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Abstract

On the blind source separation problem, there is a method to use the
quotient function of complex valued time-frequency informations of two ob-
served signals. By studying the quotient function, we can estimate the
number of sources under some assumptions. In our previous papers, we
gave a mathematical formulation which is available for the sources with-
out time delay. However, in general, we can not ignore the time delay. In
this paper, we will reformulate our basic theorems related to the method of
estimating the number of sources to be available for more general cases.
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1. Introduction

To treat blind source separation problem, in many cases, either statis-
tical independence or statistical orthogonality of the sources has been as-
sumed. Around 2000, papers as [4], [9], etc., considered the blind source sep-
aration problem under some independence of the windowed Fourier trans-
forms of the sources in the time-frequency domain. To solve the blind
source separation problem, as the first step, they try to detect the number
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of sources. The fundamental idea to detect the number of sources employed
in [4], [9], [10], etc., is to consider the ratio of the windowed Fourier trans-
forms of the two observed signals. In [1], [7] and [8], we gave a mathematical
formulation for this estimation problem of the number of sources without
time delay. In [5] and [6], we gave some remarks on our method for appli-
cations. Later, [2] and [3] treated the problem with time delay and gave an
algorithm of the numerical experiment.

In this paper, we will reformulate our results in [1] so that we can apply
to more general cases.

2. A method of blind source separation

Let n > 2 be an unknown integer and x(t) be an observed signal
of unknown sources {s;}7_;. We assume that observed signals {z}} are
represented as

= i ajks;(t — cjk), (1)

where aj;, are unknown real numbers and cj; > 0.

A method of blind source separation is as follows:

1. Transfer x; and x2 to complex valued continuous functions X (¢, w)
and Xo(t,w) in a time-frequency domain under suitable transforma-
tion.

2. Consider the quotient function Q(¢,w) = X (t,w)/X2(t,w). By study-
ing Q(t,w), estimate the number of sources (say n) under some as-
sumptions.

3. Take another (n — 2) observed signals and determine aj, ¢jx, and the
original sources sj, j,k =1,---,n.

3. Mathematical formulation

Let dyn € N, X = R4d > 2, or X = C%d > 1, and Sj(2),j =
1,2,---,n, are linearly independent as complex valued continuous functions
on X. For aj,b; € R\ {0} and ¢;; = (¢ji1,¢2,- -, ¢jra) € X, 1 =1,2, set

n

(z5¢1) Zaj cﬂ Xo(z;¢9) Z (z — cjg
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Xi1(z;0) = Zaij(z), Xo(z;0) = ijSj(z).
j=1 j=1

3.1. Complex valued quotient functions

Consider the quotient function

Q(z:0)= Xi(ze1) _a151(z = ¢j1) + - + anSa(z — )
) X2(Z;C2) blSl(z_Cjz)+"'+bnSn(Z—Cj2)

,MMF288

For n > 0, we define the following function @,(z;c) which depends on the
values of &Q), the imaginary part of Q:

Q(z;¢) (ISQ(z;¢)] <),
Anlzic) = { 0 (19Qz0)| = ).

In the case of ¢j1 = ¢cjo = 0, J

,ooyn, Q(z;¢) takes real value
q; = a;/bj on

E; ={z € X;8;(2) #0,8k(z) =0, (k # j)}.

Let us introduce some notations. Put
D; ={z e X, Sj(z) # 0},

D., = D; U{z eX;z—c¢j1 € Dj}U{z € X;z —cj € Dj},
n

n
D=JD,, E=|JE;.
j=1 j=1

For M > 0, we set

B(M)={z=(21,"--,24); |la| <M,l=1,---,d}, D(M)=DnB(M),
E;(M)=E;nB(M), E(M) =Uj_E;(M), E°(M) = D(M)\ E(M).

If cji =¢p =0, =1,---,n, D = E and E; # (), we can easily
detect the number of {S;} by counting the number of elements of the image

Qn(D) - Q(D> - Q(E)
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3.2. Cumulative distribution function on R

We denote the Lebesgue measure of a measurable set A € X by

pla) = [ dz,

where dz is the Lebesgue measure on A and use the following notation:
ve(A) = p({z € 4; SQ(z;¢) =0, Q(z;¢) # 0}).

