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ON A SUMMABILITY METHOD DEFINED BY MEANS OF
HERMITE POLYNOMIALS"

Georgi S. Boychev

A summability method, defined by mean of the Hermite polynomials, is proposed.
For this summation method Tauberian theorems are given
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The classical Hermite polynomials { H,,(z)} are uniquely defined by the equalities

+oo
/ exp(—2?)Hy, (2)Hy (2)de = /an!2"6 n, m,n=0,1,2,...,

—00
and the requirement that the coefficient of 2™ in the n-th polynomial to be positive [1,
5.5, (5.5.1)].
Let us introduce the functions A(z) = v/2exp(22/2) and ¢, (2) = (2n/e)™/? cos[(2n +
1)'/22 — nr/2]. Hermite polynomials have the representation (n > 1) [2]

(1) Hn(2) = Mz)en(2){1 + hn(2)},
where {h,(2)},/2>9 are holomorphic functions in G = C\(—o0, +-00) and
hn(z) = O(n~1/2) (n — +00)

uniformly on every compact subset of G.
A series of kind

+oo
(2) D anHn(2)
n=0

we call Hermite series.

Let 0 < 7 < 4+00. We introduce the denotations S(7) = {z € C: |Imz| < 7} and
S*(1) = C\S(7). Obviously, S(7) is the infinite strip bounded by the lines Im z = +7.
We assume that S(c0) = C, S(0) =0, S*(0) = G and S*(c0) = 0.

Theorem 1 [3, (IV.3.1)]. (a) If the series (2) converges at a point zo € G, then it is
uniformly convergent on every compact subset of the strip S(ro9) with 1o = |Imzo|.

(b) If
(3) To = max |0, — nglfoo sup(2n +1)"Y2 log |(2n/e)n/2an|% ,

then the series (2) is uniformly convergent on every compact subset of the strip S(1o)
and diverges in S*(1p).
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Remarks. (1) The equality (3) can be regarded as a formula of Cauchy-Hadamard
type for the Hermite series of the kind (2).

(2) In the proofs of (a) and (b) it is used the asymptotic formula (1).

An important property of the series (2) is given by the following

Theorem 2 [3, (IV.4.6)]. If the series (2) is convergent at a point zo € G, then

—+oo —+oo
lim Z anHy(z) = Z anHp(20),
® n=0 n=0
when z € S(19) (70 = |Im2g|) and |z — zo| = O(|Im(z — 20)|).

This proposition is called Abel’s theorem for the series of the kind (2).
Let zo € G, 79 = |Im 2o/,

_ Hal2) _
Hn(zaZO)*Hn(ZO)a n*071a27"'7
and
D(z) = {S(70)\(—00,+00)} N{z € C: Rez = zp}.
A series

+oo
@ D
n=0
is called H(z,z9) summable (or Hermite summable at the point zp) if the series

+oo
Z anHy(z,20) # 00
n=0

is convergent in strip S(79) and there exists
—+oo
lim Zaan(Z,zo) #+ 0,
Z—Z0 n=0

when z € D(z).
Every H(z, zp)-summation is regular and this property is a corollary of Theorem 2.
Our aim here is to prove a Tauberian theorem of Litlewood type for the Hermite
summation, namely
Theorem 3. Let zg € G. If the series (4) is H(z, z0)-summable and
() an =0(n") (n— o0)
then it is convergent.
Proof. We assume that ap = 0, which is not an essential restriction. Let € € [0, T)

and for definiteness assume that Im zg = 7. Then, using the asymptotic formula (1), we
obtain that

H,(Rezo+i(r —¢),20) = Q(1,e) exp(—ev2n + D){1 + ¢ (7, )},
where Q(7,¢) # 0, Eh—% Q(1,e) =1, gu(7,0) =0 and

gn(T,6) = O(n™?)  (n — c0)
uniformly with respect to € on any interval [0, w7] with w € (0,1).
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Suppose that w = 1/2 and ¢ € (0,7/2]. We define

(6) fl('rag) :Q(T,E)Zanexp(—sv2n+1),

n=1

(7) fo(r,e) = Q(1,¢) Z an exp(—ev2n + 1)g, (7, €)

n=1

(8) f(T7E):f1(T7E)+f2(T7E)'
The assumption that the series (4) is Hermite summable at the point zp implies the
existence of

9) lim f(,€) # oo.

It is easy to prove that the series in the right hand of (7) is uniformly convergent with
respect to € € [0,7/2]. Hence, there exists

(10) 1ir% fa(T,€) # 0.
e—
Then (9), (10), and (8) imply lin(1) fi(r,€) # oo. Further, using that Q(r,e) # 0,

1ir% Q(7,e) =1, and (6), we obtain

(o)
lin%) Z an exp(—ev2n + 1) # 0.
n=1

But the equality (5) implies

an:0<\/2n+1\/2n1> (n — 00).
V2n+1

By Theorem 104 from [4] it follows that the series (4) is convergent. [

From Theorem 3 it follows Tauberian’s theorem for the Hermite summation, namely

Theorem 4. Let zg € G. If the series (4) is H(z,zo)-summable and a, = o(n™1)
(n — 00), then it is convergent.

Let us note that the following assertion holds:

Theorem 5. Let zp € G, 0 < § < 1 and

—Kint<ay,< K27l76(7l =1,2,...),

where Ky and Ky are a positive contstants. If the series (4) is H(z, zg)-summable, then
it 1S convergent.

The proof of this theorem is similar to that of Theorem 3, but by using Theorem 103
from [4].
A simple corollary of Theorem 5 is:

Theorem 6. Let 20 € G, 0< 5 <1 and 0<a, < Kn™° (n=1,2,...), where K is
a positive constant. If the series (4) is H(z, zp)-summable, then it is convergent.

We call this statement Tauberian theorem of Landau’s type for the H (z, zp)-summation.
Finally, we note that the following simple assertion holds:
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Theorem 7. Let 7 be a real number with 7 # 0. The series (4) is H(z,iT)-summable
if and only if it is H(z, —iT)-summable.

Theorem 7 gives rise of the following hypothesis:

If the series (4) is H(z, zo)-summable, then it is H(z, zeta)-summable for every ¢ with
|[ITm ¢| = |Im zg].
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BbPXY EANH METO/ HA CYMMUPAHE, JEPMHNPAH YPE3
ITIOJINMHOMWUTE HA EPMUT

T'eopru C. Boiiues

B crartusita ce pasriexksia Meron 3a cymMHpaHe Ha pejioBe, JedUHUPAH UIpe3 HOJNHO-
vure Ha Epmur. 3a To3m Meroz Ha cymupane ca JiajeHn Hskou TayGepoBu TeopeMmu.
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