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ABSTRACT. We present some results about the Zs-graded polynomial iden-
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describe conditions for the T-ideal of a such superalgebra to be factorable
as the product T»(A)T>(B). Moreover, we give formulas for computing the
sequence of the graded cocharacters of R in some interesting case.

tities of block-triangular matrix superalgebras R :[ ] In particular, we

1. Introduction. In the theory of polynomial identities for associative
algebras over a field of characteristic zero a basic role is played by the super-
algebras and their Zg-graded identities (see [19]). For instance, as proved by
Kemer, any proper T-ideal of the free algebra, F(X), is the ideal of the poly-
nomial identities satisfied by the Grassmann envelope, G(A), of a suitable finite
dimensional superalgebra A. If A is any Pl-algebra then we will denote by T'(A)
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the T-ideal of all ordinary polynomial identities of A. Since in characteristic
zero any T-ideal is generated by multilinear polynomials, then it is enough to
study the vector space, V;,(A4), of the multilinear polynomials of F(X) of degree
n modulo T'(A), for any n € N. The dimension, ¢,(A), of this space is called the
n-th codimension of A. It is well know that the sequence ¢, (A) is exponentially
bounded ([22]). Recently, it has been proved that the limit lim,, {/c,(A) does
exist for any non trivial Pl-algebra (see [12] and [13]) and it is a non-negative
integer, called the Pl-exponent of A. This invariant can be used in order to clas-
sify the varieties of Pl-algebras, as suggested by the mentioned papers. In [15]
the authors prove that the minimal varieties with respect to a fixed exponent are
determined by the T-ideals of the Grassmann envelope of the so-called “minimal
superalgebras”. For an algebraically closed field, such superalgebras can be real-
ized as Zs-graded subalgebras of block-triangular matrix algebras equipped with
a suitable Zs-grading. Precisely, the blocks along the main diagonal are simple
superalgebras of finite dimension. It is important to notice that, as proved by
Kemer, any non trivial verbally prime variety of associative algebras is generated
by the Grassmann envelope of one of these simple superalgebras. Hence it is
an interesting problem to investigate the Zs-graded polynomial identities of the
mentioned block-triangular superalgebras. In this paper we present some recent
results concerning this matter.

2. Zs-graded cocharacters. Let F be a field of characteristic zero and
let A be an associative F-algebra. We say that A is a superalgebra, or a Zo-graded
algebra, if A = ®iEZ2 A;, where A; C A are subspaces and A;A; C A;4; holds
for any i,j € Zo. The subspace A; is called the homogeneous component of A
of degree i. We say that the elements a € A; are homogeneous of degree i and
we denote their degrees as: |a| = i. Moreover, we say that a € A is an even
element if |a| = 0 € Zog; similarly a is an odd element if |a| = 1. By definition, a
subspace W C A is a Zs-graded subspace if W = @ieZQ W;, where W; = W N A;
for all ¢ € Zo. Finally, if A = Ay @ A; and B = B; @ By are superalgebras then
a homomorphism of algebras ¢ : A — B is called a Zy-graded homomorphism if
it holds p(A;) C B;, for all i € Zs.

One defines a free object in the class of superalgebras by considering the
free F-algebra over the disjoint union of two countable sets of variables, Y and
Z, whose elements are regarded as even and odd respectively. We shall denote by
F(Y, Z) the free F-algebra generated by Y U Z. The even component of F(Y, Z)
is the space spanned by those monomials in which an even number of elements
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from Z occurs. The remaining monomials span the odd component of F(Y, Z).

A polynomial f(y1,...,Yn,21,...,2m) in F(Y,Z) is called a Zo-graded
polynomial identity for a superalgebra A if it is in the kernel of all possible
Zgy-graded homomorphisms ¢ : F(Y,Z) — A. In other words, f is a graded
polynomial identity for A if it vanishes under all the possible substitutions of the
variables by elements of A with the same parity only: the y; replaced by a; € Ag
and the z; by b; € A;. One often calls these substitutions graded substitutions.

The set T5(A) of all graded polynomial identities of A is an ideal of the free
superalgebra invariant under all graded endomorphisms. It is called the T5-ideal
of (the graded polynomial identities of) A. The factor algebra F(Y,Z)/T»(A)
inherits the superalgebra structure of the free superalgebra, and is a free object
for the class of the superalgebras B such that T5(A) C T5(B). This factor alge-
bra is called the relatively free superalgebra associated to A. In order to study
this relatively free superalgebra, we may use the powerful tools of representation
theory of the symmetric groups.

More precisely, let us define the Zs-graded multilinear polynomials in
F(Y, Z) as follows.

Definition 2.1. For n € N, the vector space
VnZ2 1= SPAN(T (1) T (2) - - - To(n) | T € Sny Ti € {Yi, %))

is called the space of Zo-graded multilinear polynomials.