We consider a function (G,(M;c))(x) that describes the distribution
of values of RQ,(z;c), the real part of Q,(z;¢). For (G,(M;c))(z) to be
well-defined, we assume the following condition throughout this paper.

ve(D(M)) > 0.
For n>0,M >0, and x € R, (G,(M;c))(x) is defined as follows:

{z € D(M); RQy(z;¢) <z, Qy(z;¢) #0})
n({z € D(M); Qy(z:c) #0}) '

By the definition (G, (M;c))(x) is a monotone increasing function. Further
we define

(Co(M: 0)) () = M (@)

_ n({z € D(M); RQ(z;¢) <z, IQ(z;¢) =0, Q(z;¢) #0})
ve(D(M))

(Go(M; ¢c))(x)

Similar to Theorem 1 in [1], we can prove

o Mz € DM); 0 <[3Qy(z0)| <n})
- p({z € D(M); @y(z;¢) #0})
= By(M;c) (3)

and limy—o(Gy (M ¢))(2) = (Go(M: ¢))(2).

[(Gn(M;0))(z) — (Go(M;e)(z)]

3.3. In the case of D = F

First we consider the case that ¢j; = ¢jo =0, E;(M) #0,5=1,---,n
and D = E. In this case, (G,(M;0))(x) is the step function (see Fig.1):
" (B (M) { 1 (z>0),

Ho(z) = (Gy(M;0))(z) = Jzz:l my(ﬂf —q;), Y(z)=
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Thus we can detect the number of {S;} by counting the number of the
steps which appear on the graph of (G,,(M;c))(x). In numerical analysis,
the graph of G} (M; c) = d(G,(M;c))(x)/dx, where the derivative is taken in
the sense of distribution, is often used. Since the derivative of the Heaviside
function Y (z) is the delta function, we may count the number of the peaks
which appear on the graph of G;?(M ;¢). In the following we assume ¢ <
2 < < (gn

(G (M; c))(x) (G (M;0)) ()

- T
q1 q2 q3 q1 q2 g3

Fig. 1

Next we consider the case that 3~ (c?l + CJQ-Q) # 0; (that is, at least one
¢ji does not vanish), E;(M) #0,j =1,---,n,and D = E. Since we assume
that Sj(z) are continuous, S;(z) ~ S;(z —c;i) for sufficiently small ¢;,. Put
Sj(z = cjk) — Sj(2) = e, & > 0, Oy € [=m, ], &1 = Sk agpe’®™
and & = Y7, brérae®*2. Then on the set E;(M),

§1+a;Si(z) aj R bj&1 —a€s 5 &1 — q;&2

RQy(25¢) — qj = %m by b6 +bS) (& +6;8)

Define

Ha) = 3 Y~ ),
j=1
() = P2 € B RQ(2:¢) < a,3Q(2;¢) = 0, Q(z:¢) # 0})
(o) (@) == |
Then similar to Theorem 2 in [1], by using Lemma 2 in [1] we have
Go(Mi0)e) ~ g ))| < A = O (4

Since we assume that D = FE, 5y(M;c) = 0. Thus by (3) and (4) we have
[(Gn(M; ) () — (9(M; c)) ()]
= [(Gy(M; ¢))(z) = (Go(M; 0))(x) + (Go(M; c))(x) — (9(M; c))(z)|
< By(M;c) + Po(M;c) = By(M;c).
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At last, we consider the difference between (g(M;c))(z) and H.(z). Put
) _ + -
%%§|Qn(2,6)—qj|—ej, q]‘ —Qj‘|‘€j, qj =q; — €j.

Assume vy = max; e; < minj-y |¢; — qx|/2. Then similar to Proposition 2 in
[1] we can prove that

(9(1:0))(@) = He(w), @€ RAUlg; s},

He(z —7) < (9(M;0))() < He(w + ), = €lgy qf].

Thus putting

Hy(z) = (; ’m + 3,(M; c)) Y(z-qf),

we have the following Theorem:

THEOREM 1. Let D = E,v.(E(M)) > 0 and E;(M) #0, j=1,---,n.
Assume v < minjz, |qj — qi|/2. Then the graph of the monotone increasing
function (Gy(M;c))(x) is contained in the closed domain E = {(z,y) €
R% H_(z) <y < Hy(z),0 <y < 1}. (See the following stair like domain
(Fig2, left)).

