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QUASI-REGULAR SOLUTIONS FOR 3D EQUATIONS
OF TRICOMI AND KELDISH TYPES"

Tsvetan Hristov, Nedyu Popivanov, Manfred Schneider

Some 3D boundary value problems for equations of mixed type are studied. For equa-
tions of Tricomi type they are formulated by M. Protter in 1952 as three-dimensional
analogues of the plane Darboux or Cauchy-Goursat problems. It is well-known that
the new problems are strongly ill-posed. We formulate a new boundary value prob-
lem for equations of Keldish type and give a notion for quasi-regular solutions to this
problem and to one of Protter problems. Sufficient conditions for uniqueness of such
solution are found.

1. Introduction and statement of the problems. We study some 3D boundary
value problems for the equation

(1.1) Ly fu] =t ugy 0, + Uzgas| — Ut + D1y, + boty, + buy + cu = f,
where m € R, m > 0 and for the equation
(1.2) Lon[t] := gy 2, + Uayzy — (t™ug)s + cu = f,

with m € R, 0 < m < 2, expressed in Cartesian coordinates (z1, za,t).

Equation (1.1) for m > 0 is called of mixed type of the first kind (or Tricomi type)
and equation (1.2) for m > 0, is called of mixed type of the second kind (or Keldish
type).

We consider equation (1.1) in the simply connected region

2 m42 2 m2 .
t 2 <qJr?4+ai<l-— tz »CR?
2 xl +x2 m+2 Y

Q,, = {(Zl,lﬂg,t)i t >0, o

bounded by the disk Yo := {(z1,72,t) : t = 0, 22 + 23 < 1} centered at the origin
0(0,0,0) and the characteristic surfaces of (1.1):

m + 2

2 m+2
272”' = {(Zl,IQ,t)Zt>O, \/l‘%*l’l'%:m—wt 2 }
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The equation (1.2) is considered in

~ 2 2—m 2 2—m
Qmi{(l'l,l‘g,t)i t >0, 2_mt 2 <\/x%+x§<1—2_mt 2 }CRg.

The simply connected region €,, is bounded by the disc £y and the characteristic surfaces

of (1.2):
- / 2 2-m
E{”:{(xl,xg,t):t>0, l’%‘i’l’%:l*mt 2 },
.- T 2 aw
22 = ($1,$2,t)1t>0, xq +I2=mt 2 .

In the case of equation of Tricomi type the parabolic plane {t = 0} is nowhere tangential
plane for the characteristic surfaces 7" and X35 of (1.1). In the case of equation of
Keldish type for 0 < m < 2 at the points of {¢ = 0}, the plane {¢t = 0} is the tangential
plane of the characteristic surfaces X7 and 35 of (1.2) and for m > 2 the characteristic
surfaces do not intersect the plane {¢t = 0}.

In 1952 M. Protter formulated a new boundary value problems for equations of Triomi
type, which are 3D analogues of Darboux or Cauchy—Goursat problems in the plane.

Protter’s problems [16]. Find a solution of the equation

(1.3) LY [u] = t™ (U oy + Usgay) — Ust = f(21,20,1)
with one of the following boundary conditions
(1.4) P1™: UJlZoUZ{" =0, pP1m™* u|gouzv2n =0,
P2™ uZln :0,ut|20 :0, pP2m* ngt :0,ut|20 =0.

We mention here that the boundary conditions in problem P1™* (respectively P2™*)
are the adjoint boundary conditions to problem P1™ (respectively P2™) for the equation
(1.3) in Q.

For the wave equation (i.e. m = 0) in 1960 P. Garabedian [5] proved uniqueness
of the classical solution of Protter’s problem P1° in R*. In contrast to the 2D case,
the new problems P1™ and P2™ in R® are not well-posed, because each of them has
infinite-dimensional cokernel.

Theorem 1.1 [15]. For all m € R, m > 0, an integer n > 4 and ay,, b, arbitrary
constants, the functions
(00 1) = t _n{ 2 ( 2 >2tm+2}"*1fﬁ( b sinng)
_ _ in
Un,m\Q, P, 0 o mt2 Qn COSNY n S TP
are classical solutions of the homogeneous problem P1"™* for (1.3) and the functions
2 2 n—1+ 15
ey
Wnm(0,0,t) =0 "|0 s (

are classical solutions of the homogeneous problem P2™* for (1.3).