Since the characteristic of the ground field F is zero, a standard process of
multilinearization shows that T5(A) is generated, as a Th-ideal, by the subspaces
V.22 N\ Ty(A). Actually, it is more convenient to study the factor space

v
2N Ty(A)

As we said above, an effective tool to this aim is provided by the representation

V7(4) =

theory of the symmetric groups.

Indeed, one can notice that V;”2 is an S,-module with respect to the
natural left action, and V22 N Ty(A) is an S,-submodule of it. We shall denote
by x%2(A) the character of such representation and we call it the n-th Zo-graded
cocharacter of the superalgebra A or equivalently of the ideal T5(A). Similarly,
we shall denote by cZ2(A) the dimension of the factor space V,”2(A) and we call
it the n-th Zs-graded codimension of A. One can define a “superexponent’” by
setting

exp?2(A) := lim {/c22(A),
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if this limit does exist. Very recently, it has been proved the existence of this
superexponent for any finite dimensional superalgebra, or more generally for any
finitely generated superalgebra which satisfies an ordinary polynomial identity
[3].

We remark that in the study of the Zs-graded polynomial identities of
the superalgebra A we can consider “smaller” spaces of multilinear polynomials.
To be more precise, for fixed h, k, let

Vh,ie := span(m monomials of thjk, | just Y1, .., Yhy Zht1s - - - » Zhtk OCCUT IN ).

Setting n := h + k, and Hpj := Sym({1,...,h}) x Sym({h +1,...,n}) < S,
the space V}, 1 is an Hj, p-module, and the subspace V3, N T5(A) is a submodule.
Therefore one can consider the factor Hj, -module

We shall denote by xp x(A) its Hj, g-character, and by cj ,(A) its dimension.

We briefly recall that if H is a subgroup of a group G and M is an H-
module, we can turn M into a G-module by considering the induced G-module
structure. In other words, one sets MY := FG ®ppy M. This is the so-called
G-module induced by M. The relation between the S,-structure of V,22(A) and
the Hj, g-structure of V3 ;(A) then is displayed by the following result (see [2],
5)):

Theorem 2.2. Let A be a superalgebra. Then for alln € N

n

VP2 (A) 2D (Viopi(A))
k=0

as Sp-modules. In particular,

In this way the study of the S,,-structure of T5(A) is reduced to the study
of the modules V,,_, 1 (A).

Since the characteristic of the field F is zero, then any representation of
the groups Hp , = Sp x Sk (h + k := n) is completely reducible. The irreducible
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Hp, k-characters are in a bijective correspondence with the pairs of partitions
(A, ) where A - h and p F k. More precisely, if x, denotes the irreducible
S|y|-character associated to the partition v, then the irreducible Hj, -character
associated to (A, @) is xau = X\ ® Xpu-

In order to simplify the notation, we shall often identify an irreducible
character x, of the symmetric group with the corresponding partition v = (v, .. .,
v,). So for instance, we shall write

Xnk(A) = Z MA@

AFh
ukk
for certain multiplicities my , = my ,(A).
Let E = Ey@ E1 be the Grassmann (or exterior) algebra of a vector space
of countable dimension equipped with its natural Zo-grading. For any superalge-
bra A, the Grassmann envelope of A is defined as the following superalgebra:

G(A) = (A ® Ey) @ (A1 ® Fy)

The relationship between the graded identities of the superalgebras A, G(A) is
described in [18] by means of an involution I +— I* defined on the lattice of the
T»-ideals of the free superalgebra F(Y, Z). Using the language of the representa-
tion theory, one has the following relationship between the sequences of graded
cocharacters of A and G(A):

(1) Xnk(A) =) mun@v & xnp(GA) =) myuuer
1,V

214

where v/ F k is the conjugate partition of v. We recall that the involution x
satisfies also the property (IJ)* = I*J*.

The relation between the sequences of Zs-graded cocharacters of the Th-
ideals I, J and I.J is described in the following result. It has been obtained in [§]
as generalization of the previous result in [4] about ordinary T-ideals.

More precisely, if X', x" are sequences of characters xj,; and xj; (k,1 > 0)
of the product group Sy x S;, we define (x’ o x”)x,; to be the following sequence

ko1
(x'o X”)k,l = Z Z X;,j & X/k,—i,l—j

i=0 j=0

of characters:

where & is the outer tensor product of the characters of the symmetric group.
Explicitly for the irreducible characters X, ., Xy, where u,v, p, 7 are partitions
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of m,n,r,t respectively, one has:

Xu,u®Xp,T = (Xu®Xp) ® (XV®XT) = (Xu ® Xp)Serr ® (X» ® XT)SHH'
We are ready to state the following result:

Theorem 2.3. Let I,J be Th-ideals of the superalgebras A and B respec-
tively. Denote by R any superalgebra whose Ts-ideal factorizes as the product 1J.
Then, the Za-graded cocharacters xj (R) of this superalgebra verifies:

Xkt (R) = Xk,1(A) 4+ x&1(B) + x1),0@(x(A) 0 X(B))k-1,4

(2) .
+ Xa, (1)@ (X(A) 0 X(B))k,i-1 — (x(A) o X(B))k,
These results, together with the classification of the simple superalgebras
of finite dimension, allow us to reduce the study in this paper just to the matrix
algebras with entries in the field F.

