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Abstract

For the coefficients of analytic functions f(z) defined by the conditions
f(0) = f(0) =1 = 0 and Re[a(f(2)/z) + Bf'(z)] > ~ for some complex
parameters a and 3 satisfying a +nf # 0 (n = 1,2,3,---), and for some
real number v (0 £ v < 1), where Re(a + ) > « in the open unit disk U,
the upper bounds of the generalized functional ‘anamrg — pa? +1‘ concerned
with the second Hankel determinant Ha(n) for all n (n = 1,2,3,---) and
some real number p are discussed. Furthermore, by the help of these results,
the same things for starlike functions of order (% <y <1)in U are also
considered.

MSC 2010: 30C45
Keywords and Phrases: Hankel determinant, coefficient estimate, ana-
lytic function, univalent function, starlike function

1. Introduction and definitions

Let A be the class of functions f(z) normalized by

flz)=2z+ Zanz"
n=2
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which are analytic in the open unit disk U = {z € C : |z| < 1}, and S
be a subclass of A consisting of univalent functions. Furthermore, let P(v)
denote the class of functions p(z) of the form

oo
z)=1+ Z cp”
k=1

which are analytic in U and satisfy Re(p(z)) > v (2 € U) for some ~
(0 = v < 1). In particular, we say that p(z) € P = P(0) is the Carathéodory
function (cf. [1]).

We next introduce the following subclass

Reasin) = {10 e dste|a (1) 4510 > ev)
of A for some complex parameters a and [ satisfying a +ng # 0 (n =

1,2,3,---), and for some real number v (0 < v < 1), where Re(a + ) > v
Then, for the case a < 1, we write

ORa(7) = QR(a, 1 —a37), Q(v) = QRi(y) and R(y) = QRo(7)

ExAMPLE 1.1. Let A(a, 3,7) = 2 (Re(a + ) =)

. Then, the function

a+
(1—A(a,ﬂ,v))erA(avﬂv’V)Z?Fl( ;;57 ’ C;;ﬂ #
(if 3+ 0)
fa(z) = - (Q(Re(z)—’y) _ 1) L+l
1— 24
(if 8 =0)

(1.1)
belongs to the class QR(«, ;7).

REMARK 1.2. The function fy(z) has the following Taylor’s series ex-
pansion

2(Re(a+08) =) rat1
+Z at(kd+DB °

The next lemma was given by Jack [5].
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LEMMA 1.3. Let w(z) be analytic in U with w(0) = 0. If there is a
point zg € U such that

max [w(z)| = |w(zo)l,
EEEY

then it follows that
zow'(20) = kw(2o)
for some real number k (k 2 1).

Using the above lemma, we obtain the following result.

2 1—
THEOREM 1.4. For v* = %, the inclusion relation

QRa(7) C Q(7Y)
holds true.

Proof. For f(z) € QR4 (7), we define w(z) by
fE) _140-2uG) (oo 2idloa )
z 1—w(z) 3—«
Then, we have that
f'(z)
Thus, we see that
f(Z)) / 14+ (1 =29 )w(z) (1 —7")zw'(2)
e +(1—-a)f'(z) = +2(1 —a)—————~.
(F2)+ 0 -arie) = =2 o o) (0
Since w(z) is analytic in U and w(0) = 0, if there is a point zg € U such
that

_ 14+ (1—27)w(z) 2(1 —v*)zw'(2)
= u() (= ()

max [w(z)| = |w(z)| =1,
ENEN
then we can write
w(zp) = e”, 20w’ (20) = kw(zp) = ke? (k>1)

by Lemma 1.3. For such a point zg € U, we obtain that

Re :a (f (ZZO)) . a)f’%)}

0

— Re 14 (1 —29*)w(zo) W (1 —~*)2w'(20)
I S E T }
o _1+(1—2,y*)6i9 (1—’}/*)]43610
= Re _ T ] +2(1 - )Re (1(310)2]

R € o) Gt i L
7 1—cos@
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< {B-a)yy —(-a)=v
which contradicts our assumption. Therefore, there is no zg € U such that
|w(zp)| = 1. This implies that |w(z)| < 1 for all z € U. Noting that
R (1)) e (LHUZ20000)
z 1—w(z)
for |w(z)| < 1, we see that f(z) € Q(v*). ]

Putting @ = 0 in Theorem 1.4, we obtain

COROLLARY 1.5.

