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Abstract

In this paper we study generalized Sobolev spaces H¢, of exponential
type associated with the Dunkl operators based on the space G of test
functions for generalized hyperfunctions and investigate their properties.
Moreover, we introduce a class of symbols of exponential type and their as-
sociated pseudodifferential operators related to the Dunkl operators, which
act naturally on H¢,.
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1. Introduction

The Sobolev space H® = H*(R) associated with the Dunkl operators is
defined by

' ={ue S ®)/lul,= [ [ 1Fo©OF 0+ |57 dma(@)] <oc}. se R,

(1.1)
In the present work we fix @ > —% and introduce generalized Sobolev

spaces of exponential type H¢, [6] associated with the Dunkl operators re-
placing (1 + |£[%)” by an exponential weight function. Here and later on, G
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will be the space of test functions for generalized hyperfunctions [5]. The
generalized Sobolev spaces cited above consist of all u in G/, the topological
dual of G, such that Fp(u), the Dunkl transform [2] of u, is a function and
satisfies

N|=

lull = [ [ 170 @) dmae)]” < .

where

’:L‘|2a+1

T 20T (o + 1)
We recall here that the Fourier-Dunkl transform of a suitable function f is
given by

dme(x) dzx.

Fp(f)(A) = /Rd)a,\(:v)f(x)dma(a:), Y\ eR.

Moreover, Fp is a topological isomorphism from S(R) onto it self. Its inverse
is given by

fDl(h)(w)=/R¢§“(z)h(A)dma(A), Vz € R, (1.2)

where the function 9§ can be expressed in terms of the normalized Bessel
functions [7].

This paper is organized as follows: in Section 2, we collect some har-
monic analysis properties associated with the Dunkl theory on the real line,
see [4] and [2]. In Section 3, we introduce the generalized Sobolev spaces
of exponential type associated with Dunkl operators and investigate their
properties, in particular the structure theorem which asserts that for s > 0
and u € HS®, u takes the following form

where gg are square integrable functions. In Section 4, we introduce certain
classes of pseudodifferential operators associated with the Dunkl operators
whose symbols have suitable growth condition and which act naturally on
the generalized Sobolev spaces cited above. In other words, for r,l € R,
with [ > 0 the space Sg;(lp of symbols is defined so that its associated pseu-
dodifferential operators maps H¢ onto Hg“ . As an example, we give a
differential operator of infinite order with variable coefficients of this class.
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2. Preliminaries

In what follows we collect some harmonic analysis results related to
Dunkl operators D, defined on the real line [4], given for an appropriate
function f by

Daf(@) = f'a) + (ot MDD L

It is well known that the following system

{Daf(ﬂf) = iAf(z), AeC,
f(0) = L

admits a unique solution 9§ satisfying [¢/{]| < 1 and expressed in terms of
the normalized spherical Bessel functions j, and j,41 as follows:

S () = ja(Ax) + i\ )jaH()\z:), Vz € R.

2(a+1

The convolution product of a suitable pair of functions f and g is given by

f 0 g(z) = /R T f (9)g(—y)dmal(y),

where Ty, x € R, are the translation operators associated with the Dunkl
operators, given by

T2I0) = [ FE,(E)
Mg, 1s signed measure given by

Wa(z,y, 2)dma(z), if zy#0
dug ,(2) = ¢ dbz(2), if y=0,
doy(z), if =0

where J,, denotes the Dirac measure at the point z, and
Walz,y,2) = 22T (a + 1)p(a,y, 2) Ka(|2], [yl , | 2]),
Kq(z,y,z) is given by:

21720 (a + 1) [((z +y)? — 22) (2% — (x — y)2)]a_%

Ko(z,y,2) = Vrl(a+ 3) (zyz)?*
if |zr—yl<z<z+y,

0 otherwise,
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224y —22
2y ’

while p(z,y,2) = %[1 — Ouyz T Ozay + Ozyal, With 04y - =

all z, y € R\ {0} and z € R.

for

The translation operators given above satisfy the following formula [2]

Fo(T3 )N =¥ (@)Fp(f)(A) forall  fe LY(R, dma). (2.1)

3. Generalized Sobolev spaces of exponential type
associated with the Dunkl operators

In this section we set some notations and collect some basic results about
generalized Sobolev spaces of exponential type.

DEFINITION 1. The space E of the Dunkl test functions is the set of
all real C*° f, on R, satisfying
Do f ()] exp klz|

fl, .= sup < oo, Vh,k>0,
Pl z€R, BEN hA !

and we denote
G={feE/ Fp(f)e€E}.

The topology of G is defined by the above seminorms and we denote by G’
the strong dual of the space G and call its elements as Dunkl ultrahyper-
functions [5].

DEFINITION 2. We define the generalized Sobolev space H¢ of expo-
nential type associated with the Dunkl operators of order s € R by

=

He = {we & flul, = [ [ 1o ima(6)] " < ).

The following remark holds:

REMARK 1.
1) G is contained in H¢, for all s € R.
2) H) = L*(R, dmy).
3) H° C H for s <0 and H), C H" Vs >0 and Vt € R.
4) H¢ has a Hilbert space structure with inner product given by

(4, 0), = /R 2 Fpy () (€) P (0) )i €).