3. Block-triangular superalgebras. Let A, B be Zs-graded algebras
and W be a Zs-graded A-B-bimodule, that is W = Wy @& Wy where W; are
subspaces of W and A;W; By, € W4y, for any 4, j,h € Zs We denote by R the
block-triangular matrix algebra defined as the following:

AW
w0 5]
The algebra R can be graded by Zs in a natural way by putting for any
i € Zo:
A W
e = [ 0 B ]

With respect to such Zo-grading, we have clearly that T5(A)7T>(B) C T5(R). We
shall describe in a greater detail the relations between T5(R) and the Zs-graded
identities of A and B in some relevant case. We begin with an easy example:

Example 3.1. A, B are Pl-algebras over F and

Ai=B =W =0

In this case, R is a superalgebra with the trivial Zs-grading, that is
R = Ry and R; = 0. Therefore, the odd indeterminates z are always in T5(R)
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and the polynomial f(yi,...,y) is a Zs-graded polynomial identity for R if and
only if f(x1,...,24) lies in T(R). As a consequence we obtain F(Y, Z)/T5(R) ~
F(X)/T(R). Moreover, Vj, x(R) = 0 if £k > 0 and V,,o(R) = Vo (R) = V,,/V, N
T(R) as Sp-modules. Therefore, by Theorem 2.2 one has

X%Q (R) = Xn,O(R) = Xn(R)v C%Q (R) = Cn(R)

Moreover, if A = M,,, B= M, and W = M,,«., the vector space of m x n rec-
tangular matrices then R = UT,, ,,. In this case it is well know that T'(UT,, ;) =
T(My,(F))T' (M, (F)) (see [14]). This decomposition is a particular case of deep
result of Giambruno and Zaicev. More precisely, in [15] they solve in the posi-
tive a conjecture due to Drensky [10, 11] about the factorability of the T-ideals
of minimal varieties as a product of verbally prime T-ideals. In [16] Formanek
gave a formula for the Hilbert series of the product of a couple of T-ideals as a
function of the Hilbert series of the factors. The proof of this result given in [17]
works for arbitrary homogeneous ideals of the free algebra. Using the result of
Formanek, Berele and Regev [4] proved a formula that relates the sequence of
ordinary cocharacters of a product of T-ideals to the sequences of cocharacters
of these ideals. In our case we have:

X22(R) = xn(A) + xn(B) + (x(1) ® n—1(A))""+

(x(1) @ Xn-1(B)% =Y (xp(A4) @ Xu—p(B))"".
p=0

The second instance is:

Example 3.2. A, B are Pl-algebras over F and

Ai=B1=Wp=0

A

In this case the superalgebra R = [ 0 g/ } is equipped with the cano-

nical Zs-grading:
R A0 0o w
° o B 00
If we assume that W is a free A— B bimodule, then the main result of [6]
allows us to describe a generating set for the Zo-graded polynomial identities for

|

the superalgebra R in terms of the ordinary polynomial identities of A and B.
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More precisely, Theorem 1 of [6] can be written as the following:

Theorem 3.3. Let the T-ideals T(A @ B),T(A) and T(B) have bases
{filx) |l e L}, {ge(x)|l'e L’} and {hp(z)|l" e L"}

respectively. Then the Th-ideal of the Zo-graded polynomial identities of the su-

AW } has a basis

peralgebra R = [ 0 B

{z122, fiy), gv (W) 21, 21l (y) | L € L1 € L' 1" € L"}.

A result with a similar flavor has been obtained in [9]. In fact, the authors
describe the graded cocharacter sequence of the superalgebra R in terms of the
ordinary cocharacter sequences associated to the polynomial identities of A and
B. More precisely, with the same notation of the previous theorem one has (see
Theorem 3.1 of [9]):

Theorem 3.4. The Zy-graded cocharacter sequence for the superalgebra
R is the following

Xn,0(R) = xn(A© B)

n

X1 (R) =D (xp(4) @ xn—»(B)™ @ x)
p=0

Xnk(R) =0 for k=2

(n € N)

Now, as in [9] it is easy to show the following result about the graded
codimension of R.

Corollary 3.5. The graded codimension sequence of R is related to the
ordinary codimension sequences of A, B and A @& B by the following formula:

Q Fw=contn 3 (" )awas

h+k=n—1
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Proof. By Theorem 2.2 one has

) =3 () ensatr)

i=0
By [6], Theorem 1, it follows that ¢,,—;;(R) = 0 if ¢ > 2, hence
C%Q (R) = Cn,o(R) + TLCn_Ll(R).