. . 27+1
R(y) € Q("), where ' = ==,

Noonan and Thomas [7] (see also [8]) have stated the g—th Hankel de-
terminant as

an, Gp+1 - OGptg-1
Ap+1 ap+2 - Antq
Hy(n) = det : : . : (n,g e N=1{1,2,3,...}).
An+q—1 Gnp4q " Qn42g—2

This determinant is investigated by many mathematicians with ¢ = 2. For
example, we can know that the functional |Hz(1)| = |as — a3| is known as
the Fekete-Szego functional (see, [2]) and they found the sharp upper bounds
of the further generalized functional ‘ag — ua%‘ for functions f(z) € S where
1 is some real number as follows:

THEOREM 1.6. If f(z) € S, then

( 3—4du (n20)
2| < _2N
ag —paz| = ¢ 14 2exp o4 0=p=s1)
dp—3 (nz1)
Recently, the functional |Ha(2)| = |azas — a3| and its generalization

functional ‘a2a4 — ,ua§| are also studied. Therefore, motivated by these
functionals, we discuss the upper bounds of the functional ‘anan+2 — pa? +1|
defined by using the coefficients of functions f(z) € QR(«, 3;7) for each n
(n=1,2,3,--+) and real number x in this article.
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2. Preliminary results
In order to discuss our problems, we need some known or new results.
The following lemma is well-known result.
LEMMA 2.1. If a function p(z) € P(7y), then
e £2(1=9) (F=1,2,3,--).
The result is sharp for

p(z) = 1—1—(11_—22’)/)2* = 1+Z2(1 — )"
k=1

Hayami and Owa [3] have given the following result.

LEMMA 2.2. If a function p(z) € P(v), then the representations
2(1 =)z = cf +{4(1 —7)* = ¢f}¢
A1 =7)%es = cf +2{4(1 —7)? — c}er — {4(1 = 7)? = f}ea(?
+2(1 = {41 =) = FH1 = [¢[*)n

for some complex numbers ¢ and n (|¢| < 1,|n| £ 1), are obtained.
THEOREM 2.3. If a function p(z) € P, then
202-1 (Re(v) 1)

lven, — ep—scs| = (1< s<mn)
2|v| (Re(v) 2 1).

Equality is attained for the function

Zd 2
% (Re(v) =1) and p(z) = % (Re(v) = 1),

where d is a positive common devisor of (n,s,n—s) and l|n, | fs, | f(n—s)
and [ is positive.

p(z) =

P roof. Since any function p(z) satisfying the condition of the theorem
is the limit of a sequence of functions of the form

1 it
ZAk ez (2.1)

eltkz
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m

where A\, = 0 and ) A\; = 1, it is sufficient that we only prove the theorem
k=1

for functions of the form (2.1). For such functions, we can write that

m
Cp = ZZAkemtk (n=1).
k=1
Thus, applying the triangle inequality and the Schwarz inequality, we see
that

m

Z )\k(yemt’“ — QeiSt’“)Q‘ =2

k=1

1

m m 2

<2 By £ 2<Z>\k|3k!2> ;
k=1 k=1

m . . .

where Q = 3 M\e!™ )% and By, = (ve'™* — 2¢*')Q. Then, letting v =
k=1

lv|e’? (¢ € R) and noting that

Z)\HBMQ _ |y|2 + 4]Q|2 — 4|v[Re (eiwz)\kei(ns)th> ’
k=1

k=1

lven, — ep—scs| =2

> AiBi
k=1

2

Re (e_i‘p Z )\ke_i("_s)th> =Re|e™™ Z Apel(n )t = |Q|* cos p
k=1 k=1

and

QP = |37 Aeflnoin] < (Z Ak|ei<”—s>tk|> -1,

k=1 k=1
we have
m 3
2 (Z Ak !Bkl2> = 2V/|V]2 +4[Q (1 — |v| cos )
k=1
2/ V2 +4(1 —Re(v)) =2)2—v| (Re(r)£1; |Q*=1)
B 2v| (Re(v) = 1; [Q2 = 0).

