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Splines in Numerical Integration

Zlatko Udovičić

We gave a short review of several results which are related to the role of splines

(cardinal, centered or interpolating) in numerical integration. Results deal with the problem

of approximate computation of the integrals with spline as a weight function, but also with

the problem of approximate computation of the integrals without weight function. Besides, we

presented an algorithm for calculation of the coefficients of the polynomials which correspond

to the cardinal B-spline of arbitrary order and described five methods for calculation of the

moments in the case when cardinal B-spline of order m, m ∈ N, is a weight function.
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1. Introduction

In the approximation theory, cardinal B-splines have a very important
place (in different methods for solving initial and boundary value problems,
spline interpolation, multiresolution approximation...). The main topic of the
author’s PhD thesis is the use of the cardinal B-splines in numerical integration.
The obtained results can be grouped in two ways, depending on the type of
integral under consideration or the order of the spline applied.

The first grouping refers to the results where the problem of approximate
computation of the integral

(1.1)

∫ m

0
ϕm(x)f(x)dx

(integrals with cardinal B-spline of order m as a weight function) is considered
and those where the classical problem of numerical analysis, i.e. the problem of
approximate computation of the integral

(1.2)

∫ b

a

f(x)dx

is considered.
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In organizing this paper (as well as in the PhD thesis) we opt for the
second possibility. In the next section, we deal with splines of arbitrary order,
while the final one presents the results related to the splines of a low order.

Let us recall here the definition of the cardinal B-spline and list its basic
properties.

Definition 1. Cardinal B-spline of the first order, denoted by ϕ1(·), is the
characteristic function of the interval [0, 1), i.e.

ϕ1(x) =

{
1, x ∈ [0, 1)
0, otherwise

.

Cardinal B-spline of order m,m ∈ N, denoted by ϕm(·), is defined as a convolu-
tion

ϕm(x) = (ϕm−1 ∗ ϕ1) (x) =

∫

R

ϕm−1(x− t)ϕ1(t)dt

=

∫ 1

0
ϕm−1(x− t)dt.

Theorem 1. Cardinal B-spline of order m,m ∈ N, has the following properties

(1) suppϕm(·) = [0,m];
(2) ϕm(·) ∈ Cm−2[0,m];
(3) at each interval [k, k + 1], 0 ≤ k ≤ m − 1, cardinal B-spline of order m

is a polynomial of degree equal to m− 1;
(4)

(1.3) (∀t ∈ [0,m])ϕm(t) =
t

m− 1
ϕm−1(t) +

m− t

m− 1
ϕm−1(t− 1),m ≥ 2;

(5)

(1.4) (∀t ∈ [0,m])ϕ′
m(t) = ϕm−1(t) − ϕm−1(t− 1),m ≥ 2;

(6) Cardinal B-spline is symmetric at the interval [0,m], i.e.
(∀t ∈ [0,m])ϕm (t) = ϕm (m− t);

(7)

(1.5) (∀a ∈ R)
∑

i∈Z

ϕm(i− a) = 1;

(8) For any m time differentiable function g(·) holds

∫

R

ϕm(x)g(m)(x)dx =
m∑

k=0

(−1)m−k

(
m

k

)
g(k);
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(9) The cardinal B-spline is a solution of the so-called dilatation equation

(∀t ∈ R)ϕm(t) =
1

2m−1

m∑

k=0

(
m

k

)
ϕm(2t− k).

The proof of the theorem, and more details about cardinal B-splines one
can find in [1] or [2].

2. Splines of arbitrary order

2.1. Calculation of the coefficients of the cardinal B-spline. The first
result presented in this paper is an algorithm for calculation the coefficients of
the polynomials which correspond to the cardinal B-spline of order m. By using
equalities (1.3) and (1.4) it is easy to obtain differential equation

(m− x)ϕ′
m(x) + (m− 1)ϕm(x) = mϕm−1(x).

