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Abstract

The notion of differential superordination was introduced in [4] by S.S.
Miller and P.T. Mocanu as a dual concept of differential subordination [3]
and was developed in [5]. The notion of strong differential subordination
was introduced by J.A. Antonino and S. Romaguera in [1]. In [6] the author
introduced the dual concept of strong differential superordination. In this
paper we study strong differential superordination using the subordination
chains.
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1. Introduction and preliminaries

Let U denote the unit disc of the complex plane:

U = {z ∈ C : |z| < 1}

and
U = {z ∈ C : |z| ≤ 1}.
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Let H(U ×U) denote the class of analytic functions in U ×U . In [7] the
authors define the classes

H∗[a, n, ξ] = {f ∈ H(U × U) : f(z, ξ) = a + an(ξ)zn

+an+1(ξ)zn+1 + . . . , z ∈ U, ξ ∈ U},
with ak(ξ) holomorphic functions in U , k ≥ n,

Hu(U) = {f ∈ H∗[a, n, ξ] : f(·, ξ) univalent in U for all ξ ∈ U},

and let

K =
{

f ∈ H∗[a, n, ξ] : Re
zf ′′(z, ξ)
f ′(z, ξ)

+ 1 > 0, z ∈ U for all ξ ∈ U

}

the class of convex functions,

S∗ = {f ∈ H∗[a, n, ξ] : Re,
zf ′(z, ξ)
f(z, ξ)

> 0, z ∈ U for all ξ ∈ U}

the class of starlike functions.
In order to prove our main results we use the following definitions and

lemma:

Definition 1. ([7]) Let h(z, ξ), f(z, ξ) be analytic functions in U ×U .
The function f(z, ξ) is said to be strongly subordinate to h(z, ξ), or h(z, ξ)
is said to be strongly superordinate to f(z, ξ), if there exists a function w
analytic in U , with w(0) = 0, |w(z)| < 1 such that

f(z, ξ) = h(w(z), ξ), for all ξ ∈ U, z ∈ U.

In such a case we write

f(z, ξ) ≺≺ h(z, ξ), z ∈ U, ξ ∈ U.

Remark 1. (i) If f(z, ξ) is analytic in U × U and univalent in U for
all ξ ∈ U , Definition 1 is equivalent to

h(0, ξ) = f(0, ξ) for all ξ ∈ U and h(U × U) ⊂ f(U × U).

(ii) If h(z, ξ) ≡ h(z) and f(z, ξ) ≡ f(z) then the strong superordination
becomes the usual notion of superordination.
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Definition 2. ([7]) We denote by Q the set functions q(·, ξ) that are
analytic and injective, as function of z on U \ E(q) where

E(q) =
{

ζ ∈ ∂U : lim
z→ζ

q(z, ξ) = ∞
}

and are such that q′(ζ, ξ) 6= 0, for ζ ∈ ∂U \E(q), ξ ∈ U .
The subclass of Q for which q(0, ξ) = a is denoted by Q(a).

Lemma 1. ([8, Th. 2]) Let h(·, ξ) be analytic in U × U , q(·, ξ) ∈
H∗[a, n, ξ], ϕ ∈ C2 × U × U → C, and suppose that

ϕ(q(z, ξ), tzq′(z, ξ); ζ, ξ) ∈ h(U × U),

for z ∈ U , ζ ∈ ∂U , ξ ∈ U and 0 < t ≤ 1
n ≤ 1. If p(·, ξ) ∈ Q(a) and

ϕ(p(z, ξ), zp′(z, ξ); z, ξ) is univalent in U , for all ξ ∈ U , then

h(z, ξ) ≺≺ ϕ(p(z, ξ), zp′(z, ξ); z, ξ), z ∈ U, ξ ∈ U

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U.

Furthermore, if

ϕ(q(z, ξ), zq′(z, ξ); z, ξ) = h(z, ξ), z ∈ U, ξ ∈ U

has a univalent solution q(·, ξ) ∈ Q(a), then q(·, ξ) is the best subordinant,
for all ξ ∈ U .