The explicit formula follows then as a consequence of Theorem 3.4 O
Using this, and the results of Giambruno and Zaicev about the PI-
exponent [12], [13], we obtain

Corollary 3.6. The Zo-graded Pl-exponent of R is

exp?2(R) := h}ln /%2 (R) = exp(A) + exp(B).

Now we recall the general setting, that is A, B are superalgebras, W is

a Zg-graded A — B-bimodule and R = [ AW ] As we said above, if R; =

0 B
A, W
o 5
in describing a suitable condition for the structures A, B, W such that one has
T5(A)T»(B) = T»(R). For this purpose, the main tool is the Lewin’s Theorem
[20].

} then T5(A)T>(B) C T»(R). The final result of this section consists

Let I and J be any two-sided ideals of F(X). Consider the factor algebras
F(X)/I,F(X)/J and let M be a F(X)/I-F(X)/J-bimodule. We define:

= [ i F%/J

Assume {w; } is a countable set of elements of M. Then an algebra homomorphism
p:x; € F(X) — a; € R is defined, where:

= x; +1 w;
v 0 l‘i-i-J

For the kernel ker(p)of the homomorphism ¢ we get immediately:

IJ Cker(p) CINJ.
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We have:

Theorem 3.7 (Lewin, [20]). If {w;} is a countable free set of elements
of the bimodule M, then for the homomorphism ¢ defined by {w;}, we have:

ker(p) = IJ.

Consider now the free superalgebra F(Y, Z), let I, .J be Ty-ideals and let
M be a Zy-graded F(Y, Z)/I-F(Y, Z)/J-bimodule. Of course, the algebra:

F(Y,Z)/I M

(4) R= 0 F(Y,Z)/)J

is also Zs-graded and one has I.J C Ty(R). Moreover, let u;,v; € M be
homogeneous elements of even and odd degree respectively, for all ¢ > 1. Let
¢ : F(Y,Z) — R be the homomorphism defined by the set {u;,v;}, then ¢ is a
Zs-graded homomorphism and hence Th(R) C ker(p). If {u;,v;} is a free subset
of the F(Y, Z)/I-F(Y, Z)/J-bimodule, then by the Lewin’s Theorem we have that

ker(p) = IJ. Hence we can conclude:

Corollary 3.8. If the Zso-graded bimodule M contains a countable free
set {uj,v;} of homogeneous elements such that |y;| = |u;| and |z;| = |v;| for any
i > 1, then:

To(R) = 1J.

4. A free construction for matrix superalgebras. Let us con-
sider Zs-gradings on matrix algebras. Let M,, = M,,(F) be the algebra of ma-
trices of order m with entries in F and fix a map | | : {1,2,...,m} — Zy. If
eij € M, is any unit matrix, then such map can be extended to these elements
in the following way:

leij| = 131 = il.
Since |ejjeji| = |eix| = |k| — |i| = |esj| + |ejk|, in this way a Zs-grading is defined
on M,,. Clearly, such grading is the elementary grading defined by the vector
(I1,...,|m|) € Z3* (see [1]). We write (Mp,,| |) for the matrix superalgebra

M, endowed with the Zs-grading defined by the map | | : {1,2,...,m} — Zo.
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Moreover, the superalgebra (M,,,| |) is simply denoted as My, (F) if |i| = 0 for
1<i<kandl|i|=1fork+1<i<k+Il=m.

By the classification of the finite dimensional simple superalgebras over an
algebraically closed field (see [27], [19]), it holds that there are exactly two class
of such superalgebras up to isomorphisms: My, ;(F) with K > 1> 0 (k # 0) and
M,, @ tM,, with m > 0,12 = 1. Moreover, we can regard the latter superalgebra
as a Zy-graded subalgebra of My, ,,, (F). More precisely, we consider the Zy-graded
monomorphism, ¢ : My, & tM,, — My, ,,(F), defined as follows:

(5) ag + tay — < @ o )

air ao
Now, if (M, | |m) and (M, | |») are matrix superalgebras, then we define
the map | | : {1,2,...,m + n} — Zo by putting |i| = |i|,, for i < m and
li| = |i —m|, for ¢ > m. We consider then the matrix algebra My, , endowed
with the Zg-grading defined by the map | |. Now consider the F-vector space W =

M %y of the m x n rectangular matrices, and let A, B be Zs-graded subalgebras

respectively of M,,, M,,. Clearly the space W is an A-B-bimodule. In this way
A

w
0 B
For a given superalgebra R of this type, we will exhibit explicitly a su-

the superalgebra R = [ ] is a Zy-graded subalgebra of (M, 1n,| |)-

peralgebra R isomorphic to the superalgebra R (see equation 4) and such that
Ty(R) = T5(R). We say that R, R are Za-graded PI equivalent. The notion of
“generic superalgebra” is very useful for this purpose. More precisely, we say
that a superalgebra (2 is a generic superalgebra associated to a superalgebra S if
it holds:
Q~F(Y,Z)/T5(S).