The proof of the theorem is completed. ]

REMARK 2.4. When v is a real number in Theorem 2.3, we arrive at
the result due to Hayami and Owa [4]. Espesially, if v = 1, we have the
lemma proven by Livingston [6].
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3. Main results
Our first result is contained in the following theorem.
THEOREM 3.1. If f(z) € QR(«, B;7), then

2(Re(a+B) —7)
e Bwl (B2

lag — a3 <

2 (Re(a + ) =)
p— (1B <1)

with equality for fi(z) (|B(p)| 2 1) and fa(2) (|B(p)| < 1) given by (1.1),

where
2 (Re(a+ B) —7) (e + 3P)
(o +26)? e

B(p)=1-

P r o o f. For functions f(z) € QR(«, B;7), it follows that

a<f(z)>+ﬁf/(z)_7—i1m(a+ﬁ) oo

z

k
p(z) = =1+ E cpz” € P.
() Re(a + ) — v Pt g
Moreover, we know that
Re(a+ B) — v >
n=———"Cp_ =2 1
a+nf =1 (n22) (38-1)

By the help of Lemma 2.1 and Lemma 2.2, without losing generality, we
can suppose that 0 < ¢; < 2 and we deduce

Re(a+0) -7 <Re(a+ﬂ) —7)2 )

2| _
a3 — pa3| = a+ 383 a+ 28 “a

- 1 Re(a + ) — v —
= (Re(a+ﬁ)_7)’<2(a+3ﬁ) - (a—|—2ﬁ)2 :U’> C%"‘Q(C)&—}—B/@))C'

e b ()

A

2(Re(a+ ) —7)

arsg Bl (BWlzlka=2e=2)

[IA

2 (Re(r +6) —v)

o + 30 (IB(u)| £1; ¢1 = 0,¢0 = 2)
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This completes the proof of the theorem. [
We next derive the following theorem.
THEOREM 3.2. If f(2) € OR(wv, B;7), then |anants — paZ | <
(Re(a + ) —)*
(a+nB)(a+ (n+2)5)

I2=Cwl+ICWll  (Re[C(p)] =1),

(Re[C(w)] 2 1),

for n = 2, with equality for f;(z) (Re[C(un)] 2 1; d = 2 and d|n) given by
(1.1), where
(a+nf)(a+ (n+2)F)

Cln) = (@ + (n+ 1)B)2

P r o o f. By virtue of the relation (3.1) and Theorem 2.3, we see that
(Re(a + ) =)
(a+nB)(a+ (n+2)B)

o e 1_(a+nﬂ)(a+(n+2)ﬂ)u62
noltnt (a+ (n+1)5)2 "

‘anan-i—Q - ,ua121+1| =

X

(Re(e+ 8) —9)°
(a+nB)(a+ (n+1)5)

[IA

[|Cn—lcn+1 — C(p)ezn] + |C (1) ‘0271 - CZH

N2
= (a J(FR;S(Z —I{B—)(n 1)1)5) [len—16nt1 — C(p)can| + 2[C(w)]]
( N2
(afgiZ?mlgm[ﬂ—Cwﬂ+wmm (Re[C(w)] £ 1),
<

4(?%@?5;*“

\

Putting @ < 1 and 8 = 1 — « in Theorem 3.1 and Theorem 3.2, we
obtain the following corollaries.
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COROLLARY 3.3. If f(z) € QRu(7), then

[ 2(1-+) {3 _12a - ?2“_‘55} (4 Z0)
2(1 - ) (2 a)?
e = = <0§M§(32a)(17))
2(1 — ) 1 (2 — a)?
0G5 (#2 g ama )

)2
with equality for fi(z) <M <O0orpu=> 3 _(22a)(041)_ 7))
(2-a)?

and fa(z) (0 Sp s G- 20)(1= 7)> given by (1.1).

COROLLARY 3.4. If f(z) € QRa(7), then |ananis — paZ | <

1 1
L L T [T 2 S M b T

(L=0)
401 —)?
mn—m-1a)(n+2—(n+1)a)
(n+1—na)?
<0§’“‘§ (n—(n—l)a)(n+2—(n+1)a)>
401 —9)?
(n—i—l—noz)2'u : »
n+1—na
\ ("2 = T s e )

with equality for fi(z) (u £ 0), fa(2)

1— 2

mn—m—-—1)a)(n+2—(n+1)a)’

(n+1—na)?
(n—(Mm—-1a)(n+2—-(n+1)a)

and fy(2) <u >
given by (1.1).