Definition 3. ([6]) Let ϕ : C2 × U × U → C and h be analytic in
U × U .

If p(·, ξ) ∈ H∗[a, n, ξ] and ϕ[p(z, ξ), zp′(z, ξ); z, ξ) are univalent in U , for
all ξ ∈ U and satisfy the (first-order) strong differential superordination

h(z, ξ) ≺≺ ϕ(p(z, ξ), zp′(z, ξ); z, ξ), z ∈ U, ξ ∈ U, (1)

then p(·, ξ) is called a solution of the strong differential superordination. An
analytic function q(·, ξ) is called a subordinant of the solutions of the strong
differential superordination, or simply a subordinant if q(z, ξ) ≺≺ p(z, ξ)
for all ξ ∈ U , for all p(·, ξ) satisfying (1). A univalent subordinant q̃ that
satisfies q(z, ξ) ≺≺ q̃(z, ξ) for all ξ ∈ U , for all subordinants q(·, ξ) of (1) is
said to be the best subordinant.

Note that the best subordinant is unique up to a rotation of U .
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2. Main results

Using the definitions given by Pommerenke [9, p.157] and Miller Mocanu
[5, p. 4], we introduce the following definition:

Definition 4. The function L : U × U × [0,∞) → C is a strong
subordination (or a Loewner) chain if L(z, ξ; t) is analytic and univalent in
U for ξ ∈ U , t ≥ 0, L(z, ξ; t) is continuously differentiable on R+ for all
z ∈ U , ξ ∈ U , and L(z, ξ; s) ≺≺ L(z, ξ; t) where 0 ≤ s ≤ t.

The following lemma provides a sufficient condition for L(z, ξ; t) to be
a strong subordination chain and it was obtained following a result given in
[2, Lemma 1.2.5].

Lemma 2. The function

L(z, ξ; t) = a1(ξ, t)z + a2(ξ, t)z2 + . . . ,

with a1(ξ, t) 6= 0 for ξ ∈ U , t ≥ 0 and lim
t→∞ |a1(ξ, t)| = ∞, is a strong

subordination chain if

Rez
∂L(z, ξ; t)/∂z

∂L(z, ξ; t)/∂t
> 0, z ∈ U, ξ ∈ U, t ≥ 0.

Let ϕ : C2 × U × U → C be an analytic function in a domain D ⊂ C2,
let p(·, ξ) ∈ H(U×U) such that ϕ(p(z, ξ), zp′(z, ξ); z, ξ) is univalent in U for
all ξ ∈ U and suppose that p(·, ξ) satisfies the first-order strong differential
superordination

h(z, ξ) ≺≺ ϕ(p(z, ξ), zp′(z, ξ); z, ξ), z ∈ U, ξ ∈ U. (2)

In the case when

ϕ(p(z, ξ), zp′(z, ξ); z, ξ) = α(p(z, ξ)) + β(p(z, ξ))γ(zp′(z, ξ)) (3)

we determine conditions on h, α, β and γ so that the strong superordination
(2) implies q(z, ξ) ≺≺ p(z, ξ), z ∈ U , ξ ∈ U , where q(·, ξ) is the largest
function so that q(z, ξ) ≺≺ p(z, ξ), z ∈ U , ξ ∈ U for all functions p(·, ξ)
satisfying the first-order differential superordination (2), i.e. q(·, ξ) is the
best subordinant.
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Theorem 1. Let q(·, ξ) ∈ H∗[a, 1, ξ], let ϕ : C2 × U × U → C and let
ϕ(q(z, ξ), zq′(z, ξ)) ≡ h(z, ξ), z ∈ U , ξ ∈ U .

If L(z, ξ; t) = ϕ(q(z, ξ), tzq′(z, ξ)) is a strong subordination chain, and
p ∈ H∗[a, 1, ξ] ∩Q, then

h(z, ξ) ≺≺ ϕ(p(z, ξ), zp′(z, ξ)) (4)

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U.

