y € R\ {0}
dYey(2) =
ddy(z) ifx=0

According to [9], the Dunkl kernel E,,, satisfies the following product formula

E,(ixt)E,(iyt) = /REM(z'tz)d%,y(z), teR. (4)

The Dunkl translation operator 7, (see [8], [10], [11]), given by

() (y) = /R F()dvy(z), Ty ER,

satisfies the following properties

()W) =7 (f)(@) ;. 70(f)(@) = f(z), (5)
17 fllpp < 3N fllps  f € LP(v), (6)
Fulr(f) () = Fu(f)(y) Eplizy). (7)

The Dunkl convolution f * g (see [9]), of the measurable functions f and g¢
on R, is defined by

(f * g)(a) = /R () (~0)g(w)dvu(y), = €R.

Let T €]0,40c], 1 < p < 2 and f € LP(v,). For B > pu+ 3, the
Bochner-Riesz mean 0',?1( f) of f is defined by:
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B( 1)) — o)1 — L8
D@ = [ Bl - oV FDwdnt). R,

According to [7, (15)], we can write

Sr(f)(@) = (f * or)() = /R (P (—9)erWdm(y), = €R,

where
T2(p+1)

pr(z) = miuﬂ@ﬂ, z eR.

By Proposition 4 and Remark 2, § 3.1 of [7], for 5 > u+ %, we have

o2 (x) = (f * drlz) = /R () ()b sW)dn(y), zER,

where
D(6 + 1720+

3. Uniform convergence of partial Dunkl integrals

In this section we establish that Sp(f) — f, as T — +oo in L*®(v,),
provided that f € BDZ 12( .+1) - Before proving this result we need establish

P
some useful lemmas.

LEMMA 1. If f € LP(v,) for some 1 < p < 2 and 3 > p+ % then for
every 0 <T < T} < oo, we have

St(Sty (f)(x) = 51, (S7(f))(x) = Sr(f)(z), = €R, (8)

and

o (S7 () (x) = oa(f)(z), xR ()

Proof Let0<T <Tj < oco. Define
h(z) = x-r1)(2) and  g(2) = x-1, 1) (2) Euliyz), y,z €R,

then

T T
Fulh)(z) = / | B(ityin, (1) = / et (0 = er(2)
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and
T

Fulg)(z) = . E,(—izt)E,(iyt)dv,(t),

by (3), (4) and using Fubini’s theorem, we get
Fulg)(z) = // E,(itz)dv,(t)dyy,—.(x)

— [ ent@n—.@
R
= 7y(pn)(—2)
thus, Parseval’s formula gives
| F@EFEME ) = [ oREd

it follows that

[ reneran) = [ Butivan )
we conclude by (5) that
(b1 xpr)(2) = 1(2), 0<T <T

since the convolution product is associative and commutative (see [9]) we
have

St(St(f)) = f * (e, *or) = ST, (ST(f)) = f * o1 = S7(f),

so (8) is established.
From [7, (21)], we have
20
(@) = 755
so using (8), we obtain

o (7 (f) (@) = op(f)(z), zeR

T
(T? = )78, (f)(x)dt, = €R,
0

hence (9) follows. ]
LEmMMA 2. If f € LP(v,) for some Z(Ziil’)) <p< 42(53) and 0 > u+ %,
then

1ST(Fllpp < ellfllpus T >0
and

Tlil}rloo 1ST(f) — f”zw =0. (10)
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P roof. Since f € LP(v,), according to [7, Proposition 6] and (9), we
have
1S7(f) = Fllpu < el (1) = Fllp (11)

and

Hag(f)np,u <c Hszw ; HST(f)”p,u < CHpr,u' (12)

In [11], it was proved that O'g(f)({ﬂ) — f(z) as T — 400, almost everywhere

x € R. By taking into account (11) and (12) we have ||S7(f) — f|lp,u — O,
as T' — +o0. [

LEmMA 3. If f € LP(v,) for some 42(ZE)) <p<2andT >0. Then for
x,0 € R, we have
2(p+1)

75 (ST(f)) (@) + 7-5(S(f)) (@) = 250 (F)(@)] < T 7wy u(f)(6). (13)

P r o o f. By using Fubini’s theorem we obtain:

