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Abstract

This paper is devoted to an important case of Wright’s hypergeometric
function 2F

τ,β
1 (a, b; c; z) =2 F τ,β

1 (z), to studying its basic properties and
to application of 2F

τ,β
1 (z) to the generalization of the associated Legendre

functions.
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1. Introduction

It is known that the gamma function appeared in the definition of the
fractional order differentiation given by L. Euler and later developed by
J. Liouville. A detailed discussion of this can be found in [14], [1]. The
Γ− and B−functions are also in the base of many special functions [3], [15].
The diversity of the problems generating special functions has led to a quick
increasing in the number of functions used in applications, from the simplest
transcendental functions to the hypergeometric functions of different forms,
see [8], [9].

One of the most important special functions is the Gauss hypergeometric
function 2F1(a, b; c; z). It should be noted that many algebraic or transcen-
dental functions that occur in the problems of applied mathematics can be
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expressed in terms of the hypergeometric functions. The Legendre, Bessel,
Whittaker and other special functions, and the classical orthogonal polyno-
mials are particular cases of the hypergeometric functions or their various
combinations. Let us note that in a systematic study of the generalized
probability density, in solving problems of the theory of special functions,
differential and integral equations, integral transforms etc., these functions
and their applications have played a significant role, see for example [2], [4],
[7], [5], [9], [13], [8].

The Legendre functions are one of the most well known particular cases
of the hypergeometric function. They have been discovered by Laplace
and by Legendre as early as in the 18th century. Later, their importance
has grown substantially due to their connections with many problems of
mathematical physics, in the potential theory for spheroidal, toroidal and
other coordinates [6]. A general theory of the Legendre functions has been
constructed by Heine, Hobson, Burns, Bateman, Erdélyi, Watson and etc.,
as [5], [6], [8], [12].

There exist various generalizations of the Legendre and the associated
Legendre functions Pµ

ν (z), Qµ
ν (z). In 1957 Kuipers and Meulenbeld [11] in-

troduced into consideration the generalized associated Legendre functions
of the first and the second kind Pm,n

k (z) and Qm,n
k (z) respectively, see [11],

[16], [19].

In this paper we consider the generalized (in the sense of Wright [20],
[8]) hypergeometric Gauss function and its applications to the generalization
of the Legendre functions τPµ

ν (z), τ,βPm,n
k (z), τ,βQm,n

k (z). These functions
are useful in such areas of applications as mathematical physics, heat con-
duction, astronomy, quantum mechanics, approximation theory, probability
theory etc., [1], [7], [17], [18], [19].

2. (τ, β)−generalized Gauss hypergeometric function

Let us introduce the (τ, β)−generalized Gauss hypergeometric function
of the following form:

2F
τ,β
1 (a, b; c; z) ≡2 F τ,β

1 (z) =
Γ(c)

Γ(a)Γ(b)Γ(c− b)

1∫

0

tb−1(1− t)c−b−1

× 2Ψ1

[
(a, 1), (c, τ);

(c, β);

∣∣∣∣∣ ztτ

]
dt, (1)
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where a, b, c can be complex, {τ, β} ⊂ R, τ > 0, β > 0, Rec > Reb >
0, Rea > 0, τ − β ≤ 1, Γ(...) is the classical gamma function [5], 2Ψ1

is the Fox-Wright function [20]. When β = τ = 1, (1) gives the classical
hypergeometric function 2F1(a, b; c; z), see [5].

Theorem 2.1. (Integral representations of 2F
τ,β
1 (z)) For the function

2F
τ,β
1 (a, b; c; z) the following integral representations are valid:

2F
τ,β
1 (a, b; c; z) = A

∞∫

0

tb−1(1 + t)−c
2Ψ1

[
(a, 1), (c, τ);

(c, β);

∣∣∣∣∣ z( t
1+t)

τ

]
dt; (2)

2F
τ,β
1 (a, b; c; z) = 2A

∞∫

0

(sht)2b−1(cht)1−2c
2Ψ1

[
(a, 1), (c, τ);

(c, β);

∣∣∣∣∣ z(tht)2τ

]
dt,

(3)
where

A =
Γ(c)

Γ(a)Γ(b)Γ(c− b)
; (4)

2F
τ,β
1

(
a, b; c;

1
xβ

)
=xc−β Γ(c)

Γ(c−β)Γ(β)

∞∫

x

(t−x)β−1

tc
2F

τ,β
1

(
a, b; c−β;

1
tβ

)
dt

(the generalized Koornwinder’ formula [10]), (5)

Re(c− β) > 0, Rea > 0, Reb > 0, |x| > 1.

The validity of relations (2), (3), (5) is proved with the help of the
series representations of 2F

τ,β
1 (z), applications of the properties of the Γ−

and B−functions, the legality of interchanging of the order of integration
and summation.