Furthermore, if ϕ(q(z, ξ), zq′(z, ξ)) = h(z, ξ) has an univalent solution
q(·, ξ) ∈ Q, then q(·, ξ) is the best subordinant.

P r o o f. Since L(z, ξ, ; t) is a strong subordination chain, we have

L(z, ξ; t) ≺≺ L(z, ξ; 1), for z ∈ U, ξ ∈ U, 0 < t ≤ 1
n
≤ 1,

or equivalently

ϕ(q(z, ξ), tzq′(z, ξ)) ≺≺ ϕ(q(z, ξ), zq′(z, ξ)) = h(z, ξ). (5)

Since (5) implies ϕ(q(z, ξ), tzq′(z, ξ)) ∈ h(U × U) and using Lemma 1,
we have

q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and q(z, ξ) is the best subordinant.

Theorem 2. Let q(·, ξ) be a convex (univalent) function in the unit
disc U , for all ξ ∈ U . Let α, β ∈ H(D), where D ⊃ q(U × U) is a domain,
and let γ ∈ H(C) suppose that

Re
α′(q(z, ξ)) + β′(q(z, ξ))γ(tzq′(z, ξ))

β(q(z, ξ))γ′(tzq′(z, ξ))
> 0, (6)

∀ z ∈ U, ξ ∈ U and ∀ t ≥ 0.
If p(·, ξ) ∈ H∗[q(0, ξ), 1, ξ] ∩ Q, with p(U × U) ⊂ D and α(p(z, ξ)) +

β(p(z, ξ))γ(zp′(z, ξ)) is univalent in U , for all ξ ∈ U , then

α(q(z, ξ)) + β(q(z, ξ))γ(zq′(z, ξ)) = h(z, ξ) (7)

≺≺ α(p(z, ξ)) + β(p(z, ξ))γ(zp′(z, ξ))

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and q(·, ξ) is the best subordinant.
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P r o o f. Let ϕ(p(z, ξ), zp′(z, ξ) = α(p(z, ξ))+β(p(z, ξ))γ(zp′(z, ξ)). By
the hypothesis, we have

h(z, ξ) ≺≺ ϕ(p(z, ξ), zp′(z, ξ)), z ∈ U, ξ ∈ U (8)

and ϕ(p(z, ξ), zp′(z, ξ)) is univalent in U for all ξ ∈ U .
If we let

L(z, t) = α(q(z, ξ))+β(q(z, ξ))γ(tzq′(z, ξ)) = a1(t, ξ)z+a2(t, ξ)z2+. . . , (9)

differentiating (9), we obtain

∂L(z, t)
∂z

= α′(q(z, ξ))
∂q(z, ξ)

∂z
(10)

+β′(q(z, ξ))
∂q(z, ξ)

∂z
γ(tzq′(z, ξ)

+β(q(z, ξ))γ′(tzq′(z, ξ))
[
tq′(z, ξ) + tz

∂2q(z, ξ)
∂z2

]
.

For z = 0, using (10), we have

∂L(0, t)
∂z

= α′(q(0, ξ))q′(0, ξ) + β′(q(0, ξ))q′(0, ξ)γ(0) (11)

+β(q(0, ξ))γ′(0)tq′(0, ξ)

= β(q(0, ξ))γ′(0)q′(0, ξ)
[
t +

α′(q(0, ξ)) + β′(q(0, ξ))γ(0)
βq(0, ξ)γ′(0)

]
.

From the univalence of q we have q′(0, ξ) 6= 0 and by using (6) for z = 0
we deduce that

∂L(0, t)
∂z

= a1(t, ξ) 6= 0, ∀ t ≥ 0 (12)

and
lim
t→∞ |a1(t, ξ)| = ∞.