In particular, this implies that T5(Q) = T5(.5).

If S has finite dimension, then one has a canonic way to define a Zs-

graded generic algebra. In fact, assume that the superalgebra S has a F-linear
basis E = {e1,...,e,} whose elements are all homogeneous. Denote:

P(S) = Flu{” v |1 <i <n,h>1]

7)oM) We
2 A
call P(S) the polynomial ring associated to the finite dimensional superalgebra S.

Note that the following tensor product over the field F:
S® P(S) =P S @ P(S)

1€

the polynomial ring in the countable set of commuting variables u
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is a superalgebra such that T5(S ® P(S)) = T5(S). We consider in S ® P(S) the
Zo-graded subalgebra S’ generated, for all h > 1, by the following homogeneous

elements:
ap = Z ugh)ei and by, = Z vgh)ei
lei|=0 leil=1

where the index ¢ ranges over 1 < i < n. We can easily prove:
S' ~F(Y,Z)/Ts(S).

Note that if S = M, then we choose canonically the set of the unit matrices e;;
as [F-linear basis (for the non-graded case, see for instance [23]).

Consider now the block triangular superalgebra R. Of course, we can
produce a Zs-homogeneous linear basis of R by considering the disjoint union of
the bases for A and B with the canonical basis {e;;} (1 <i<m,m+1<j <
m-+mn) of W. Let P = P(R) be the polynomial ring associated to R, then R® P
contains the generic free superalgebras R’', A’ and B’ associated in the canonic
way to R, A and B respectively.

Let us consider the Zs-graded subalgebra of R ® P defined as:

= AW
® R=|
where W' is the A’-B’-bimodule contained in R ® P generated, for all h > 1, by
the following homogeneous elements:

_ h — h
(7) up, = Z ul(j)eij and vy, = Z vgj)eij
‘ei]'|:0 |e¢j\:1
with 1 <7 <m,m+1<j<m+n. Then we have:

Proposition 4.1.

Ty(R) = Ta(R") = Tx(R)

Proof. Tt is sufficient to note that To(R') = T2(R) = To(R ® P) and
moreover R CRCR®P. O

Since A" =~ F(Y,Z)/T»(A) and B’ =~ F(Y, Z)/T»(B), by Corollary 3.8 in

order to prove the factorization of T5(R) = T»(R) it sufficient to show that the
homogeneous elements %y, Ty, defined in (7) form a free set of the bimodule W’.
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For this purpose we need to introduce the notion of “Zy-regularity” of a matrix
subalgebra.

Let us consider a matrix superalgebra (M,,,| |). For any fixed element
g € Zo and any commutative F-algebra C' we define the following F-linear map

g : My (C) — My, (C):
Za”ew — Z a;je;j
lil=g.3

where 1 < 4,7 < m. Clearly mg + m; = id, the identity map. If A is a Zo-
graded subalgebra of (M,,,| |), denote as usual P = P(A) the polynomial ring
associated to A. Since for the generic superalgebra A’ the following chain of
immersions holds:

A CA®PCM,®P = M,(P)

we can define 71y : A — M,,(P) as the restriction of 7, to A’. In the same way,
we can define also the F-linear map j : My, (P) — M, (P)

E Ajj€55 — E Ajj5€45

blil=g
and its restriction 73 : A" — M, (P). As in [8], we have:

Proposition 4.2. The maps 7ty are all injective if and only if the maps
are so, for all g € Zo.

g

Proof. Let ¢ : F(Y,Z) — A’ denote the canonic Zs-graded epimorphism
such that ker(p) = Th(A). Let o’ be a matrix of A" and f € F(Y,Z) be a
polynomial such that ¢(f) = a/. Clearly, the condition 74(a’) = 0 is equivalent
to my(v(f)) = 0, for any Zs-graded substitution v : F(Y,Z) — A. Therefore, if
the element a’ is homogeneous of degree h € Zg and 7g(a’) = 0 then 7}, (a') =0
too. O

Moreover, one has:

Definition 4.3. A Zs-graded subalgebra A C M, is said to be Zs-regular
if the maps 7ty (or equivalently the maps Ty ) are injective, for any g € Zs.

With the notation of equation (6) and (7), we have:

Proposition 4.4. Let A, B be Zy-graded subalgebras respectively of M, M, .
If one of such subalgebras is Zo-reqular then the homogeneous elements uy, vy of
the graded A’'-B'-bimodule W' form a countable free set such that [uy| = |yn| and
[On| = |z| for all h > 1.
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This proposition is a particular case of one among the results in [8]. We
include here its proof for the sake of completeness.