For example, let us prove (5):
∞∫

x

(t− x)β−1

tc
2F

τ,β
1

(
a, b; c− β;

1
tβ

)
dt

=
Γ(c− β)
Γ(a)Γ(b)

∞∑

n=0

Γ(a + n)Γ(b + τn)
Γ(c− β + βn)

1
n!

∞∫

x

(t− x)β−1t−c−βndt

=
Γ(c− β)
Γ(a)Γ(b)

∞∑

n=0

Γ(a + n)Γ(b + τn)
Γ(c− β + βn)

1
n!

x−c−βn+βB(β, c− β + βn)

= xβ−c Γ(c− β)Γ(β)
Γ(c) 2F1

(
a, b; c− β;

1
xβ

)
.
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Theorem 2.2. (Addition formula) For the (τ, β)−generalized Gauss

hypergeometric function 2F
τ,β
1 (z) the following addition formula is valid:

2F
τ,β
1 (a, b; c; x + y) =

Γ(c)
Γ(a)Γ(b)

∞∑

n=0

Γ(a + n)Γ(b + τn)
Γ(c + nβ)

yn

n!

× 2F
τ,β
1 (a + n, b + nτ ; c + nβ; x). (6)

P r o o f. It follows from the differentiation formula for 2F
τ,β
1 (z):

dn

dzn 2F
τ,β
1 (a, b; c; z) =

Γ(a + n)Γ(c)Γ(b + τn)
Γ(a)Γ(b)Γ(c + βn)

× 2F
τ,β
1 (a + n, b + τn; c + βn; z), (7)

and Taylor’ theorem [15]: if f(x) is analytical function, its series converges
as |x| < ρ, then for |y| < ρ we have

f(x + y) =
∞∑

n=0

f (n)(x)
yn

n!
. (8)

Theorem 2.3. (Product formula) For the (τ, β)−generalized Gauss hy-

pergeometric function 2F
τ,β
1 (z) the following formula is valid:

2F
τ,β
1 (a, b; c; xy) =

Γ(c)
Γ(a)Γ(b)

∞∑

n=0

Γ(a + n)Γ(b + τn)
Γ(c + nβ)

xn(y − 1)n

n!

× 2F
τ,β
1 (a + n, b + τn; c + βn; x). (9)

Here we use (7) and the Taylor theorem [15]:

f(xy) =
∞∑

n=0

(y − n)n

n!
xnf (n)(x). (10)

Theorem 2.4. (Generalization of the Erdélyi theorem [5]) If Rec >
Reλ > 0, z 6= 1, |arg(1 − z)| < π, Rec > Reb > 0, Re2b > Rea > 0, τ ∈
R, τ > 0, then the following formula is valid:

2F
τ
1 (a, b; c; z) =

Γ(c)Γ−1(λ− β + 1)
Γ(c− b)Γ(2b− λ)

1∫

0

xb−1
2F1(b− c + 1, 1;λ− b + 1; x)

× 2F
τ
1 (a, b; 2b− λ; zxτ ) dx. (11)
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P r o o f. Let β = τ. From (1) we have

2F
τ
1 (a, b; c; z) =

Γ(c)
Γ(b)Γ(c− b)

1∫

0

(1− x)c−b−1xb−1(1− zxτ )−adx. (12)

Let us consider the expression xb−1(1− zxτ )−a. Taking into account the
following formula ([5])

(1− zxτ )−a =
1

Γ(a)

∞∑

n=0

Γ(a + n)
zn

n!
xτn, (|zxτ | < 1), (13)

we obtain:

xb−1(1− zxτ ) = xb−1
∞∑

n=0

(a)n

n!
xτnzn

∞∑

n=0

(a)n

n!
xb+τn−1zn =

Γ(b)
Γ(2b− λ)

db−λ

dxb−λ

[ ∞∑

n=0

(a)n

n!
Γ(b + τn)

Γ(2b− λ + τn)
Γ(2b− λ)

Γ(b)

×znx2b+τn−1−λ

]
=

Γ(b)
Γ(2b− λ)

db−λ

dxb−λ

[
2F

τ
1 (a, b; 2b− λ; zxτ )x2b−λ−1

]
.

