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Abstract

The product of an entire function satisfying a growth condition at in-
finity and an integrable Boehmian is defined. Properties of this product are
investigated.
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1. Introduction

Different aspects of the spaces of generalized functions known as Boehmi-
ans have been investigated by several authors. For example, the convergence
structures for different spaces of Boehmians have been studied in [5] and
[11]. Boehmians on the torus have been studied in [17], while Boehmians
on the sphere were investigated in [12], [13], and [15]. Also, there have been
several integral transforms extended to spaces of Boehmians ([1], [2], [4],
(6], [8], 91, [10], [14], [16]).

However, defining a suitable product of a function and a Boehmian has
been a problem ([18], [19]). In this note, we provide a definition for the
product of an element from a class of entire functions and an integrable
Boehmian. Then some properties of this product are established.

2. Integrable Boehmians

In this section, after presenting some notation, we discuss the space
of integrable Boehmians. This includes a discussion of the convergence
structure known as §-convergence, and a brief discussion of the Fourier
transform. For more results concerning integrable Boehmians see [1], [2],
[4], [6], [8], [10], and [16].
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Let L'(R) denote the space of complex-valued integrable functions on
the real line R. Let C'(R) denote the space of continuous functions on the
real line and C*°(R) denote all smooth functions on R.

A sequence of integrable functions { f,, } converges to f € L'(R) provided
that || fn — f|| — 0 as n — oo, where ||f|| = [%_|f(x)|dz.

DEFINITION 2.1. A sequence {§,} € L'(R) N C(R) is called a delta
sequence, provided

(i) JZ 0n(x)dz =1 for all n € N;
(ii) [ |0, (x)|dz < M for some constant M and all n € N;

(iii) lim f‘m|>€ |0n(x)| dz =0 for all n € N and € > 0.

li
n—oo

A pair of sequences (f,,, 6,,) is called a quotient of sequencesif f, € L' (R)
for n € N, {0,,} is a delta sequence, and fi, * d,, = fi * O for all k,;m € N,
where * denotes convolution:

(Fro)e) = [ " fe - gt (2.1)

Two quotients of sequences (fy, dy,) and (gn, 1y, ) are said to be equivalent
if fxxty, = gm*6 for all k;m € N. A straightforward calculation shows that
this is an equivalence relation. The equivalence classes are called integrable
Boehmians. The space of all integrable Boehmians will be denoted by ;1
and a typical element of G;1 will be written as F = [{;—Z]

The space (11 is a convolution algebra with addition, scalar multiplica-
tion, and convolution as follows:

n n | n * n n * 571
AHER =
o [‘Z;n] = O;f"] , where a € C, (2.3)
BN &

The space L'(R) may be viewed as a subspace of ;1 by identifying
f € LY(R) with [%} € Br1, where {0, } is any delta sequence.

DEFINITION 2.2. A sequence F,, € ;1 is said to be d-convergent to
F € 811, denoted 6-lim F,, = F, if there exists a delta sequence {d,,} such
n—oo
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that for all n,k € N, F,, * 6y, F 6, € L*(R) and, for each k € N, F}, x 0}, —
F 0y in LY(R) as n — oco.

The Fourier transform of an L'(R) function is given by

/ f(t)e “at, (2.5)

The Fourier transform can be extended to the space Gr1 as follows.

DEFINITION 2.3. The Fourier transform for F' = [f;—:] € B is given
by N R
F(z)= lim f,(x). (2.6)
n—oo

The above limit exists, and is independent of the representative. More-
over, the Fourier transform of a Boehmian is a continuous function and
satisfies the same basic properties as the classical Fourier transform of an
L' function (see [10]).

The following will be needed in the proof of Theorem 2.5 and also in
the following sections:

(i) If {d,,} is a delta sequence, then 6n — 1 as n — oo, where the conver-
gence is uniform on compact sets of R.

(i) There exists a delta sequence {6, } such that 4, € C*°(R) and supp o,
is compact, n € N. Let S(R) denote the space of rapidly decreasing
smooth functions. Let ¢p € S(R) such that ¢ has compact support
and ¥(0) = 1. Since the Fourier transform maps the space S(R)
onto itself, there exists a 0 € S(R) such that ¢ = . Now, put
On(z) = no(nx),n € N. Then, {6,} is the desired delta sequence.

The proof of the following lemma is left to the reader. The space of all
continuous functions which vanish at infinity is denoted by Cy(R). Also, a
function f € C®)(R) provided that it is twice differentiable and f” € C(R).

LEMMA 2.4. Let g € C®(R) such that g(jA) € LYR) N Cy(R) for
j =0,1,2. Then there exists f € L'(R) such that f(x) = g(z), x € R.

The following theorem will be useful when investigating the product in
the next section.

