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CLASSIFICATION OF THE MAXIMAL SUBSEMIGROUPS
OF THE SEMIGROUP OF ALL PARTIAL
ORDER-PRESERVING TRANSFORMATIONS"

Ilinka Dimitrova, Tsvetelina Mladenova

Let PT,, be the semigroup of all partial transformations on an n - element set. A
transformation o € PT), is called order-preserving if z < y implies za < ya for all
x,y from the domain of a. In this paper we describe the maximal subsemigroups of
the semigroup PO, of all partial order-preserving transformations.

Forn € IV, let X,, = {1 <2 < --- < n} be a finite chain with n elements. As usual,
we denote by PT,, the semigroup of all partial transformations « : X,, — X,, under com-
position. A transformation a € PT,, is called order-preserving if x < y implies za < ya
for all z,y from the domain of a. As usual, PO,, denotes the subsemigroup of PT,, of
all partial order-preserving transformations of X,,. This semigroup has been extensively
studied. In recent years, interest in maximal subsemigroups of the transformation semi-
groups arises. In particular, Xiuliang Yang [6] characterized the maximal subsemigroups
of the semigroup O,, of all full order-preserving transformations. Dimitrova and Koppitz
[1] classified the maximal subsemigroups of the ideals of O,,. Ganyushkin and Mazorchuk
[3] gave a description of the maximal subsemigroups of the semigroup POI, of all partial
order-preserving injections. In [2], Dimitrova and Koppitz characterized the maximal
subsemigroups of the ideals of the semigroup POI,. In [7], Yi constructed four types
of maximal subsemigroups of the semigroup PO,, (excluding the identity map). The
purpose of this paper is to give a complete classification of all maximal subsemigroups
of the semigroup PO,,.

We begin by recalling some notation and definitions that are used in the paper. For
the standard terms and concepts in Semigroup Theory we refer the reader to [5]. Let
a € PO,,. We denote by dom « and im « the domain and the image of «, respectively,
while ker  := {(z,y) | x,y € dom a,xa = ya} is a convex equivalence on dom «. The
natural number rank « := |im «| = |dom «a/ ker | is called the rank of «. For a given
subset U of PO,,, we denote by E(U) its set of idempotents.
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Recall also that, for the Green’s relations £, R, H and J on PO,,, we have
alf <= im a = im (8
aRp <= kera = ker 3
aJ B < rank a = rank g
H=LNR.

for every transformations o and S.
The semigroup PO,, is the union of its J-classes Jy, J1, Ja, ..., J,, where
Jr = {a € PO, |tank a =k}, for k=0,1,...,n.
It follows that the ideals of the semigroup PO,, are unions of J-classes Jy, J1, Ja, . - ., Jk,
i.e. the sets
I :={a € PO, : tank a < k}, with £=0,1,...,n.

The J-class J,, contains exactly one element, namely the identity, which we denote
by e.

We pay attention to the J-class J,,_1. It is convenient to refer to an element o € PO,
as belonging to the set [k, s] if |dom o] = k and |im o] = s (1 < s < k < n). Thus the
J-class J,—1 is the union of [n,n — 1] and [n — 1,n — 1]. Let a € [n,n — 1] and let
kerao = {{1},...,{i =1}, {¢,i+1},{i+2},...,{n}} for some i € {1,2,...,n—1}. Then,
for convenience we will use the notation ker o = (4,7 + 1).

Within [n,n — 1] there are exactly (n — 1) different R-classes of the following form

Ry ={a€ Jp1:kera=(i,i+1)}, i=1,...,n—1.

Within [n — 1,n — 1], which consists of one-to-one partial maps, there are exactly n

different R - classes of the following form
Ri:={a€ Jy_1:doma=X,\{i}}, i=1,...,n.

The L - and H-classes in J,,_1 have the following form:

L = {aeJym1:ima=X,\{j}}, 7=1,...,n
H(,L',iJrl)J' = R(i,iJrl) n Lj and HZ,] = R’i N Lj

The H-classes of PO,, are trivial, i.e. contain only one element in each case. The
unique element « in the H - class H; ;41),; is denoted by «; ;41),;. Analogously, the
unique transformation « in the H - class H;; is denoted by «; ;. Since oy 41y ; is an
idempotent if and only if j = 7 or j = 4 + 1 and «;,; is an idempotent if and only if
J =i, it is easy to verify that E(R; ;1)) = 2 fori = 1,2,...,n — 1, E(R;) = 1 for
i=1,2,...,n, E(Lj)=3for j=2,3,...,n—1and E(L;) =2 for j =1,n.