We calculate

∂L(z, t)
∂t

= β(q(z, ξ))γ′(tzq′(z, ξ))zq′(z, ξ) = a′1(t, ξ)z + a′2(t, ξ)z
2 + . . .

A simple calculus shows that

z∂L(z,t)
∂z

∂L(z,t)
∂t

=
zα′(q(z, ξ))q′(z, ξ) + zβ′(q(z, ξ))q′(z, ξ)γ(tzq′(z, ξ))

β(q(z, ξ))γ′(tzq′(z, ξ))zq′(z, ξ)
(13)
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+
zβ(q(z, ξ))γ′(tzq′(z, ξ))[tq′(z, ξ) + tzq′′(z, ξ)]

β(q(z, ξ))γ′(tzq′(z, ξ))zq′(z, ξ)

=
α′(q(z, ξ)) + β′(z, ξ)γ(tzq′(z, ξ))

β(q(z, ξ))γ′(tzq′(z, ξ))
+ t

[
1 +

zq′′(z, ξ)
q′(z, ξ)

]
.

We evaluate
Re

z∂L(z, ξ)/∂z

∂L(z, ξ)/∂t
(14)

= Re
{

α′q(z, ξ) + β′(z, ξ)γ(tzq′(z, ξ))
βq(z, ξ)γ′(tzq′(z, ξ))

+ t

[
1 +

zq′′(z, ξ)
q′(z, ξ)

]}
.

According to (6) and using the fact that q(·, ξ) is a convex function in
U for all ξ ∈ U , we obtain

Re

[
z∂L(z, ξ)/∂z

∂L(z, ξ)/∂t

]
> 0, z ∈ U, ξ ∈ U, t ≥ 0, (15)

and by Lemma 2 we conclude that L is a subordination chain. Now, applying
Lemma 1, we obtain

q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U,

and q(·, ξ) is the best subordinant.
Taking β(w) ≡ 1 in the above theorem we get the next corollary.

Corollary 1. Let q(·, ξ) be a convex (univalent) function in U for all
ξ ∈ U , α ∈ H(D), where D ⊃ q(U × U) is a domain, and let γ ∈ H(C).
Suppose that

Re
α′(q(z, ξ))
γ′(tzq′(z))

> 0, ∀ z ∈ U, ξ ∈ U and ∀ t ≥ 0.

If p(·, ξ) ∈ H∗[q(0, ξ), 1, ξ] ∩ Q, with p(U × U) ⊂ D, and α(p(z, ξ)) +
γ(zp′(z, ξ)) is univalent in U , for all ξ ∈ U , then

α(q(z, ξ)) + γ(zq′(z, ξ)) ≺≺ α(p(z, ξ)) + γ(zp′(z, ξ))

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and q(·, ξ) is the best subordinant.

For the particular case when γ(w) = w, Theorem 2 can be rewritten as
follows:
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Corollary 2. Let q(z, ξ) be a univalent function in U for all ξ ∈ U
and let α, β ∈ H(D), where D ⊃ q(U × U) is a domain. Suppose that:

(i) Re
α′(q(z, ξ))
β(q(z, ξ))

> 0, ∀ z ∈ U, ξ ∈ U and

(ii) Q(z, ξ) = zq′(z, ξ)β(q(z, ξ)) is a starlike (univalent) function in U
for all ξ ∈ U .

If p(·, ξ) ∈ H∗[q(0, ξ), 1] ∩ Q, with p(U × U) ⊂ D, and α(p(z, ξ)) +
zp′(z, ξ)β(p(z, ξ)) is univalent in U for all ξ ∈ U , then

α(q(z, ξ)) + zq′(z, ξ)β(q(z, ξ)) ≺≺ α(p(z, ξ)) + zp′(z, ξ)β(p(z, ξ))

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and q(·, ξ) is the best subordinant.