Evidently, the solution of this equation is a cardinal B-spline of order

m. Furthermore, let x ∈ [k, k + 1] and let ϕm(x) =

m−1∑

i=0

a
(m,k)
i xi. By using the

previous differential equation and the symmetry of the cardinal B-spline one can
prove that the following reccurence relations hold:

a
(m,0)
m−1 =

1

m− 1
a

(m−1,0)
m−2 ,

a
(m,0)
i = 0,m− 2 ≥ i ≥ 0,

a
(m,k)
m−1 =

1

(m− 1)(m− k)

[
ma

(m−1,k)
m−2 − k(m− 1)a

(m,k−1)
m−1

−a(m,k−1)
m−2

]
,

a
(m,k)
i =

m

i+ 1 −m

[
(i+ 1)a

(m,k)
i+1 − a

(m−1,k)
i

]
,

m− 2 ≥ i ≥ 0,

a
(m,m−k−1)
m−1 = (−1)m−1a

(m,k)
m−1 ,

a
(m,m−k−1)
j =

(−1)j

j!

m−j−1∑

i=0

(i+ 1)(i + 2) . . . (i+ j) · a(m,k)
i+j mi,

0 ≤ j ≤ m− 2.

Those relations enable us to construct an algorithm for calculating the
coefficients of the cardinal B-spline of order m.
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2.2. Calculation of the moments of the cardinal B-spline. Calculating
moments of the given weight function has essential significance in construction
of the orthogonal polynomials and quadrature rules, as well as in other fields
of the approximation theory. On the other hand, a very frequent weight func-
tion is exactly the cardinal B-spline (finite elements method, multiresolution
approximation,...). In the paragraph below, five methods (without proofs) for
calculation of moments

Mn,m =

∫ m

0
ϕm(t)tndt, n ∈ N0.

are provided.

(1)

Mn,m =
1

2m(2n − 1)

m∑

k=1

n−1∑

l=0

(
m

k

)(
n

l

)
kn−l

Ml,m;

(2)

Mn,m =
n∑

k=0

(
n

k

)
Mk,m−1 −

1

m− 1

n−1∑

k=0

(
n

k

)
Mk+1,m−1

= 1 +
n∑

k=1

[(
n

k

)
− 1

m− 1

(
n

k − 1

)]
Mk,m−1;

(3)

Mn,m =
1

n+ 1

n∑

k=0

(
n+ 1

k

)
Mk,m−1;

(4)

Mn,m =
m∑

k=0

(−1)m−k

(
m

k

)
km+n

(m+ n)(m+ n− 1) . . . (n+ 1)
.

The last method is, of course, the most important result of this para-
graph. This method generalizes equality (1.5) and we will formulate it as a
theorem.

Theorem 2. For any a ∈ R and every m ∈ N,m ≥ 2, the following equality
holds

Mn,m =
∑

i∈Z

ϕm(i− a)(i− a)n, 0 ≤ n ≤ m− 1.

In the case when a is an integer and m is odd, one can easily check that
the previous equality also holds for n = m. Those results were recently published
[8].
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2.3. One point quadrature rule with cardinal B-spline. In this paragraph
we are presenting probably the most important result of our research which was
published in [7]. The basic formula is a classical one point quadrature rule

(2.6)

∫ b

a

f(x)dx ≈ (b− a)f(X),

with choosen point X = (1 − λ)a+ λb, for some λ ∈ [0, 1].
Let x1 < x2 < . . . < xp−1 be an arbitrary points from the interval (0, 1)

and let the partition

0, x1, x2, . . . , xp−1,
1, x1 + 1, x2 + 1, . . . , xp−1 + 1,
...

...
...

...
...

m− 1, x1 +m− 1, x2 +m− 1, . . . , xp−1 +m− 1,
m,

of the interval [0,m] be given. We call this kind of mesh “quaziuniform”. Fur-
thermore, let the points Xk + i, 0 ≤ i ≤ m−1, where Xk = (1−λk)xk +λkxk+1,
for some λk ∈ [0, 1], 0 ≤ k ≤ p − 1, at each interval of the given partition, be
chosen (naturally, x0 = 0 and xp = 1).

At each interval of partition, we will use the formula (2.6) with chosen
points Xk + i, 0 ≤ i ≤ m − 1, 0 ≤ k ≤ p − 1, to approximately compute the
integral (1.1). After summation, we will obtain

(2.7)

∫ m

0
ϕm(x)f(x)dx ≈

p−1∑

j=0

(xj+1 − xj)

m−1∑

i=0

ϕm(Xj + i)f(Xj + i).

Theorem 3. If f(x) = xn, 0 ≤ n ≤ m − 1, then the quadrature rule (2.7) is
exact, for each m ∈ N.

In accordance with the previous theorem formula (2.7) has, conditionally
speaking, algebraic degree of exactness equal to m − 1. In some special cases
this degree of exactness can be improved up to m.