Proof. We assume that B is a Zs-regular subalgebra of M,,. Since the
non-zero entries of the matrices %y, 7}, are distinct variables for all the indices h,
clearly it is sufficient to prove that each element uy, V), is torsion-free. Then, let
Yo saswbs = 0 with a; € A',bs € B and w in the set {uy,v,} . Suppose that
the matrices b; are linearly independent and by contradiction that as # 0 for any
index s. From the row-by-column product, it follows that for any pair of indices

(i,q) we have:
Z Z(GS)ijwjp(bS)pq =0.
s gp

Note that wj, # 0 if and only if |p| — [j| = |w|. Moreover, the entries w;, # 0
are variables that are distinct from those of the polynomials (as);; and (bs)pq. It

follows:
Z(GS)ij(bS)pq =0

S

for any quadruple of indices (i, 7,p, q) such that |p| — |j| = |w|. Since a; # 0,
there are indices 41, j; such that (a;);, j, # 0. By putting g = |j1| + |w| we have

then:
Z(as)iljl (bs)pq =0

S

for any indices p, ¢ with |p| = g. By multiplying now this equation for the unit
matrix ep, and by summing over the indices p, ¢, we finally obtain:

Z(as)hﬁﬁg(bs) =0.

s

Note that the matrices 74(bs) are linearly independent since 7, is a monomor-
phism. Since (a1);,j, # 0, we get then a contradiction. We argue in a similar
way if A is a Zo-regular subalgebra of M,,. O

A similar proof works for the following proposition

Proposition 4.5. Let A, B be Zo-graded subalgebras of (My,,| |m) and
(My,| |n) respectively. If both the maps | |m and | |, are constant then for the
homogeneous elements Wy, vy, of the graded A’-B'-bimodule W' it holds:

(1) If 1|m +|1]n = 0 € Zg then W{ =0 and {up | h > 1} is a countable free set
of even elements
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(2) If |1}, + 1] =1 € Zg then W) =0 and {Uj, | h > 1} is a countable free set
of odd elements.

5. Applications. First of all we state one of the main result of this
paper. More precisely, from the Corollary 3.8 and the Propositions 4.1 and 4.4 it
follows:

Theorem 5.1. Let R be the following Zs-graded block-triangular matriz
algebra:
AU
w0 5]
where A C M,,, B C M,, are graded subalgebras and U = Mpy,«n. If one of such
subalgebras is Zo-reqular, then the Th-ideal To(R) factorizes as:

T5(R) = T2 (A)T>(B).

Let us recall the following results about the Zs-regularity of matrix su-
peralgebras, which are special cases of more general results for gradings by an
arbitrary group (see [8]).

Proposition 5.2. Let A = (My,,| |) be a complete matriz superalgebra.
Then A is Za-regular if and only if the map | | is surjective and its fibers are
equipotent.

Proposition 5.3. Let A be a Zy-graded subalgebra of (M, | |) and set
the Zs-grading on May, by the vector (|11],...,|m|, 14+ |1],...,14 |m]|). Then the

map ¢ : My, — Moy, sending a — s a graded monomorphism and

a
0
©(A) is a Za-reqular subalgebra of May,.

With regard to the finite dimensional simple superalgebra M,,(F) @ tM,,(F), we
recall that it is isomorphic to the Zo-graded subalgebra

Dm,m(F):{<Z Z) |a,beMm}

of My, m(IF) (see equation 5). It is easy to see that the Dy, ,,, (F) is Zo-regular.
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Finally we have:

Theorem 5.4. Let R be a matriz superalgebra of type:

AW
w05

where A = (M, | |m), B = (Mp,| |n) are complete matriz superalgebras and
W = Mysn. The Th-ideal of R factorizes as To(R) = To(A)T5(B) if and only if

one of the superalgebras A or B is Zo-reqular.
The sufficient condition follows by the Theorem 5.1. For the necessary
condition, assume that the superalgebras A and B are both non-regular. Then
it is possible to define a polynomial f € F(Y,Z) such that f € To(R) but f &

T>(A)Tx(B).
The proof of this fact in [8] is based on the following argument. Recall
that the Zo-grading of R is defined by the vector (|1|nm, ..., |m|m, |[Lln, .-, [n|n)-

Note that we can obtain a new Zo-grading for the algebra R by the vector
(Lms o My L4 [, - oo, 1+ |n]n) € Z5™