A graph of (G,(M;c))(x) will be as in the right Fig. 2 and is in the stair
like domain E on the left Fig. 2.

/7] N )
a4 @ a3 a3 a5

Y
8

Fig. 2
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REMARK. If |minjz [¢j — qx| — 27| is so small, then it will be hard to
see the steps on the graph of (G, (M;c))(x).

3.4. In the case of D # F

When D # E, then fy(M;c) # 0 and e; will be bigger. Thus the stair
like domain in left Fig.2 becomes larger (see Fig.3). Put

pn(M;c) = By (M;c) + Bo(M;c),

Hi(z) = (Z Im :l:pn(M;c)) Y (x - qf)

j=1
Then Theorem 1 will be restated as follows:

THEOREM 2. Let v.(E(M)) >0 and Ej(M) #0, j=1,---,n. Assume
v < minjzk |g; — qx|/2. Then the graph of the monotone increasing function
(G, (M;c))(x) is contained in the closed domain E = {(z,y) € R?* H_(x) <
y < H(z),0<y<1}.

B D=E = D#E —

> T > T

Fig. 3

4. A generalization

The assumption v.(E(M)) > 0 in Theorem 1 and Theorem 2 is restric-
tive, in our previous papers we introduced the following space:

E;(0; M) = {z € D(M); [bpSk(2)] < 6[b;55(2)| (k # 7). Sj(2) # 0}
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Roughly speaking, F;(d; M) describes the set of points where S;(2) is domi-
nant over the other Si(2)’s (k # j). In this paper we introduce the following
spaces:

Ee;,(0) = {z € D(M); [brSk(2 — cx1)] 61b;S;(2)|  (k # 4),
611b;Sj(z —cj1)l, Sj(2) # 0},
61b;S;(2)|  (k #34),

02|0;S;(z — cj2)|, Sj(z) # 0},

EC].Q((S) ={z € D(M); |biSk(z — ci2)]

VAN VAN VAN VAN

ECj (6; M) = Ecjl (6) m Ecj2 (6),
E(d,c; M) = U;Ec(6; M), E(6,¢c;M) = D(M)\ E(6,¢; M).
If 03 < 1/(n — 1), then on the set E,(d; M), we have

> k=1 axSk(2 — cr1)
|Qn(2) — q;| = S oSz —ra) qj
| > k=10 (quSk(2 — cx1) — q;Sk(2 — cia))
16 Si(2 = ci2)| = Pk [bkSk (2 — cr2)|
< 1 2k=1 bilanSk(z — 1) — 455k(2 — o))
T 0/62|b;S5(2)] = (n—1)[b;S;(2)]
_ 1 20R=1 b (k= 45)Sk(2 — cr1) + 5 (Sk(2 — k1) — Sk(z — ca2))) |
6/02|b;S;(2)| — (n — 1)6[b;S;(2)]
o (n=D0A 02 |30 be(Sklz — cr1) — Sk(z — o))
“1—(n—1)b ) (1 —(n—1)02)[b;S;(2)] ’

where we put A = max; |¢j — qx| and A’ = max; |¢;|. Further we put

| > h—0 bi(Sk(z — cr1) — Sk(z — ci2))|

C;= max ,
J 2€Ec; (6;M) |bjS](Z)|
. (n — 1)52A . 572 A’ max, Cj .

If Sj(z —c¢j1) = Sj(z —¢j2),j = 1,---,n, then v(c) = 0. Further if ¢;; =
cjo=0,7=1,---,n, then we can take 6 = §; = 62 besides y(c) = 0. Define

, ~ p({z€E(6,¢; M); RQ(2;¢) <z,3Q(25¢) =0, Q(z;¢)#0})
(95(M;c))(z)= V(B¢ M) ,
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= ve(Ee, (6
Heslo) = Y 2P0y (o - ).

