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In this paper we study the remainders with Baire property of topological groups.

1. Introduction. By a space we understand a Tychonoff topological space. We use
the terminology from [11]. The present paper is a continuation of the articles [1, 2], which
contain the definitions of an o-homogeneous space, a fan-complete space, a g-complete
space, a sieve-complete space, an lo-homogeneous space, a do-homogeneous space, a co-
homogeneous space.

A remainder of a space X is the subspace Y \ X of a Tychonoff extension Y of X.
The space Y is an extension of X if X is a dense subspace of Y.

In this article we consider what kind of remainders can have a space.

Problem A. Let P be a property and Y be an extension of a space X. Under which
conditions the remainder Y \ X has the property P?

In [3, 4, 5, 6, 7, 8] the Problem A was examined for topological groups. Some results
for rectifiable spaces were obtained in [9].

A particular case of the Problem A is the next question

Question A. Under which conditions the Stone-Cech compactification B3X of a space
X is the Stone-Cech compactification of the remainder 3X \ X?

In [4], Theorem 1.1, A. V. Arhangel’skii has proved: If a topological group G is a dense
subspace of the Cech-complete space X and G is not Cech-complete, then the subspace
Y = X\ G is dense in X and has the Baire property. We establish that analogous result
is true for a more large classes of spaces.

One of the first remarcable results concerning Problem A was obtained by E. Cech,
M. Henriksen and J. R. Isbel. Theorem of E. Cech affirms that for any space X the
character x(x,8X) of any point € X \ X is uncountable. Theorem of M. Henriksen
and J. R. Isbel affirms that the remainder 5X \ X is a Lindel6f space if and only if the
space X is of countable type (see [11, 12]).
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2. On remainders of topological groups. Let G be a topological group. Let pG
be the Raikov completion of a topological group G. If the topological group G is densely
fan-complete, then the Raikov completion pG is a paracompact Cech-complete space.

A space X is called a paracompact p-space if it admits a perfect mapping onto a
metrizable space. A feathered group is a topological group whose underlying space is a
paracompact p-space. A topological group is a feathered group if and only if it is a space
of pointwise countable type (see [10]).

In [9] it was proved that a topological group G is densely fan-complete if and only if
it is fan-complete and, consequently, G is a dense G5-subspace of some pseudocompact
space. Any topological group is an o-homogeneous space. Thus from Theorem 4.4 in [2]
it follows:

Corollary 2.1. Let Y be a densely fan-complete extension of a topological group G.
Then, either the remainder Z =Y \ G has the Baire property, or G is a fan-complete
space.

In [9] it was proved that a topological group G is densely g-complete if and only if it is
g-complete and there exits a countably compact subgroup H such that the quotient space
G/H is metrizable and the projection 7 : G — G/H is open and closed. Moreover, a
g-complete topological group is a Gs-subset in some countably compact extension. Thus
from Theorem 4.5 in [2] it follows:

Corollary 2.2. Let Y be a densely q-complete extension of a topological group G.
Then, either the remainder Z =Y \ G has the Baire property, or G is a g-complete space.

From Theorem 4.5 in [2] it follows

Corollary 2.3. Let Y be a densely sieve-complete extension of a topological group
G. Then, either the remainder Z =Y \ G has the Baire property, or G is a paracompact
Cech-complete space.

Corollary 2.4 (A. V. Arhangel’skii [4]). Let Y be a Cech-complete extension of a
topological group G. Then, either the remainder Z =Y \ G has the Baire property, or G
is a paracompact Cech-complete space.

Example 2.5. Let £ € fw\wand X = {£}Uw. We put L = RX and B = C,(X) C L.
D. J. Lutzer and R. A. McCoy [13] proved that the space B is not complete metrizable
and has the Baire property. Since B is not Cech-complete, from Corollary 2.3 (or from
Theorem 1.1 of [4]) it follows that Y = L\ B is a dense subspace of L and has the Baire
property. Thus the linear space L is a complete metrizable extension of the spaces B, Y
with the Baire property, B is a linear subspace and it is not complete metrizable.

3. Embedding into remainders of topological groups. The following fact is a
generalization of Theorem 2.18 from [8].

Theorem 3.1. Let Y be a space. Then there exist a compact abelian group A and a
dense subgroup B of A such that:

1. X = A\ B is a pseudocompact space.

2.Y is a closed subspace of the space X .

3. A is a compactification of the space X.

Proof. There exists a compact space K such that Y is a nowhere dense subspace of
the space K and the subspace ® = K \ ¢lxY is not paracompact and has not Gs-points.

Fix a point e € ® C K. Then, there exists a compact abelian group A with the
properties:

1. K is a subspace of the space A and e is the unity of the group A.
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2. For any continuous mapping f : K — H into a compact abelian group H for
which f(e) is the unity of H there exists a continuous homomorphism f : A — H such
that f = f|B.

3. The group G algebraically generated by the set K in A is dense in A.

Put Z = K\'Y and denote by B the subgroup of A algebraically generated by the
set Z. Now, put X = A\ B. Let F; = KU {2z~ !:2 € K} and F,, = F}J* for each n € N.
Then, G = U{F, : n € N} and each set F,, is nowhere dense in A.

By construction, the set B is dense in A. Thus each set B,, = F,, N B is nowhere
dense in B.

Claim 1. The subspace Y is closed in X.

The set K is compact and Y = K N X.

Claim 2. The group B is not locally compact.

If B is locally compact, then B is open-and-closed in A, that is a contradiction.

Claim 3. The space A is a compactification of the space X.

This assertion follows from Claim 2.

Claim 4. The space X is not Lindelof.

Assume that the space X is Lindelof. Since A is a compactification of the space B
and X = A\ B, by virtue of Theorem of M. Henriksen and J. R. Isbel the space B
is of countable type (see [11, 12]). Then, in B there exists a compact subgroup C' of
countable character such that C N K C ®. The natural projection g : A — A/C' is an
open-and-closed continuous homomorphism and g~!(g(B)) = B. Thus A, X and Y are
Lindel6f p-spaces. Since C is compact, there exist n € N and an open non-empty subset
V of C such that V C C N F,,. Then we can assume that C = V C F,,. In this case
CNK = {e} and the space K has a countable base at the point e, a contradiction. Claim
is proved.

Claim 5. The space X is pseudocompact.

Since A is not a paracompact p-space, the set X is Gs-dense in A and X is pseudo-
compact [8, 9]. The proof is complete.
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OTHOCHO TOITIOJIOTUYHU I'PYIIN 1 CBOMCTBOTO

HA BEP B ITPUPACTA

Anekcanabp B. Apxanresackn, Murpodgan M. Hoban,
Exarepuna II. MuxaitioBa

M3cnensanu ca mpupacTu CbC CBOUCTBOTO Ha Bep Ha TOIOJIONMYHH I'PYIIU.
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