T
(S = [ [ Bl B2
T
= [ min / B (iy2) s (2) v ()
_ / Ful B, (i0y) By (izy)dv,(y)

by (7), we get

T
5 (St(f))(z) = / B Fm 1) W)de(s) = Selrs( D)z

Put
k(z) = [rs(f) + 7-5(f) — 2f](z), z€R,

we can write from (1)
1Sr(k)(@)] = Alrs(Sr(f)(@) +7-5(S7(f)) = 257(F)](2)]
S

Moreover, by invoking the Holder inequality we have

T 1/p 1/q
rsT<k><x>\sC(/ T|yr2““dy) (/ Fulh rq|y|2““dy) |
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here + + 1 =1.
Weep+q ‘
Hence we obtain

S (k)(z)] < ¢

ACo] P

according to (2) and Plancherel’s Theorem for Dunkl transform (see [2]),
we can assert by the Marcinkiewicz interpolation theorem (see [12]), that

Sr(k)(@)| < T

which proves (13). [

LEMMA 4. If f € BDp’Q(HH) for some 2(“+1) <p<2andf>pu+3,
then there exist A €]1, 00| such that for every 0 < T <T) < AT,

7 d
I52,9) = St < “’tff?”f (14)

T

P r o of. Define
L(x) = STI (f)(x) - ST(f)(.%'),H? €R,
by (9) we have

According to [5, (19) p. 49], we have

/ b 5(E)dvp(t) =
R

2 () = / RL(x) — (r(L)(2) + 7i(L) (2))|br.5(t)du (1)

(15)
:/t<1 /<t| 4 /g‘ﬁtl )

T
—I1+.[2+I3

hence we can write

Since
(3 + D70+
’¢Tﬂ( )| = 2“+1F(‘UJ+5+2)

t €R,
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by (6), we get
(B + 1)T2k+D) /1/T
L] < 8 00 dv,,(t
L] < 2HHIT (1 +ﬁ+2)” oo, T vu(t)
T T2(r+1)9 1T
< (ﬁ"— ) H ||oo,u/ t2u+1dt
PO DT (ut 512) o
I'(+1)
22+ (u+ 2)T(n+ B+ 2)
In the other hand, we have
20T 172kt J tT
5] < 81 lloc it [, el
PR (n 4 1) Jagy o [EPH
Since there exists a constant Cy > 0 such that
Co
<
|J/H-/5+1(tT)| |tT|1/2’ t#0,
we obtain
28T (B + 1)T?k+1) dt
Bl < SOl Ll a1 [ e
T 2000 (p+ 1) Jayr<p |t)P—++z
2B+1F +1 +o00 dt
< SCOILls e s =
I (4 1)TB~+3) Jayr Pta—n
2017 (3 + 1) Atz =0 izl
0 o0, 1t
T (p+1)(8 — p— 3) 8
If we choose A €]1,+o00[ such that
8T(B+ 1 2017 (3 + 1) Atz =P
T (6+1) Cosr G DA o (16)
P+ D0t 5 +2) 2+ (B —p— )
then
[I1] + [ T3] < pl| Ll oo, (17)

To estimate I, we can see that

| L2 §/1<t|<A|2STl (F)(@)=[7 (S, (f)) (@) 471 (S7: (f) (@)1} [D7,8(8) A0 (2)
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* /| 250(£)(@) = [ (S(£)) @) + 7t (S2(£)) @) d75(8) dv, (1),

A
T
by (13)
2(pt1) 2(u+1)
Bl ef AT (0@l
7<It<A
2(pt1)
< of T e @lenln )
r<It<A
AT 2t
< of 1w (@loraolertar
1T
AJT
< o[ ey, (e S
T
A/T 20ut1) dt A/T t) dt
< o[ty (¥ <o [ DO @
1/T t yr 45t
Thus using (15) and (17), we conclude that
AT wy . (f)() dt
[Lloop < € ERETES
yr e
so (14) is established. n
THEOREM 1. If f € BDP’IZ(HH) for some 42(‘;1:1,)) <p<2andf>p+3,
REICESS]

>oop

then
HST(f) - f”oo,u — 0, as 1T — oo.