> where d = 2 and d|n
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In particular, setting &« = 1 or a = 0 in Corollary 3.3 and Corollary 3.4,
we know the following results for the class Q(v) or R(y) by Hayami and
Owa [4].

COROLLARY 3.5. If f(z) € Q(v), then

2L =y {1 =21 =y)p}  (#=0)

1
2(1 — 0 pus ——
as—ﬂa%‘é ( 7) =H= )

20— N{2(1 =) -1} <# > 1)

\

1 1
with equality for fi(z) (,u S0orpu= 1’Y> and fa(z) <0 <p s )
given by (1.1).

COROLLARY 3.6. If f(z) € Q(v), then

41 =721 —p) (=20

|anan+2 - :ua721+1‘ g 4(1 - ’7)2 (O g 2 g 1) (n =2,3,4,-- )

4(1 =) (1)

with equa]ity for fl(z) (/.L g 0)7 fQ(Z) (0 g 2 g 17 n= 3>5>7? o ) and fd(z)
(2 1) with djn and d = 2 given by (1.1).
COROLLARY 3.7. If f(z) € R(v), then

2 =) {13(17);@} (n20)

3 2

2(1 — 4
a5 — pad] < ) <0§u§ )

2(1;7){2(1—7)u—1} <’@3(14—7)>

4
with equality for fi(z) <u <0orpuz2 >

~3(1-v)
and fa(z) (0 <us ) given by (1.1).

3(1—7)
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COROLLARY 3.8. If f(z) € R(7), then

4(1 —~)? n(n +2)
n(n +2) {1_ (n+1)2“} (n=0)
4(1 — ~)? (n+1)2 -
anan+2_uai+l‘§ m (0§U§n(n+2)> (n_2a3a47"')
4(1 — 7)? (n+1)?
SCESIE (v ry)
(n+1)*

with equality for f1() (4 < 0), fa(2) (o <us< 3,57, )

(n+1)°
and f4(2) </~L = m

n(n+2)’
> with d|n and d = 2 given by (1.1).

4. Strictly estimates for n = 2

We note that the function satisfying the equality of Corollary 3.4 is
unknown for the case n is even number with
_ 2
0< < (n+1—na) .
T T h—-(n-1Da)(n+2—-(n+1)a)
The next result is better than the part of Corollary 3.4 for n = 2.

THEOREM 4.1. If f(z) € QR4(y), then

(2-V3)(3 - 20
Dla, ) ( 42— a)4—3a) =

[IA
[IA

3(3 — 2a)?
12— a)(4— 3a)>
}a2a4 - MG:%,‘ =

A
A

4(1 — 7)? 3(3 — 2a)?
<4< 8

(3 —2a)?
3 —2a)2" 2 a)(4— 3a) )

(2—a)4—3a)

where D(a,y,u) =

{9(3 = 2a)*—16(2 — a)(4 — 30) (3 — 2c)?u+8(2 — )?(4 — 3)?pi?} (1—7)?
22— a)(4 —3a)(3—-2a)?{(3—2a)?>—(2 — a)(4 — 3a) u} '

3(3 — 2a)? (3 —20a)? )
42 — a)(4 — 3a) (2—a)(4—3a)

[IA
[IA

Equality is attained for fa(z) ( 1

given by (1.1).
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Proof Let f(2) € QRa(y). Then, there is a function p(z) € P(7)
such that £2)
z
o (F2) + =) =
which implies that
Cn—1
= = 2).
in a+n(l—a) (n22)
Therefore, applying Lemma 2.1 and Lemma 2.2, we can suppose that

0= ¢ =c<2(1 —7) and obtain that
2

[azas = pas] = - &T_ 30) "3 —6220z)2
_ 1 1 ok oA
A1 =) <(2—a)(4—3a) (3—2a)2>

1
2 ((2 - Oé)(4 — 3&) B (3 _M2a)2> (4(1 — 7)2 — 02)c2<

c? (41 = )* = A)u
0= (G )¢
21— ) (A1 — 7~ A)(1 - |P)e
" 2—a)(3—30) 1
1 =21 —7)c (401 -7)*-A)u
= - [(4(1 — =) { C-ad—30) T (-207 }p2