5) HE C HE for t > s, with continuous inclusion.
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PROPOSITION 1. Let P(D,) = Z agDaﬁ be a differential operator of

BeN
infinite order such that there are constants C' > 0 and h > 0 satisfying
hB
lag| < Cﬁ’ forall pBeN

Then P(D,) maps continuously H¢, onto Héfh.
Proof. Let u € Hf. Then we have
Fp(Pu)(&) =Y agFp(Dau)() =Y ap(i€)’ Fp(u)(§).
BeEN BeN
Using the fact that
: hf
| aatie)’| < 03 Flel = el

BEN peEN T

we get
[1Pull s < CllPul| grass

which gives the desired result. ]

EXAMPLE 1. Let A = D,?. Then the operator exp(y/1 — A) given by
exp(V1—A)u = / g (x)eV I Fp (u) (€)[dma (©),
R

is an isomorphism from H}, into H, éﬁl. Its inverse is given by exp(—+v/1 — A).

Proof. Forue€ Hf, one has

N

e,y = [ [ D (VI u(e) dmae)]
R 1

- / DIV 7y ) () Pma(6)|
R

< [sgpémzlﬁ'ﬁ [ Ep @O Pama)]” = clull.

D=

This completes the proof. ]

REMARK 2. Using standard argumentation and Riesz representation
theorem [1], one can prove that for all real s, H;® can be identified with
(H¢)* the dual of (HE).
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THEOREM 1. Let s > 0, then all elements u of H.* can be decomposed
as an infinite sum of derivatives of square integrable functions gg, that is:

U —
%;V 65|

P r o o f. Taking into account that for all u € H*, e*IE Fp (u)(€)
belongs to L?(R, dm,,) as well as the function g given by

Pl = 2
iy
5
one gets
sP
Fp(u)€) = ﬁ,fﬂFD(gﬁ)(é) > iT/g!FD(Daﬁ(gﬁ»(é.)

BEN BEN

with  Fp(gs)(€) = ‘f' L 75 (g)(€). So, it follows

=> = ﬂ, 95)(),

BeEN

which ends the proof. |

4. Pseudodifferential operators associated with Dunkl operators

The pseudodifferential operator A(x, D, ) associated with the symbol
a(x,§) is defined by

/ 2(€)a(z, €) Fp (u)(€)dma(£), u € G,

where a(z, &) belongs to the class Se)kp defined below.

DEFINITION 3. ([3]) Let 7, € R be real numbers with [ > 0. We

say that the function a(x,§) : R x R — C belongs to Sg;fp if and only
if a(z,§) € C*°(R x R) and for each L > 0 and v, § € N, there exists a
positive constant C' = C,.; , such that

‘Da,éﬁDa,mﬁa(x7§)‘ < CLB8l W“erlélflll“\.

To obtain some deep and interesting results we need the following alter-
native form of A(x, D,) given by the following lemma.
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LEMMA 1. For any symbol a(x,§) € S;’;Elp, the pseudodifferential opera-
tor A(x, D,) admits the following representation:

(A(%Da)U)(w)Z/Rl/f?(f)/ﬂfD(Tna(w?7))(S)fD(U)(n)dma(n)dma(ﬁ)a Vu e G,

where all the involved integrals are absolutely convergent.

P r o o f. We prove the theorem above in two steps.
First step. We shall prove that for all symbols a(x,§) € S;";fp and for a
suitable real 7 > 0, we have

IFp(a(, ) (y)| < Cerlé=Til, (4.1)
Indeed,
+o0 Tk
e Fp(aly, ) = E!y\klfp(a(-,ﬁ))(y)\
k=0

+oo L +oo  f

- kzzo %'j:D(Da,yka(wﬁ))(y)! < kzzo % /]R |Da,yka(-,§)(y)|dma(y)

+oo +00
< Z% LI p1erie] / e Wldma(y) = 3 (rL)Fer / el dime (1),
k=0 " R k=0 R

Choosing 7 < L™, we get
™| Fp(a(., ))(y)| < Cel, (4.2)

the desired inequality, for a constant C' depending on r,[ and L.
Second step. Using the fact that |[¢{| < 1 and relation (2.1) together
with the estimate (4.1), we get

| Fp(Tha(n) (&) Fp(u)(n)| < Cerl=mlel=Al,

Let now g(§) = / Fp(Tya(.,n))(&)Fp(u)(n)dma(n), we shall prove that g
R
belongs to L' (dmy(€)). Hence,

9(6)] < /R Fp(Tya(e,n) (€) Fp (1) () [dma (1)

<c / eVl g () = eI / =0 g ().
R R

Then for A > r, the desired follows by applying the inverse Dunkl transform
(1.2). ]
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THEOREM 2. Let a(z, &) € Sk, Then the associated pseudodifferential
operator A(x, D,) maps continuously Hg” to H¢, for all s > 0. Moreover
we have for all u € G,

HA(ana)UHS < CSHUHrJrs'

P r o o f. Putting

U©) = e [ Fo(Tyalm)(OFp ) (n)dma(n)
R
and using (4.1) together with (2.1), we obtain

U4(6)] = Cels—le / 511 . () ()i ().
R

Applying Hélder’s inequality, it follows
Us(&)] < Ce -l Ju]],.,.
And hence, for a suitable 7 we get

1
2

A, Daal, = [ [ 1000 Pdmate)]

IA

D=

Clul o[ | e~ ¥lima e)]

Cs|ull

IN

st |

COROLLARY 1. Let h,s > 0 and a(x)

be a sequence of symbols satis-
fying

K .
la ()] <C?e el 1> 0,

(4.3)
then the pseudodifferential operator

P(z,Da) =) ay(2)D},

vEN

maps continuously Hg+h to H}, for all s € R. Moreover, we have for all
u € G,

1P (2, Da)ul|y < Csllul] g4,

P r o o f. Using condition (4.3) above, we obtain
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|P(@, Da)ul,2 = /R I F (P (2, Dog)ut) (€) 2 (€)

2
< ¢ [ A TP 1Fpu)ma(6)

~EN v
= Cenbl [ HAE L u(e) Pdma(€) < Clul, .
This completes the proof. [
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