We denote by R* this latter superalgebra. Note that R and R* differ only for
the degree of the unit matrices in W. In particular, one has that T5(A)T»(B) C
T5(R*). In order to prove that the polynomial f & Th(A)T»(B) it is enough to
show that f & To(R*). Within this setting the construction of the polynomial
f is easier than the one for the general case, as given in [8]. For convenience of
the reader we explicitly construct f in this simpler case. Since the superalgebra
A = (My,| |m) is not Zg- regular the fibers of the map | |,,, are not equipotent.
Denote by p4 the greatest cardinality of these fibers, let g4 be the cardinality of
the other fiber and choose a € {1,...,m} among the elements of the fiber with
cardinality p4. Similarly define pp, ¢p and b. We distinguish two cases according
to |a|m # |b|, either |al, = |b],. In the former case the required polynomial is
the standard polynomial of degree r = 2(p4 + pp) — 1 in variables from Y, that
is
f=sr(Y1,-- s yr)

In fact, Ry is canonically isomorphic to the algebra UT,, ,, ® UT, ,, while R}
is isomorphic to UT), ,, @ UTy, 4, and the standard polynomial s¢(zq,...,2¢)
is a polynomial identity for UT}, ;, if and only if ¢ > 2(h + k). In the latter case
f is the following multilinear polynomial:

f = 52qA(YA)dr(Zlu ceey 2y YLy et 7yT+1)SQQB(YB)
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where 7 = Qmax{pAqAaquB} + 1, d?‘(zlv s ZriYl, .- 7y7‘+1) = d?‘(z7 y) denotes
the r-th Capelli polynomial, that is

dr(z9) = Y (—1)7Y120(1)Y2%0() - - - YrZa(r) Yr+1
O'EST

and Y4, Yp are disjoint subsets of Y — {y1,...,yr+1}.

Since max{dimA;,dimB,} = r —1 and AB = BA = 0 then any non
vanishing graded substitution of d,.(z;y) by unit matrices of R has values in the
odd component W of the bimodule W, that is in the subspace generated by the
matrices e;; with 1 <4 <m < j < m+n and |i| # |j|]. Since BW = WA =0
in order to show that f is a Zs-graded PI for R it is enough to evaluate the
standard polynomial sa,,(Y4) by unit matrices of A and the standard polynomial
5245 (YB) by unit matrices of B. Now, let g € Z5 such that g = |a|,, = |b], and
Tgs Tg41 : Mypqn — Myyqy the F-linear maps defined above. Then we have:

AO = Wg(AO) S 7rg-|—1(A0) ~ MPA @ MqA

and
By = mg(Bo) ® mg11(Bo) = My, © Mg,

Now the result follows by the Amitsur-Levitzki’s Theorem and the equation
7g(Ao)Wimg(By) = 0,

because soq, (Ao) C m4(Ao) and saq, (Boy) C m4(Bp). Considering the superalgebra
R*, one has my41(By) =~ M,, hence saq,(By) C mg41(Bo). It is possible to find
a non vanishing graded substitution of f on R* by mean of a straightforward
computation and Theorem 1.4.34 of [23] about Capelli polynomials.

We close this section with some example where we apply the previous
results.

Example 5.5. Let the Zo-grading on M, and M,, be given by the maps:

li|m =0 € Zy, foralll <i<m and |i|, =1 € Zg, for all1 <i<mn.

In this case R is a Zg-graded subalgebra of M, ,,(IF), more precisely we have

5]

RO::[O B

RI;:[OW}

0 0
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By equation 6 a similar decomposition holds for the superalgebra R = 0 B

Moreover, by Proposition 4.5 for all Z,-graded subalgebras A C M,,, and B C M,
W'is a free A’ — B’ bimodule. Precisely, it is freely generated by the odd elements

A W’]

m  m+tn b
Up, :Z Z vi(j)eij (hGN)
i=1 j=m+1

Therefore T5(R) and its Zo-graded cocharacter sequence are described by the
results concerning the Example 3.2. Moreover, we obtain the same conclusions
about the graded identities of R, because T(A) = T(A"),T(B) = T(B’) and
T(R) = T(R) by Proposition 4.1.

As an instance of this procedure we consider in the superalgebra M; ;(IF)
the Zo-graded subalgebra UTy. We have:

Proposition 5.6. Let R = UTy be the superalgebra of the 2 x 2 upper
triangular matrices with the non trivial grading defined by the vector (0,1) € Z3.
Then a basis of its Zo-graded polynomial identities is:

2122, [y1,y2].
Moreover, its Zo-graded cocharacter sequence is determined by:

® Xn,0(UT2) = (n)

e x\n1(UTy) = Z M (a,b) ((a, b) ® (1)) where Mgy =a—b+1
a+b=n

o Xnik(UT2) =0 fork > 2

Proof. Let us use the notation of Example 5.5. In this case m =n =1
and A= B =TF. Hence T(A) =T(B) =T(A & B) and this T-ideal is generated
by the polynomial [z1,x2]. Hence, the polynomials z12z9 and [y1,y2] generate
T5(R) by Theorem 3.3. The result about the cocharacter sequence follows by
Theorem 3.4 and the Young rule. In fact we have:

i Xn,O(R) = Xn(F D F) = Xn(F) = (n)

o Xn1(R) = D (6F)&xn»(F) @ xq) = »_((p) ® (n —p)™ @ (1) =
p=0 p=0

Z m(a’b) ((a’7 b) & (1)> Where m(a,b) =qa — b + 1
a+b=n
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o X\ni(R)=0fork>2 O

Let us remark that this result is equivalent to the decomposition of
V22(UTy) given in [25] by the use of the representation theory of the hyper-
octahedral group.