Then similarly to Theoremsj :11and 2 in [1], we can prove
|G(M; ¢)(x) = (95(M; ¢))(x)]
= |Gy(M;e) (@) = (Go(M; ¢))(x) + (Go(M; ¢))(x) — (95(M; ¢)) ()]

el (8 M)
S O, Totany

where (3,(M;c) is defined by (3). Further similar to Proposition 2 in [1],

under the assumption of ~(d, ) min;zy, |¢j — qx|/2, we can prove that
(95(M:¢))(z) = Heglx), 2 € R\ Ulg:v(3.c)],

Hc,ts(x - 7(57 C)) < (ga(M;C))(l‘) < Hc,é(x + 7(57 C)), S U[Q§7<57 C)L

where we put U[g; (6, ¢)] = U;[g; — (9, ¢),¢; +7(d, ¢)]. Define the two step
functions by

= py(0,¢; M),

(B2 (5, M))(0) = (Z e b M)) Y (@ - (g 79(6,0)).
j=1 o

Cc

From the above-mentioned consideration, the following theorem is a
generalization of Theorem 3 in [1]:

THEOREM 3. Let n > 0, 1/(n —1) > 62 > 0 and let (G,(M;c))(x)
be the function defined by (2). We assume that § and 02 are chosen so
small that v(6,¢) < minjzy|q; — qil/2 is satisfied. Further, we assume
ve(E(d,c; M)) > 0. Then the graph of the monotone increasing function
(Gy(M;c))(x) is contained in the closed domain:

{(z,y) € R (Ho (6,6 M))(x) <y < (HS,(6,¢; M))(x), 0 <y <1}

(G (M; 0)) ()

— (HZ (8 M) ()

(HF, (8 M) () |

J|es M)

q1 q2 q3

Fig. 4
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When X = R? and cj1 = cjo = 0,7 =1,---,n, then this theorem is just
Theorem 3 in [1].

3.4. Remarks on Theorem 3

1. v(d) is an increasing function in 9.

2. For fixed 6, put F(n) = v(8). Since F'(n) = 6A/(1 — (n —1)8§)? > 0,
~v(0), v(c) and ~(d; ¢) are increasing functions in n for fixed §.

3. If Sj(z — ¢j1) = Sj(z —¢j2),j = 1,---,n, then v(c) = 0. Further if
cjr = 0,j=1,---,n,k = 1,2, then we can take §; =~ J =~ d2 besides
~(c) =~ 0.

4. v.(E°(6,¢c; M)) is a decreasing function in J.

5. When g¢; is close to the neighbor ones, it will be difficult to find a
step in the graph of (G, (M;c))(x) or we may take two peaks for one
peak in the graph of (G7(M;c))(z). Thus it is preferable that A is
not small.

6. In general, A’ is not small. Therefore, S;(z — ¢j1) = Sj(z — ¢jo),j =
1,--+,n, are necessary to y(c) ~ 0.

4. Remark for applications

To estimate the number of sources, both (9, ¢) and p,, (9, c; M) are ex-
pected to be small enough. By remarks 1, 2 and 5 in §3.4, since A is expected
to be suitabley large, we have to take § so small if we have many sources
(i.e. n is large). This means, for large n, we can estimate the number of
sources only the case that there exist domains such that each S; dominates
over the other sources. Except the trivial cases, it will be hard to estimate
the number of sources when we have many sources. Further, in general, we
can not ignore the time delay; that is, at leaset one c;; does not vanish. But
by remark 6 in §3.4, Sj(z —¢j1) = Sj(z — ¢j2),j = 1,-- -, n, are expected.

As an example, we will consider the case that two observed signals
are given by (1). To transform the sources in the time-frequency domain,
we will take an wavelet transformation. The continuous wavelet transform

Wys(t,w) of s € L*(R) is defined by

x—t

Wos(tw) = ol /2 [ s(app(*—)da,

w



ON THE QUOTIENT FUNCTION EMPLOYED IN ... 205

where 1) is a wavelet function (see [1], for example). Thus, when we consider
wavelet transforms of sources with time delay, we have to study the quotient
function such as

> =108t — ¢, w)
271 b5S5(t — cja,w)

Q(tvw) =

This is the case that X = R%t,w) and cjr = (¢jk,1,0).

For a numerical experiment, see [2] and [3] for example.
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