For the case β(w) = 1, using the fact that the function Q(z, ξ) = zq′(z, ξ)
is starlike (univalent) in U for all ξ ∈ U if and only if q(·, ξ) is convex
(univalent) in U for all ξ ∈ U , Corollary 2 becomes:

Corollary 3. Let q(·, ξ) be a convex (univalent) function in U for all
ξ ∈ U and let α ∈ H(D), where D ⊃ q(U × U) is a domain.

Suppose that

Reα′(q(z, ξ)) > 0, z ∈ U, ξ ∈ U. (16)

If p(·, ξ) ∈ H∗[q(0, ξ), 1, ξ] ∩ Q, with p(U × U) ⊂ D and α(p(z, ξ)) +
zp′(z, ξ) is univalent in U for all ξ ∈ U , then

α(q(z, ξ)) + zq′(z, ξ) ≺≺ α(p(z, ξ)) + zp′(z, ξ)

implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U,

and q(·, ξ) is the best subordinant.

Next we will give some particular cases of the above results obtained for
appropriate choices of the q(·, ξ), α and β functions.

Example 1. Let q(·, ξ) be a convex (univalent) function in U for all
ξ ∈ U and let γ ∈ C, with Reγ > 0. If p(·, ξ) ∈ H∗[p(0, ξ), 1, ξ] ∩ Q and
p(z, ξ) + zp′(z,ξ)

γ is univalent in U for all ξ ∈ U , then

q(z, ξ) +
zq′(z, ξ)

γ
≺≺ p(z, ξ) +

zp′(z, ξ)
γ
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implies
q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and q(·, ξ) is the best subordinant.

P r o o f. Taking α(w) = w and β(w) = 1
γ , Re γ > 0, in Corollary 2,

condition (i) holds if Reγ > 0 and (ii) holds if and only if g(·, ξ) is a convex
(univalent) function in U for all ξ ∈ U . From Corollary 2, we have

q(z, ξ) ≺≺ p(z, ξ), z ∈ U, ξ ∈ U.

Example 2. Let β > 0, q(·, ξ) be a univalent function in U for all
ξ ∈ U and suppose that

Re q(z, ξ) > β, z ∈ U. (17)

If p(·, ξ) ∈ H∗[q(0, ξ), 1]∩Q and p2(z,ξ)
2 − βp(z, ξ) + zp′(z, ξ) is univalent

in U for all ξ ∈ U , then

q2(z, ξ)
2

− βq(z, ξ) + zq′(z, ξ) ≺≺ p2(z, ξ)
2

− βp(z, ξ) + zp′(z, ξ)

implies q(z, ξ) ≺≺ p(z, ξ), for all ξ ∈ U and q(·, ξ) is the best subordinant.

P r o o f. If we consider in Corollary 3 the case

α(w) =
w2

2
− βw,

then we may easily see that (16) is equivalent to (17).
From Corollary 3, we have

q(z, ξ) ≺≺ p(z, ξ),

and q(·, ξ) is the best subordinant.

Remark 2. The function

q(z, ξ) =
ξ + (2β − 1)zξ

1 + z
, 0 < β <

1
Re ξ

, ξ ∈ U, z ∈ U,

is convex (univalent) in U for all ξ ∈ U and Re q(z, ξ) > βRe ξ, z ∈ U ,
ξ ∈ U . Hence, by using Example 2 we have:
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If p(·, ξ) ∈ H
[

ξ
2 , 1, ξ

]
∩Q such that p2(z,ξ)

2 −βp(z, ξ)+zp′(z, ξ) is univalent

in U and β < 1
Re ξ , then

ξ2[1 + 2(2β − 1)z + (2β − 1)2z2]
2(1 + z)2

− β · ξ[1 + (2β − 1)z]
1 + z

+ z · ξ(2β − 2)
(1 + z)2

≺≺ p2(z, ξ)
2

− βp(z, ξ) + zp′(z, ξ)

implies
ξ + (2β − 1)zξ

1 + z
≺≺ p(z, ξ), z ∈ U, ξ ∈ U

and ξ+(2β−1)zξ
1+z is the best subordinant.
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