Moreover, for all a, 3 € J,—1 the product af belongs to J,—1 (if and only if af €
R, N Lg) if and only if L, N Rg contains an idempotent. Therefore, it is obvious that:

Lemma 1. Let i,k € {1,...,n— 1} and j,l,s,t € {1,...,n}. Then

Q(,i41), Qe k1)l = Qiyit1),l Ond Qs jO(g py1)) = sy = j=k,k+1
Oi,i41),j Xs,t = Qi it1),t ONd QujQss =y < j=35
LjR(m-Jrl) =Jp1<=j=41+1 and LiRj=Jp1 =] = l.
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Let us denote by F,,_1 the set of all idempotents of the class .J,_1. Further, we will
use the following well known result (see [4]).

Proposition 1. PO,, = (E,_1) U{e} = (Jp—1) U {e}.

Definition 1. Let A C X,, and let m be an equivalence relation on a subset Y of
X,. We say that A is a transversal of m (denoted by A # ) if |ANZ| =1 for every
equivalence class T € Y/m.

Let us denote by A,,_1 the collection of all subsets of X, of cardinality n—1, i.e. all sets
X, \{i} fori =1,2,... ,n. Let Q,,_1 be the collection of all convex equivalence relations
on X,, with weight n — 1, i.e. all equivalence relations (i,i + 1) for i =1,2,...,n — 1.

Remark 1. For all @ € [n,n — 1], we have im a € A,,_1 and kera € Q,,_;. For all
a € n—1,n—1], we have im o € A,_; and dom « € A,,_1.

Definition 2. Let A be a non-empty proper subset of A,,_1 and let Q be a non-empty
proper subset of Q1. The pair (A, Q) is called a coupler of (An—1,Qn—1) if the following
three conditions are satisfied:

1) Every element of A is not a transversal to any element of §);

2) For every B € A1\ A there exists m € Q such that B # w;

3) For every p € Q,—1\ Q there exists A € A such that A # p.

Lemma 2. Every mazimal subsemigroup of PO,, contains the ideal I,,_5.

Proof. Let S be a maximal subsemigroup of PO,,. Assume that J,_; C S, then
I 2 ClIh1={(Jp-1)CS. If Jo_1 €S, then J,,—1 € (SUIL,_2) since I,,_5 is an ideal.
This implies I,—2 C S by the maximality of S. 0O

Now, we are able to present the main results of this paper, the characterization of the
maximal subsemigroups of the semigroup PO,,. Recall that in [7], Yi constructed four
types of maximal subsemigroups of the semigroup PO,,. They are all particular cases of
the fourth type of the next theorem.

Theorem 1. A subsemigroup S of PO,, is maximal if and only if it belongs to one of
the following types:

1. Se:=1,_1.

2. Sgit1) = In2UJyU(Jno1 \ Ryigry) fori=1,2,...,n—1.

3.8 =1, oUJ,U(Jpo1 \ Ry) fori=1,2,...,n.

4. S(A7Q) =1, oUJ, U (U{Lj : X, \ {j} S A}) U
U(OLRs + X \ {7} € Apo1 \ A U (U Ry : (i +1) € Q}),
where (A, ) is a coupler of (An—1,Qn—1).

5. Sa =1, oUJ, UU{L;: X, \{j} €A} U
U(W{R; : Xp \ {i} € Ap—1\ A}), where A is a non-empty proper subset of A1
and for every m € Q,_1 there exists A € A such that A # =.

Proof. Using Lemma 1, it is not difficult to prove that each one of the given types
is a subsemigroup of PO,,. Now, we are going to prove that they are maximal.
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1. Since PO,, = I,,_1 U {e} and I,,_; is an ideal of PO,, it is clear that S, = I,,_1 is
a maximal subsemigroup of PO,,.

2. Let o € POy, \ S(;;i+1)- Then, a € R(;;41) and a € L; for some j € {1,2,...,n},
ie. a = agp1),- Since L;j N R; contains an idempotent from Lemma 1, we obtain
a(i,i+1),; R = R(iiy1). Therefore, since R; C S(; ;41), we deduce that (o, S(;i41)) =
OP,, ie. S(;iy1) s maximal.

3. The proof is similar to that of S; ;1)

4. Let a € PO, \ Sr,0) and let o = o ;41),;- Then, X;, \ {j} ¢ A and so R; C
Sia,0)- Moreover, (i,i + 1) ¢ Q and from Definition 2 it follows that X, \ {i} € A
or X, \ {i +1} € A. Without loss of generality assume that X, \ {i} € A. Then
L; C Sa,0). From Lemma 1, it follows that L;a;y1),; = L;j and LjR; = Jp_1.
Therefore, (v it1),5,5,0)) = OPn. The proof when a = «;; is similar. Hence, we
deduce that S, o) is maximal subsemigroup of PO,,.