2.4. Numerical integration using cardinal B-splines. One of the classical
problems in the mathematical analysis is, of course, the calculation of the inte-
gral (1.2). Since this integral cannot, in general, be calculated exactly, there is
a large number of methods for its approximate computation. We are presenting
here a new method which is obtained by using cardinal B-splines. The main idea
is to approximate the function f(·) by its projection on the cardinal B-spline
space

f̂(x) =
∑

k∈Z

ckϕ
(j,k)
m (x),
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where ϕ
(j,k)
m (x) = 2

j
2ϕm(2jx − k). The coefficients of the approximation are

solution of the corresponding system of linear equations. This approach leaves
m − 2 coefficients free, so additional conditions can be chosen depending on
the concrete situation. One possibility is to choose some integer nodes to have
multiplicity two. Finally, one obtains

∫ m

0
f(x)dx ≈

∫ m

0
f̂(x)dx = 2−

j
2

(
−1∑

k=−m+1

ck

(
1 − µ−k

0,m

)

+

(2j−1)m∑

k=0

ck +

2jm−1∑

k=(2j−1)m+1

ckµ
2jm−k
0,m


 ,

where

µx
n,m =

∫ m

0
ϕm(t)tndt

are the so-called shortened spline moments. Those moments, for example, can
be calculated recursively

µx
n,1 =

∫ x

0
ϕ1(t)t

ndt =





0, x < 0
xn+1

n+1 , x ∈ [0, 1]
1

n+1 x > 1

,

µx
n,m =

∫ x

0
ϕm(t)tndt

=
xn+1ϕm(x)

n+ 1
− 1

n+ 1

∫ x

0
ϕm−1(t)t

n+1dt

+
1

n+ 1

∫ x−1

0
ϕm−1(t)(t+ 1)n+1dt

=
1

n+ 1

(
xn+1ϕm(x) − µx

n+1,m−1 +

n+1∑

k=0

(
n+ 1

k

)
µx−1

k,m−1

)
.

This result was inspired by the paper [5].

3. Splines of given (low) order

3.1. Some modifications of the trapezoidal rule. This section begins with
the result recently published in [6]. The main idea is based on the fact that the
construction of the quadratic interpolating spline leaves one parameter free. By
an appropriate choice of the free parameter we obtain reproduction of some well
known quadrature rules, but also a wide class of new quadrature rules.



Splines in Numerical Integration 357

Except the reproduction of the Simpsons and Ermits quadrature rule, we
obtain the following formulas:

∫ b

a

f(x)dx ≈ h

2

(
f0 + 2

2m−1∑

k=1

fk + f2m

)
− h3

6

m∑

k=1

f ′′2k−1;

≈ h

2
(f0 + f1) −

h3f ′′(X)

12
+QS[f, x1, b, 2m];

≈ h

2

(
f0 + 2

2m∑

k=1

fk + f2m+1

)
− h3

6

(
f ′′(X)

2
+

m∑

k=1

f ′′2k

)
;

≈ h

2
(f0 + f1) −

h2

12
(f ′1 − f ′0) +QS [f, x1, b, 2m];

≈ QT [f, x0, x1] −
h3

12

[
f ′′(X) + f ′′′(X)

(
x0 +

h

2
−X

)]

+QS[f, x1, b, 2m].

In the second and the third formulas X is any point from the interval [x0, x1]
such that f ′′(X) = λf ′′0 + (1 − λ)f ′′1 , where λ ∈ [0, 1], while in the last formula
X is any point from the interval [x0, x1]. Furthermore, QT and QS denote a
classical trapezoidal and the Simpsons rule respectively. The accuracy of the
obtained formulas is O(h4).

3.2. A certain class of quadratures with specific weight function. The
last result was inspired by the papers [3] and [4], and it is about the so-called
quadrature formulas of “practical type”. Hence, we are considering the quadra-
ture formula

∫ m

0
ϕm(x)f(x)dx ≈

5∑

i=1

Aif(xi).

This formula is of “practical type” if the following conditions hold:

• coefficients Ai, 1 ≤ i ≤ 5, are symmetric, i.e. (A1 = A5 and A2 = A4);
• nodes xi, 1 ≤ i ≤ 5, are symmetric, rational numbers from the interval

[0,m].

We proved that in the case when the weight function is cardinal B-spline
of order two (hat function), i.e. in the case when the weight function is a
cardinal B-spline of order four (cubic B-spline), the maximal algebraic degree
of exactness of such type of quadratures is equal to five.
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