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ON A CLASS OF UNIVALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS"

Donka Pashkouleva

The aim of this paper is to obtain sharp results involving coefficient bounds, growth
and distortion properties for some classes of analytic and univalent functions with
negative coefficients.

1. Introduction and definitions. Let S denote the class of functions of the form
o0
F =t > g
n=2

that are analytic and univalent in the unit disk E. We denote by C' and S* the classes
of convex and starlike functions, respectively.

A function f(z) analytic in E, is said to be starlike of order 8 (0 < 8 < 1) in E if
f(0)=f'(0)—1=0and

2f'(z)
e 0

for z € E. The class of such functions is denoted by Sj. Clearly, S5 = 5™.

A function f(z) analytic in E is said to be close-to-convex of order § (0 < 8 < 1)
in E if there exist a function g(z) € S* and a real number ~ such that for z € E and

T
76(75)’

%ei’y Zfl(z)
9(2)
The class of such functions is denoted by Kjz.
A function f(z) is said to be close-to-star of order § (0 < § < 1) if there exists a
function g(z) € S* such that for z € E,
NE)
9(2)
The class of such functions is denoted by Rg.
A function f(z), analytic in E with f(0) = f/(0) — 1 = 0 is said to be quasi-convex if
and only if there exists a function g(z) € C such that for z € E,

(2f'(2)
" 9'(2) =0
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The class of such functions is denoted by C7.

Let T denotes the subclass of S, consisting of functions f(z) of the form
oo
f(z)=2— Z |an|2"™.
n=2

We denote Tj; = S;NT; Ky =KgNT; Ry =RgNT; Ly =C3NT.
It is known that T'=T§ =T and f € T if and only if, for 0 < 8 <1

oo

Z"*5|an|g1 [1].

n=21_ﬁ

In [2] Schild considered a subclass of T consisting of polynomials having |z| < 1 as a
disk of univalence. Schild showed [2] that a necessary and sufficient condition for f € T
is

o

1- Zn|an| = 0.

n=2
By means of this result he get better results for certain quantities connected with

conformal mapping of univalent functions. Other subclasses of T" have been studied by
Gupta and Jain [3], [4] and Silverman [1], [5].

In this paper we consider the following subclass H; o (5) of T

Definition 1.1. A function f(z) = zfz lan|z™ is said to be in Hy o(B) (0 < o < 1,
n=2

0<pB<1,0<t<1),if there exists a function g € T*, with

oo
9(z) =2 = [bal2"
n=2
such that for z € E

tzf'(2) + (1 =)z (2f'(2))
(1) %{ ag(z) T+ (1~ a)zg'(2) }>ﬁ'

Evidently, H1 1(8) = K 53, the class of close-to-convex functions of order 3 introduced
in [6]. Note also that H1,0(3) = Rj and Ho,1(8) = L.

In the sequel we write

1 ftaf(20) + (1= a2 (20)
(1.2) Jial(f,9,70) = 1_5{ ag(z0) + (1 — a)z09'(z0) ﬂ}

2. Some results about the class Hy o(3).

Lema 2.1. Let f € Hy o(5) be given by (1.1). Then,
min §RJt,oz(f;.gaz) = Jt,a(fagar)'

[z|<r<1

The proof is standard.
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Theorem 2.1. Let f(z) € Hy o(3) be given by (1.1). Then, for 0 <r <1,

ti [N|an|; (e +n( — )b~

+
n=2 1 _ Z(a +n(1 —a))|bp|r"
n=2
(2.1) S nan] = (@ +n(1 = a))[b,[Jr"!
+H(1 - )= <1-p
1= (a+ n(l - )bt

when 0 < a <1, 0 <t <1. The estimate (2.1) is also sufficient for f to be in H; o(5).

Proof. If f € H; (0), then Ji o(f,g,7) > 0 for 0 < r < 1, which is equivalent to
(2.1). If, on the other hand, (2.1) holds for every r < 1, then from Lemma 2.1 it follows
that f € Hyo(B).

(o] oo oo
Remark A. If Zn|an| <1, Zn|bn| < 1 and Zn2|an| < 00, then Jy o(f,g,7) is
n=2 n=2 n=2
continuous at r = 1 and (2.1) may be replaced by
o0

(2.2) (tn+ (1 = t)n?) |an| = B8 (a+ (1 —a)n) [ba] <1 - 8.

n=2 n=2

- 1
Remark B. In [1] it was shown that Z [b| < 3 for g € T*, so that

n=2
(o] 2_
(2.3) é(tn+(1—t)n2)|an|§1_5+M:1_%@

In fact, (2.3) is a necessary condition for f to be in Hy o(3) and we could always take

1
g(z) =2z — 522 and (2.3) would also be sufficient.
Theorem 2.2. Let f € Hy o(0) be given by (1.1). Then,

0, <A, =B tA—abn
n2[t+ (1 —1t)n)
The result is sharp for every n, with equality for
f(z)=2z—An2"

1
and g € T, with g(z) = z — —2".
n
Proof. By (2.2) we have

(tn+ (1= t)n®) Jan] <1— B+ (a+ (1 —a)n) |b| < OM%@”
and, hence,
af+(1—af)n
ol < B (= Om]

1
where we have used the fact that |b,| < - [1].
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Theorem 2.3. If f € H; o(8), then

(2—0ap) , (2—0ap) ,
2.4 ——r* < < T —— <
(24) - e T e P
(2—ap) / (2—ap)
2. 1l——r < <l+-—-= <r.
(25) s <\ <1+ St el <
Equality holds in all cases for
_ 2—af ,
flz)== 4(2702 .
Proof. From (2.3) we have
o S 2—af
(4—2t) Z lan| < Zn{t + (1 —t)n}|an] <
n=2 n=2
which gives
> 2—af
. nl < .
(26) >l < 1
n=2
Thus,
2—af ,
< .
) <+ gy
Also
= n (2 — Otﬂ) 2
> — >p_ 220
FE 27 =Y fanls” = 7= G
n=2
where we have used (2.6). Hence, (2.4) follows.
Further,
o0 o0
1F() <1+ nlan|lz]" 7 < 141 nlan]
n=2 n=2
and
1F() 2 1= nlag|lz]" " = 1=y nlan|.
n=2 n=2
Again from (2.3) we obtain
> 2—af
Z nla,| <
o 2(2—-1)
and (2.5) follows.
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BBbPXY EJNH KJIAC OT EJJHOJIMCTHUN ®YHKIINN C
OTPUIATE/JIHN KOE®PUIITNEHTUN

Honka IlamikyseBa

IIpenMer Ha Ta3u CTaTUs € MOJIyYaBAHETO Ha TOYHU OLEHKHU 38 KOeMUIMEHTUTE U
pbcTa Ha PYHKIMHUTE 38 HIKOM KJIACOBE €QHOJUCTHU (PYHKLIUU C OTPULATEHH KOE-
durmenTH.
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