Proof Let 0 < T < T; and n a nonnegative integer for which
AT < Ty < AT where A is the positive constant given by (16).
By (14) we can write

157, (f) = ST(Nllocu < 157 (F) = Sant(F)lloo,u

= +o0o
wp u(f)(T) dt
+Z||5Ak+1T(f)—SAkT(f)HOOW §c/0 ]:5(‘(”3)()1&'
k=0 5
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If we replace f by S, (f) — Sr(f) and apply (8), we find that

+oow _
157 (f) = Sr(f)lloon < € /O (51 () = Sﬂf))(t)c?

t »

since

wp.u (S, () = S1(f))(F) 17 (S7, () = f)
2151, (f) = fllp.u
17 (ST(f) = Plllp + 1757 (f) = Hllps
2[157(f) = fllp.s

8157, (f) = fllpu + IST(F) = Fllp.ul;

w7057 (F) = llp.u

IN + + + IA

by (10) for any t € Ry, we get

hm wp (57, (f) = Sr(f))(t) = 0,

T, T) ——+o0
the dominated convergence theorem implies that
157, (f) = St()llocy — 0 as Ty, T — oo.
Hence we conclude that
157(f) = flloow — 0 as T — oo,
which proves the result. ]

4. Absolute integrability of Dunkl transform of functions
in Besov-Dunkl spaces

We now prove that the Dunkl transform F,(f) of f is in L'(v,) when
f belongs to a suitable Besov-Dunkl space. Before proving this result we
need establish a useful lemma.

LEMMA 5. If f € LP(v,) for some 1 < p < 2, then

/R DB (7)) Pdua(t) / () Pduy () (18)
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Proof. Tosee (18) we will make use of the Marcinkiewicz interpolation
theorem (see [12]).
Consider the operator

T(f)(2) = 2PV Fu(f)(x), @R,

For every f € L*(v,), we have

y 1/2
([Pt ) =10, = 1f

hence 7' is an operator of Strong (2,2) type between the spaces (R, dv,(x)))

2,14y (19)

and (R, \;ilz?ﬁ)” ). Moreover, according to (2), we can write for A €]0, +00)
and f € L'(v,)

frer r( @l [T T 2D+ 1) Jigs (e
(20)
—+o0
S # L x—2,u—3dx S ¢ Hf”lyll«'
2T+ 1) J

)2(p+1)

I H>\1,u
Hence T is an operator of weak (1,1) type between the spaces under con-
sideration. By (19), (20) and the Marcinkiewicz interpolation theorem (see
[12]), we can assert that for 1 < p < 2, T is an operator of strong (p, p) type
between the spaces (R, dv,(x))) and (R m). We conclude that

) ‘$|4(u+1)
T(f dyﬂ( ) _ | 2(M+1)(p—2)|]: )(z)[Pd )
[Ty = [ () (@) Py (a
< o[ lf@pi()
thus we obtain the result. n

THEOREM 2. If f € BDZJQ(HH) for some 45“1:1,’) < p <2, then
’oop

Fu(f) € LY(v,).

Proof. Let fe BDp’ since f € LP(v,) we have

2(u+1) )

Fulrs(f) +7-5(f) — 2f)( ) = FulH)OEL(itd) + E,(—itd) — 2],
0 € (0,00) and a.e. t € R.
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Then according to (18) it follows that
/ \Fu(F) () P|E,L(itd) + E(—itd) — 2P|t 2FFDE=D gy, (1)
AK(ﬁ+T&ﬁ—%ﬂm%w@§d%Mﬁ®W-

Moreover there exist a,b € (0,00), such that |4, () — 1| > a(t5)? for each
0 < [td] < b. Hence we can write

(Bu(—itd) + Buitd) =2 > 203 (16) — 1]

2a(t8)?  for each 0 < [td| < b,

AV,

it follows that

&2 / |PUF =22 7 () (1) Pdv,(t) < clwpu(f)(0)]P-
t|<%

1 1
By Hoélder’s inequality, for ¢ such that — + — = 1, we have
p q

/I s 1t||Fu(f)(@)|dv,(t) < </|t<b ’tP(MH)(pQ)Hqu(f)(t)’pduu(t)>1/p

1/q
X t|GrDE=2=2q,, (¢
</|t<lg ’ ’ M( ))

o Won(£)(9) L wpu(f)0)

= 2 2ptl) _, — 2(ut1)
) 5 1 P

« 1t
5

Integrating with respect to § over Ry and applying Fubini’s theorem, it

yields
 wy ,(f)(6) dé
/|.7: |d1/u()<c/0 ]:M5<OO’
P

by the definition of BDp ’ Thus, we obtain the desired result. ]

2(u+1)
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