Using the derivative

db−λx2b+τn−λ−1

dxb−λ
=

Γ(2b− λ + τn)
Γ(b + τn)

xb+τn−1

and the fractional integration by parts we get:

2F
τ
1 (a, b; c; z) =

Γ(c)
Γ(c− b)Γ(2b− λ)

×
1∫

0

(1− x)c−b−1 db−λ

dxb−λ

{
x2b−λ−1

2F
τ
1 (a, b; 2b− λ; zxτ )

}
dx

=
Γ(c)

Γ(c− b)Γ(2b− λ)

1∫

0

x2b−λ−1
2F

τ
1 (a, b; 2b− λ; zxτ )

db−λ

dxb−λ
{(1− x)c−b−1}

=
Γ(c)

Γ(c− b)Γ(2b− λ)

1∫

0

x2b−λ−1
2F

τ
1 (a, b; 2b− λ; zxτ )

∞∑

n=0

(b− c + 1)n

n!
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× xn+λ−bΓ(n + 1)
Γ(λ− b + 1 + n)

Γ(λ− b + 1)
Γ(λ− b + 1)

=
Γ(c)Γ−1(λ− β + 1)
Γ(c− b)Γ(2b− λ)

×
1∫

0

xb−1
2F1(b− c + 1, 1;λ− b + 1;x) 2F

τ
1 (a, b; 2b− λ; zxτ )dx.

Thus the theorem is proved.

3. The generalized associated Legendre functions

For the first time the functions Pm,n
k (z), Qm,n

k (z) were introduced as lin-
early independent solutions of the following generalized Legendre differential
equation [11]:

(1− z2)
d2u

dz2
− 2z

du

dz
+

[
k(k + 1)− m2

2(1− z)
− n2

2(1 + z)

]
u = 0. (14)

Let us note that as m = n = µ, k = ν, we have the known Legendre
functions Pµ

ν (z), Qµ
ν (z), [6]. If z ∈ C and k,m, n are the real parameters,

then the solutions of the differential equation (14) may be written in the
form:

u = P




1 ∞ −1
m
2 −k n

2 z
−m

2 k + 1 −n
2


 ,

where arg z, arg(z±1) have their principal values. Evidently, the generalized
functions Pm,n

k (z), Qm,n
k (z) are of the class of the hypergeometric functions.

The functions Pm,n
k (z) and Qm,n

k (z) are defined for all points of the complex
z−plane cut along the real axis from −∞ to 1.

Let us introduce the (τ, β)−generalized associated Legendre functions
τ,βPm,n

k (z), τ,βQm,n
k (z) of the following form:

τ,βPm,n
k (z) =

1
Γ(1−m)

(z + 1)
n
2

(z − 1)
m
2

× 2F
τ,β
1

(
k − m− n

2
+ 1, −k − m− n

2
; 1−m;

1− z

2

)
, (15)

where

|1− z| < 2; k +
m + n

2
6= −1,−2, . . . ; k − m− n

2
6= 0,±1,±2, . . . ; (16)

m 6= 1, 2, . . . ; |arg(z ± 1)| < π, {τ, β} ⊂ R, τ > 0, τ − β ≤ 1;
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τ,βQm,n
k (z) = emπi 2

k− (m−n)
2 Γ(k + (m+n)

2 + 1)Γ(k + (m−n)
2 + 1)

(z − 1)k+n
2
+1(z + 1)−

n
2 Γ(2k + 2)

(17)

× 2F
τ,β
1

(
k − m− n

2
+ 1, k +

m + n

2
+ 1; 2k + 2;

2
1− z

)
,

with

k +
m + n

2
6= −1,−2, . . . , k ± m− n

2
6= 0,±1,±2, . . . ; 2k 6= −2,−3, . . . ,

(18)
|z − 1| > 2, | arg(z ± 1)| < π, {τ, β} ⊂ R, τ > 0, τ − β ≤ 1.

In the sequel we discuss some properties of the functions τ,βPm,n
k (z),

τ,βQm,n
k (z).

Theorem 3.1. If the conditions (16) are valid, then the following inte-
gral representations for the function τ,βPm,n

k (z) hold:

τ,βPm,n
k (z) =

(z + 1)
n
2 (z − 1)−

m
2

Γ(k + 1− m−n
2 )Γ(−k − m−n

2 )Γ(k + 1− m+n
2 )

×
1∫

0

t−k−m−n
2
−1(1− t)k−m+n

2

× 2Ψ1

[
(k − m−n

2 + 1, 1), (1−m, τ);
(1−m,β);

∣∣∣∣∣
1−z
2 · tτ

]
dt, (19)

where 2Ψ1 is the Fox-Wright function [20];

τ,βPm,n
k (chα) = Kchn α

2
· sh−m α

2
·
∞∫

0

e(k+m−n
2

)t(1− e−t)k−m+n
2

× 2Ψ1

[
(k − m−n

2 + 1, 1), (1−m, τ);
(1−m,β);

∣∣∣∣∣ −sh2 α
2 · e−τt

]
dt; (20)

τ,βPm,n
k (cosω) = K2·cosn ω

2
·(− sin

ω

2
)−m

π
2∫

0

(cos t)−2k−m+n−1(sin t)2k−m−n+1

×2Ψ1

[
(k − m−n

2 + 1, 1), (1−m, τ);
(1−m,β);

∣∣∣∣∣ sin2 ω
2 · cos2τ t

]
dt; (21)
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τ,βPm,n
k (chα) = K · 2chn α

2
· sh−m α

2

∞∫

0

(chω)2m−1 · (shω)2k−m−n+1

×2Ψ1

[
(k − m−n

2 + 1, 1), (1−m, τ);
(1−m,β);

∣∣∣∣∣ −sh2 α
2 · (chω)−2τ

]
dω; (22)

with

K =
2

n−m
2 Γ−1(k − m+n

2 + 1)
Γ(k − m−n

2 + 1)Γ(−k − m−n
2 )

.