22 1 H 2 1 4
#2080 (i =yrmam - mozey) 4 (E=ara =) ¢
L2 =) - 7)? — 02)0] __Fl
2—a)d-3a) -2
where p = |¢| £ 1. We discuss the following two cases.
(3-2a)* (3 —2a)%c
22—a)(4—3a) T 2—a)(4—-3a){2(1 —7) + ¢}

For the case (i), pu =
(0= c=<2(1—7)), since

A2—-21—-7)c 41 —-7v)?2-¢2 S 2 —2(1—7)c+2(1 —7)c—c?
2-a)4-3a) (B-2a2 'F 2—a)d - 3a)

=0,



COEFFICIENT ESTIMATES FOR ANALYTIC FUNCTIONS ... 379

we derive that

2 _ e )22
F'(p) = 2(4(1 = 7)* = ¢ { <(2 - 5)((14 —?a) * 4(1(3 —gaﬁ > g

i <(2 - a)24— 3a) (3 _Mga)2> 62} >0

forallp (0= p<1).
)2
a)(4—3a)’

(3 -
( ) =2 0 for any p in the case (ii-1),
S2(1-7).

For the case (ii), 0 = by the help of the

2(2

case (i), we readily know that
o< 21 —v)(2—a)(4 — 3a)p
T B-20)?-(2-a)(4—-3a)u

Further, the coefficient of p in F’(p) is negative in the case (ii-2),
2(1 =7)(2 = a)(4 = 3a)p

c2 :
. (3 20)% — (2 — @) (4 — 3o
F’(p) 2 F'(1) =2(4(1 —7)* = %) {2 <(2 — a)gﬁl —3a) (3 —M204)2> ¢

e _ )2
e _2(;(47_) 30) + 4((31_ ;03)5} =2(4(1 — )2 = A)G(e)

Then, G(c) can be represented by

2

Gle) =2 <(2—0z)24—304) R <3—/;‘“)2) i (1 - (21(3)%)32@#)

1 15
50— 230 ] oyt ~ a2 4
1 1
2(2 — a)?(4 — 3a)2(3 — 2a)? { Ga)d—3a) (20 }
Therefore, the case (ii-2) is also separated into two parts below.
(3-22) _ _  (3-20a)?
12-a)4-3a) = "= 22— a)d-3a)
ple computation gives us that
20 -7)2-a)(d—3a)p 1—vy
B—20)2—-(2—-a)(4—3a)u ~ (2—a)(4—3a)u
2 (1- 55 ™)

+

a sim-

For the case (ii-2-1)
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which implies that

2(1 —7)(2 — @) (4 — 3a)u
G(C) 2 G <(3 - 20&)2 _ (2 — a)(4 — 304)#)

00 @) s
(3 =20){(3 - 20)? — (2 — @) (4 — 3e)u}
Therefore, F'(p) = 0 in this case.

(2 —v2)(3 — 2a)? (3 —2a)?
42 — a)(4 — 3a) 42— a)(4 - 3a)’
it follows that F'(p) = 0 because

G(C)>G(2<1 3412a3au>>
(

Consequently, bringing the two cases (i) and (ii) together, we derive

> 0.

[IA

Next, for the case (ii—2-2)

[IA

1

\/

(2— V3)(3 - 20)? (3 — 20)?
that F(p) is increasing for 12— a)(1—30) Sups G- a)d—3a) and
therefore
F) . F()
-7 =107
B 1 B 1 B 1% 2
- s | (=~ w2y ©
3 Ap 16(1 —~)*u] _
#1020 (g a3~ @) O g | = 1O

where 0 < C = ¢? < 4(1 —7)%. Noting that the coefficient of C? is negative
33—2a)? —4(2 — )4 —3a)pu} (1 —7)?
and H'(C) or (3-20)2— (2—a){4—3a) <

3(3 — 2a)?
42— a)(4 — 3a)

4(1 — v)2, we obtain that

2 —/2)(3 — 2a)?
42— a)(4 —3a)

A
A

H(C) £ H(CY) = D{o.p1) (< ”

and

—_~)2 —92q)2

A
A

I

(3 —2a)? )

2—a)(4—-3a))"
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The proof of the theorem is completed. [
Letting &« = 1 or @« = 0 in Theorem 4.1, we derive the next corollaries
due to Hayami and Owa [4].