5. The proof is similar to that of S5 q).

For the converse part let S be a maximal subsemigroup of PO,,. Then, from Lemma
2wehave S =1, oUT, where T C J,UJ,—1 ={e}Udp_1. lf e ¢ T, then T = J,,_1
and thus S = S.. If e € T then T = {e} UT’, where T’ C J,,_1. We will consider three
cases: Jp1 \T' Cn—1,n—1]; Jo—1 \T' C [n,n—1]; (Ju1 \T)Nn—1,n—1] #0
and (J,—1 \T") N [n,n — 1] # 0.

Case 1. Let J,—1\T" C [n—1,n—1]. Since PO,, = (E,,_1) (see Proposition 1) there
exists at least one idempotent «;; ¢ S for some i € {1,2,...,n}. We show that in this
case TN R; = (). Suppose that «o; ; € T” for some j € {1,2,...,n} and j # . Then,
from Lemma 1, we have a; joj j11),; = ;s € T', that is a contradiction. Therefore, we
obtain S = 5;, by the maximality of S.

Case 2. The proof is similar to that of Case 1. Here we obtain S = S(; j11).

Case 3. Let (Jo—1 \T")N[n—1,n—1] # 0 and (J,—1 \ T’) N [n,n — 1] # O. Since
[n,n—1] C (E,—1NOy) it follows that there exists at least one idempotent a; ;41); ¢ T"
or o i+1),i+1 ¢ T for some i € {1,2,...,n —1}. Let a(; i41); € T’ and let

A = {lm [ B NeRS TI N R(i,i-‘rl)}'
Then A # 0 since if 7" N R(; ;41) = 0 then S C S(; ;41) which is a contradiction with the
maximality of S. Moreover, A C A,,_1, since im o; ;11); ¢ A.
Now let

Q={ker3€Q, 1: thereexists im a € A such that im a # ker 3}.

Further, we put:

U = U{a(i,i+1),j c Xn \{j} € A},

V = U{a(p7p+1),q c(pp+1) €QN\ (G0 +1), Xn\{g} € A1\ A}
and
V' = (Hapg: Xa \{p} € A, X\ {g} € Apr \ AL
Then,
Uv = UV’ = (Rt \U) UM,

where M C I,,_5. Since T" N (R(; i4+1) \ U) = 0, we deduce

(1) T'N VUV U (Rt \U) = 0.
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Finally, if Q = ,,_1, then by equation (1), we obtain S C Sj and thus S = S, by the

maximality of S. If Q is a proper subset of Q,,_1, then we put Q = Q,,_; \ Q. The pair

(A,

we

(1]

Q) is a coupler of (A,_1,,1) and by equation (1) we have S C S, o). Therefore,
deduce S = S(,0) by the maximality of S. [
There are exactly 2" + 2n — 2 maximal subsemigroups of PO,,.
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BbPXY MAKCUMAJIHUTE ITOAIIOJIVIPYIIN HA MOHOUJA OT
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BCUYKN YACTUYHU 3AITA3BAIIIV HAPEJIBATA
ITPEOBPA3SOBAHUA

Nnnuaka A. Jumurposa, IIBeresiuuna H. Miagenosa

Mownouna PT,, OT BCUYKH YaCTUIHU TPEOOPA30BAHUS BbPXY €IHO N-eJI€EMEHTHO MHO-
2KECTBO OTHOCHO OIE€paIiATa KOMIIO3UIIAS Ha IPEOOPA30BAHUS € U3ydaBaH B Pa3JjInd-
HY aCIIEKTH OT PeJIUIa aBTOPHU. EIHO YacTUYHO Ipeobpa3oBaHme (v ce HapHU4a 3ara3Ba-
o Hapeadara, ako oT T < Yy CJIe[iBa, Y6 T < Yy« 3a BCSIKO X,y OT JeUHUIIMOHHOTO
MHOXkKecTBO Ha «. O6ekT Ha pasriexkiaHe B HacTosmara pabora e monomma PO,
CBCTOSIII Ce OT BCMYKHU YACTUYHU 3ala3Baliy Hapeadara nmpeobpasoBanusi. Q4eBuIHO
PO,, e non-monouy va PT,. Hanmpasena e mbjHa KiacuduKaius Ha MAKCUMAJTHUTE
noanoyrpynu Ha monouga PO,,. JlokazaHo e, 9e ChbIIECTBYBAT IET PA3IUYHUA BUIA
MaKCHAMAJIHU TIOJIIIOJIYTPYIN Ha PA3IJIEXKTaHU MOHOU . BpOsIT HA BCUYKH MaKCUMAJI-
Hu nognoayrpynu Ha PO, e Touno 2" + 2n — 2.