THEOREM 2.5. Ifg € C®@)(R), then there exists a unique F € [
such that F(z) = g(x), z € R.
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_ Proof Let {5@\} be a delta sequence with supp Sn bounded and
o € C®(R). Thus, (90,)Y) € LI(RA)HCOA(R) for j =0,1,2. By Lemma 2.4,
there exists f, € L'(R) such that f, = gd,, n € N.
Hence, for all k,n € N,
(fn * 5k)A: (gén)(sk = (g(sk)(sn = (fk * 5n)A (27)

This yields, for all k,n € N,

fn* 0k = fi * On. (2.8)

So, F' = [g—:} € Br1. Moreover, for each = € R,
F(z) = lim fu(z) = lim g(2)0,(z) = g(x). (2.9)
The uniqueness follows TE;)E the fact T‘;E;: the Fourier transform is injective
[10]. ]

3. The product

In this section, using the convergence structure, the definition of the
product of an entire function satisfying a growth condition and an integrable
Boehmian is presented. It is shown that many of the properties satisfied by
the product of functions are also satisfied by the product of a function and
a Boehmian.

Let

M = {p:pisentire,Ir > 0,6 > 0,7 > 03 |p(2)] <

er|Imz|

e 2 € CF

REMARKS 3.1.

(i) Elements of M are called multipliers for §;1. We will see that each
element of M has a well-defined product with each element of 3;1.

(ii) Z C M (Z is the space of testing functions used to define the space of
ultradistributions (see [20]). Let D(R) denote the space of all infinitely
differentiable functions with compact supports. Then, Z is the space
of all functions whose Fourier transforms are elements of D(R).)

(iii) If ¢ € M, then € C?(R) and supp @ is compact.

(iv) M is an algebra which is invariant under differentiation.

Let {o,} be any fixed delta sequence such that 7, € D(R), n € N. For
p € M and F € ;1 , define

F@) = - /| N (1-") @« Do (3.1)

n

and
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F¢ =

n

[frf*ak

f =1,2,... 3.2
S forn =12, (32)

DEFINITION 3.2. Let o € M and F € ;1. The product of ¢ and F,
denoted ¢ o I, is given by
peo F'=4-lim F7. (3.3)
n—oo

Let ¢ € M and F € (1. Since e Cc® (R) and supp @ is compact,
pxF € c® (R). So, by Theorem 2.5 there exists a unique G € f1 such
that G = p* F.

Also, by examining the proof of Theorem 2.5, G = {g—:] for some g, €

LY(R), n € N.
Much of the following is similar to the proof of Theorem 4 in [10]. Using
the above and Fubini’s Theorem, for each k,n € N we obtain

(fy o) (x) = % /|t<n ( - |tn|> G (t)ettdt. (3.4)

By another application of Fubini’s Theorem,

o ron@ =g [ (1= D) awmmea 69

n
k,m,n € N.
Since G = [ﬂ%} € B,

§k8m = §m8k, k,m € N. (36)

It follows from (3.5) and (3.6) that
(fP o) *om = (f * om) * o, for all k;m,n € N. (3.7)

Now,

f;f*ak:wn*gk (k,nEN), (38)

where w, is Fejér’s kernel [7]. Thus, ff * o € L*(R) (k,n € N), and for
each k €N, f¥ xop — gr  (in L}(R)) as n — oc.

Thus, FYf — [M} € Br1, n €N, and 6-lim F¥ = G.

Ok n—o00

Therefore, the product is well-defined for any ¢ € M and any F' € (1.

We also obtain from above, the following
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THEOREM 3.3. Let p € M and F € 1. Then (p e FJ= ¢ x F.

The product of a function and a Boehmian is consistent with multipli-
cation of ordinary functions. More precisely, let ¢ € M and f € L'(R).
Since L'(R) C B11, f may be considered as an integrable Boehmian. Thus,
o f has meaning. Moreover, it is not difficult to show that p e f = ¢f.

THEOREM 3.4. Let p,9 € M and F,G € ;1. Then:
() pe(F+G)=peF+yped,
(i)  (pt+y)eF=peF+ieF,
(iii) alpeF)=apeF =gpeaF, acC,
(iv)  pe(peF)=(pey)eF.
P r o o f. The verification of (i), (ii), and (iii) are routine. For (iv),
(pe(VoF)™ = Gx(WeFT=0x(0xF)=(@*d)+F
— (peursF=((pev)e L
Thus, ¢ e (e F) = (pe 1) e F. .
Let £'(R) denote the space of distributions with compact supports. By
identifying f € &'(R) with [f ;‘S"} € Br1 , where {d,} is any delta sequence
such that d,, € D(R) (n € N) , we may consider &'(R) a subspace of (1.

EXAMPLE 3.5. Using Definition 3.2, the product ¢ 5 is determined,
where 6 is the pt" derivative of the Dirac delta measure.
Let ¢ € M and {0, } be a delta sequence with 7,, € D(R), n € N,

(+(677) () = (@ 1)) ) = z‘pg—w (f;) ot [ v
Thus, with F = §®), for each k € N (39)
(f * o%)(x)
— % /Z <1 - |Ttl|> iP i(_l)j (7;) =i /Z WG du | 5y (8)dt
_ (3.10)

_ Zp:(_l)j <2J9> £9(0) Z;ﬂ /O; < _ ’:J) @(t)eiwtdt>
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p .
— Z(—l)j <Z;> go(j)(())a,(cp_])(:c) as n — oo.
=0
(Here the convergence is in L1(R)).