Theorem 3.2. If the conditions (18) are valid, then some integral rep-
resentations for the function τ,βQm,n

k (z) have the following form:

τ,βQm,n
k (z)=eπim 2k−m−n

2 (z−1)−k−n
2
−1(z + 1)

n
2 Γ(k + m+n

2 )Γ(k + m−n
2 + 1)

Γ(k − m−n
2 + 1)Γ(k + m+n

2 + 1)Γ(k − m+n
2 + 1)

×
1∫

0

tk+m+n
2 (1− t)k−m+n

2 2Ψ1

[
(k − m−n

2 + 1, 1), (2k + 2, τ);
(2k + 2, β);

∣∣∣∣∣
2

1−z tτ

]
dt;

(23)

τ,βQm,n
k (chα) = M(sh

α

2
)−2k−n−2(ch

α

2
)n

∞∫

0

(cht)−4k−3(sht)2k−m−n+1

×2Ψ1

[
(k − m−n

2 + 1, 1), (2k + 2, τ);
(2k + 2, β);

∣∣∣∣∣ −sh2 α
2 · ch−2τω

]
dω, (24)

where

M =
eiπm2

n−m
2 Γ(k + m+n

2 + 1)
Γ(k − m−n

2 + 1)Γ(k − m+n
2 + 2)

.

The proofs of Theorems 3.1, 3.2 are straightforward with help of the se-
ries representation of 2F

τ,β
1 (z), the interchanging of the order of summation

and integration, and using suitable substitutions.

Theorem 3.3. (Integral representation of τ,βPm,n
k (z) by the hyperge-

ometric functions) If k + m+n
2 is a positive integer, and k − m−n

2 and m

are not integers, {τ, β} ⊂ R, τ > 0, β > 0, (β̃ − λ) is positive integer,
| arg(1− z)| < π, z 6= 1, then the following formula is valid:

τ,βPm,n
k (z) =

(z + 1)
n
2

(z − 1)
m
2

Γ−1(λ− β̃ + 1)
Γ(1 + k − m+n

2 )Γ(−k − m−n
2 + β̃ − λ)
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×
1∫

0

t−k−m−n
2
−1

3F̃2(−k − m− n

2
+ 1, −k − m− n

2
, 1−m;

−k − m− n

2
+ β̃ − λ, 1−m;

1− z

2
· tτ )

× 2F1(−k +
m + n

2
, 1; λ + k +

m + n

2
+ 1; t)dt, (25)

where 3F̃2 is the Wright hypergeometric function ([20]) and 2F1 is the Gauss
hypergeometric function.

The proof is similar to the proof of Theorem 2.4.

Corollary. Let the conditions of Theorem 3.3 hold. Then the function
τPm,n

k (z) is represented by the expression:

τPm,n
k (z) =

(z + 1)
n
2

(z − 1)
m
2

Γ−1(λ + k + m−n
2 − 1)

Γ(k − m+n
2 + 1)Γ(−2k −m + n− λ)

1∫

0

t−k−m−n
2
−1

× 2F1(−k +
m + n

2
, 1; λ + k +

m− n

2
+ 1; t)

× 2F
τ
1 (k − m− n

2
+ 1, −k − m− n

2
; −2k −m + n− λ;

1− z

2
tτ )dt. (26)

For practical goals the following theorem is useful.

Theorem 3.4. If Reµ < 1
2 , τ ∈ R, τ > 0, z = chα, then for the

τ−generalized associated Legendre function τPµ
ν (z) the following formula is

valid:

τPµ
ν (chα) = N ·

α∫

−α

et(ν+µ+1)(eα−et)−
µ+1

2
τ
−1

[
1−((eα−et)/2shα)

1
τ

]−µ− 1
2

dt,

(27)
where

N = 2µ+ 2µ−1
2τ τ−1Γ−1(1− µ)Γ(1− 2µ)Γ−2(

1
2
− µ)(shα)−µ− 1

2τ
+µ

τ .

P r o o f. Taking into account the expression for Pµ
ν with z → 2

√
z2−1

z+
√

z2−1

([5]), using the substitutions z = chα, (chα+ shα) · 2τ − 2shα(1− cos t)τ =
er · 2τ , after transformations, we obtain (27).
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