COROLLARY 4.2. If f(z) € Q(y), then

(9 — 16p +8u*)(1 —7)° 2 -
2(1 - p)

5

A

=

A
e~ w
~—

|a2a4 - uag\ <

A1 =)’n

7 N\
B~ w
A
=
A
—_
N————

A
A

1— 22 4
COROLLARY 4.3. If f(z) € R(v), then

(729 — 1152+ 512u2) (1 —9)*  (92—+v2) _ _ 27
144(9 — 8p1) =/=3

1—2v)2% (3
with equality for f(z) = M < I 1).

2
a204 — Mag‘ §

4(1 — )2 27 _ 9
g N H=3

1 2
with equality for f(z) = —(1—2v)z+ (1 —) log (1 + z> (3; Sus 2)

5. Applications to starlike functions

In this section, we consider the upper bounds of the functional
}anan+2 — pa? +1‘ for starlike functions of order « by applying the previ-
ous results for the class Q(v). Then, for some real v (0 < v < 1), we define
the subclass

S*(y) = {f(z) € A:Re <fo(g)> >y (z€ U)}

of A consisting of starlike functions of order 7. By Lemma 1.3, we deduce
THEOREM b5.1. It follows that

1
S*(v) c () Ssv<1
3—2v

where v* =
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Proof. For f(z) € S*(v) (% < v < 1), we define w(z) by
M) _LHome) (oo 1),

z 1 —w(z) 3—2y
Then, we see that
2J'() 2(1 - 7")zw'(2)
f(z) (1+ (1 =2y")w(2)(1 —w(z))

Since w(z) is analytic in U and w(0) = 0, if there is a point zp € U such

that
max |w(z)| = |w(z)| =1,
ENEN

then we can write
w(z0) = €”, 20w (20) = kw(z) = ke’ (k=1)

by Lemma 1.3. For such a point zy € U, we have that

Re (zof’(zo)> 4 Re ( 21 — ) kei? )

f(z0) 1 — 2y*ei? — (1 — 2v*)ei20
(L—7")k
- 1-R
¢ (7*(1 —cosf) +i(l —~*)siné
1 71—k él_(lf’v):%
292 4+ (1 — 29*)(1 + cos 0) 2y*

which contradicts our assumption. Therefore, there is no zg € U such that
|w(zo)| = 1. This means that |w(z)| < 1 for all z € U, that is, f(z) € Q(v*).

In consideration of the above theorem, applying Corollary 3.5 and Corol-
lary 3.6, we immediately know the following result.

1
THEOREM 5.2. If f(z) € $*(7) (2 << 1), then

4(1 =) 4(1 =)
32y {1— 32 M} (n=0)

4(1 —~ 3— 2y
wowys| 0o =

4351—_21) {4351—_2;:)“ B 1} (“ ) 2?()1__230

and
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N2
G- (o)
N2
Gntnss — o] < 1(‘;(1_2]))2 CETESY
Y
ﬁﬁo%l“ (nz1).

1
Taking v = 3 in Theorem 5.2, we derive

1
COROLLARY 5.3. If f(z) € S* (2>, then

l—p (p=0)
az — paz| < 1 (0=p=2)
p—=1 (nz2)
and
l—p (p=0)
AnQn42 — Ha%—&-l = 1 (0 = K = 1)
poo (w21
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Then, we remark the following result due to Hayami and Owa [3, Corol-

lary 2].

1
REMARK 5.4. If f(z) € §* <2>, then

1 1 3
RV IE S CEVES)
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z

V1—22

1
with equality for f(z) = z <,u, < 3 O H >

1 3
< <

This result shows us that Theorem 5.2 may be a rough result. Thus, we
have the next problem.

;) and f(z) =

PROBLEM 5.5. Can we find the sharp upper bounds of the functional
lananta2 — pa? | for functions f(z) € S*(y) (0 £ v < 1), and for any n
(n=1,2,3,---) and real number u?
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