(p—1)

pedP) = zp:(_l)j <P>¢(j)(0) [U’fak ] ,p=0,1,2,... (3.11)

This agrees with the product in the space of distributions. That is, if p € M,
then

P
p6® =3 (-1)! (’?) 0D (0) 5P, p=0,1,2,... (3.12)
j=0 J

The previous is not an isolated example. If ¢ € M and F € £'(R), then
the product given in Definition 3.2 gives the same result as the product @ F
considered in the theory of distributions. This will be made more precise in
the next theorem.

By applying Theorem 6.11 in [3] and using the fact that the Fourier
transform is injective on Br1, we obtain:

THEOREM 3.6. Let ¢ € M and f € E'(R). Then, of = peo f. (of
denotes the product of a slowly increasing C*° function and a distribution
with compact support.)

Before the final result of this section, Leibniz formula, is given, a lemma
and the definition of a generalized derivative are needed.
Let {¢n} be a delta sequence such that ¢, € D(R), n € N. For F =

[fn} € Br1, the generalized n-th derivative of F', denoted D" F'| is given by

On (n)
prp = | I ] .

3.13
Ok * Pk (3.13)

LEMMA 3.7. Let o € C and f,g € C(R) where f has compact support.
Then,
n

(az)"(f *g) = Z <ZL> ((oza:)”*jf * (ozx)jg) , forn=1,2,... (3.14)

J=0

P r o o f. The equality follows from

z(fxg)=xzfxg+ fxxg (3.15)
by induction. n
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THEOREM 3.8. Let ¢ € M and F € 1. Then,
D'(peF) =Y (") (W-ﬁ . DjF) n=1,2,... (3.16)

=0
Proof Forn=1,2,...
(D™(p ® F))= (iz)" (@ * F) (3.17)

= Y <Z> ((ix)"_jcﬁ* (zx)3ﬁ> (by Lemma 3.7)
(e ys (DTFY) = Z @ (¢ e DIF)"

J=0

_ (j (j) (¢ e DiF)).

Thus, D"(p e F) = 7 (%) (") e DIF), forn =1,2,... "

Il
I 3
()
<l 3
N————

4. Continuity of the product

In this section, the continuity of multiplication is established. This is
made more precise in Theorem 4.2.

The space of square integrable functions on R is denoted by L?(R). The

topology for L?(R) is generated by the norm || f||2 = (ffooo ]f(a;)|2dx)
Let

(ST

Ba={F € pp : F e COMR)}.
Let {0} be a fixed delta sequence such that 7,, € D(R), n € N.
REMARKS 4.1.
(i) B4 is a convolution algebra.

(ii) For each F € B4, F x 0, € L?*(R),n € N. This follows by observing
that, for each n € N, F x 0y, € L'(R) (see proof of Theorem 2.5),
(F x0,)" = Fo, € C?(R), and supp(F * 0,,)" is compact.
Now, we define a separating family of seminorms on (4.
For F € 34,
YWw(F) = ||F xopll2, p=1,2,... (4.1)
The sequence of seminorms {,} generates a locally convex topology for
Ba. A sequence {F,} in $4 converges to F' € 4, denoted v-lim F,, = F,
n—oo
if for each p, v,(F, — F) — 0 as n — oo.
We now show that multiplication by an element of M is continuous.
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THEOREM 4.2. Let ¢ € M. Then F — @ e F' is a continuous map
from (11 into B4. (That is, if §-lim F,, = F, then v-lim p e F,, = pe F.)
n—oo n—oo

P r o o f. First notice that for F' € 871, o ¢ F' € 34. Indeed,

(po FY'=0x F € CH(R). (4.2)
Now, suppose Fy,, F' € B;1 such that 5n1LrgO F,, = F. Then,
F,, — F uniformly on compact sets as n — oo (see [10]).
(peFu)xar); ((peF)xop)) € COR), (kneN), (4.3)

and,

supp((p @ F,) x o)~ U supp((¢ e F) *x o))" C suppog, k,neN. (4.4)

Now, for each k,n € N and all x € R,
[((p o Fp) *or) (x) — ((p o F)*op) ()| (4.5)

~

= (@ * Fn)aw)(x) — (@ * F)ay) ()|

< ( [ iRaa-t)-Fa-o) |¢<t>|dt) ol
Supp ¢

By using the above, we obtain, for each k € N,
[((p o Fn) o) — (0@ F) x o) ]2 — 0 as n — oo. (4.6)
Plancherel’s theorem yields,
[[(p @ Fy) o — (peF)xoglla — 0asn— oo. (4.7)
Thus, v-lim pe F;, = ¢ e F. |
n—00
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