In the same way, we can consider in the superalgebra M,, ,(F) the Za-
graded subalgebra UT,,,,, of the upper triangular matrices. In this case A =
UT,, , B=UT, and the corresponding Z,-grading of UT),,, is the elementary
one induced by the vector g := (0,...,0,1,...,1) € Z)"™.

—— ——

Assume m > n, then T(A & B) :mT(A) ﬁnT(B) = T(A) and it is well know
(see [21]) that the ordinary polynomial identities of UT,, are consequences of
the polynomial [x1,x3]...[T2m—1,%2m]. Hence in this case a basis of the graded
polynomial identities of UT,, 4y, C M, »(F) is (see Corollary of [6])

2122, [, y2] - [Wem—1Y2m)s 21yt v2l - [Yan—1, Yon]-

Let us recall that in [26] has been proved that if G is a finite abelian group
and the field F is algebraically closed of characteristic zero, then any G-grading on
UT,, is isomorphic to an elementary one. Moreover, in [7], the authors describe
generators for the ideals of the graded identities for any given elementary grading
on UT,,.

We end the paper computing explicitly the cocharacters of a superalgebra
which has a factorable T5-ideal. Let us consider the following block-triangular

matrix algebra:
AU
w0 5]

where A = Dy 1(F), B = M;o(F) =F and U = Msy;. We have:

Proposition 5.7. Let m,, denote the multiplicities of p ® v in the
decomposition of the Za-graded cocharacter xj (R). For 1 > 1, the non zero
values of my,, are listed in the following table:

p/v U (-11)
(a) a+1 a+1
(a,b) |2(a—b+1) a—b+1
(a,b,1)| a—b+1

where a,b,# 0. For | =1, the table of the m,, is the following:
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p/v (1)
(a) a+1
(a,b) |2(a—b+1)
(a,0,1) | a—b+1

Finally, for 1 =0 we have:

/v @

(a) 1

(a,b) |2(a—0b+1)
(a,b,1) | a—b+1

Proof. Note that A is a Zs-regular superalgebra and hence T5(R) =
T5(A)T»(B) by Theorem 5.1. Then we can apply the formula (2) to compute the
graded cocharacter xj;(R). For the superalgebra A we have clearly:

Xki(A) = (k) @ (1)
Similarly one has:
Xk,0(B) = (k) and x;(B)=0 for any [ > 1.

The computation of the multiplicities is based essentially on the following equa-
tion:

kool k
(X(A) o X(B)ka = D> xij(A)@Xh—ii—j(B) = > Xia(A)®Xk—i0(B)
i=0

i=0 j=0

_ zk:((z') o 0))é(k-)eo)= i((i)@(ls—z‘))sk ® (1)

i=0 i=0
= Z M(a,b) (a¢ b) ® (l)
a+b=k
where mgpy =a—b+1. O
As a last example we study the Zs-graded structure of one among the
PI-algebras of minimal exponent:

FE FE
S_[O EO]
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Indeed, S can be endowed with the natural Zo-grading

| Eo Eo | E1 By
s=[o" ] s=[0 0]

The structure of the T-ideal of the ordinary polynomial identities of S has been
described in [24]. Here we obtain:

Corollary 5.8. The generators of To(S) are the polynomials:

Wi, y2llys, val, (210 22)[y3,yal, [y1,22][y3,yal,
[3/1, y2]237 (21 S 22)23, [?/17 22]23

where u o v 1= uv + vu.
The non zero values of the multiplicities m,,,, of p ® v in the decomposi-

tion of cocharacter sequence xy(S) of the superalgebra S are summarized in the
following tables:

o Ifi>1
p/v (1) (2,172
(a) a+1 a+1
(a,b) |2(a—b+1) a—b+1
(a,b,1)| a—b+1
o Ifl=1
p/v (1)
(a) a+1
(a,b) |2(a—b+1)
(a,b,1)| a—b+1
o Ifl=0

/v 2

(a) 1
(a,b) |2(a—b+1)
(a,b,1)| a—b+1

Proof. Notice that S is isomorphic to the Grassmann envelope of the
superalgebra R of the previous proposition. Hence we have (see [18]):

T5(S) = Ta(R)* = To(D1,1(F))" To(F)* = To(E)T>(Ep).
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The result concerning the cocharacter sequence follows by equation (1). O
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