Gy, COS NP + by SinNY)

In order to avoid the infinitely many orthogonality conditions for classical solvability
of problem P1™ for equation (1.3) N. Popivanov and M. Schneider [15] introduced a new
class of generalized solutions and proved that such solution exists and it is unique, but
it has a very strong power-type singularity on the characteristic surface 3.

T. Hristov and N. Popivanon [6] investigate the third boundary value Protter problem
(with ulgm = 0 and [us + au][sp0 = 0, a € C*(56\0)) for equation (1.1) and proved
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that under analogue to the classical 2D Protter’s condition for lower order terms there
exists unique generalized solution, which has strong power-type singularity isolated at
the vertex of the inner characteristic surface X7*. In [14] they claimed the uniqueness of
quasi-regular solution to the same problem, but for equation with Chaplygin operator.

Khe Kan Cher [8] has found some non-trivial solutions for the homogeneous Problems
P1™* and P2™* but for Euler-Poison-Darboux equation.

S. A. Aldashev studied the Problems (1.4) for the equation (1.1) (see [1]), but he did
not mention any possible singular solutions. In [13] A. Orshubekov claimed the exis-
tence of nontrivial solutions to the Tricomi problem for degenerating multidimensional
mixed hyperbolic-parabolic type equations. About correctness of results of Aldashev and
Orshubekov see our comment in [7].

Some different statements of Darboux type problems in R3 or some connected with
them Protter problems for mixed type equations can be found in [2]-[4], [9]-[12].

In this paper we are interested in finding sufficient conditions for uniqueness of a
quasi-regular solution to the following Proter problem.

Problem P1™*. Find a solution of (1.1) in £2,, that satisfies the boundary condi-
tions

(1.5) uls,usy = 0.
We formulate here a new boundary value Problem PK for equation of Keldish type and
give notions for classical and quasi-regular solutions:
Problem PK. Find a solution of equation (1.2) that satisfies the boundary condition
u|iln =0.
It turns out that instead of both boundary conditions given in Problems P1™ and P2™
on ¥ U X7 for the Tricomi type equation (1.1), in the case of Keldish type equation

they reduced to only one condition given on X7*. That means, uniqueness theorem for
quasi-regular solutions of (1.2) holds if only u S = 0 is known.

2. Problem PK for equation of Keldish type. We begin with definition of a
classical solution to the new boundary value Problem PK.

Definition 2.1. We call a function u(xy,z2,t) € C? (Qm)ﬁC(ém) a classical solution
of Problem PK if u satisfies the equation Ly [u] = f in Qp,, the boundary condition
Ulgm = 0, and t™u; — 0, when t — 0.

The adjoint problem to the Problem PK is as follows:

Problem PK*. Find a solution of equation (1.2) in €, that satisfies the boundary
condition

Definition 2.2. We call a function u(x1,zs,t) € C* (Qm)ﬂC(f:Zm) a classical solution
of Problem PK* if u satisfies the equation Ly,[u] = f in Q,, and the boundary condition
Ulgm = 0, and t"u; — 0, when t — 0.

It is interesting that problem PK™* has infinite-dimensional kernel of smooth functions.

Lemma 2.3. For all m € R, 0 < m < 2, an integer n > N(m) and ay,,b, arbitrary
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constants, the functions

_ 2
(2-1) n,m = 0 " [02 - (m

are classical solutions of the homogeneous problem PK* with ¢ = 0.

2 9 n71+% .
) t _m} (an, cosngp + by, sinnep)

Lemma 2.3 shows that for the classical solvability of the Problem PK we have infi-
nitely many orthogonality conditions for the right-hand side function f.

Definition 2.4. We call the function u(zy,za,t) € C2(Qy) N C(lem) a quasi-reqular
solution of Problem PK if

(1) (@, w2,t) satisfies Lyn[u] = f in Qpn, ulg, = 0;

(2) If Qun () are regions with boundaries O () lying entirely in Q,,, then the surface
integrals along the surfaces 0, () which result from the application of Green’s
theorem to

///Qm(e) uLm[u] dr, ///@m(a> wLin[u] dr, ///Qm(e) Ug, Ly [u] dr, i = 1,2,

have limits when Qm(s) approaches the boundary of Q, for e — 0.

Theorem 2.5. The problem PK for equation (1.2), where 0 < m < 2, ¢ € Cl(flm),

fe C(S:)m) has at most one quasi-reqular solution in Q,, satisfying the boundary condi-
tion u|21n =0if

(2.2) 2¢c+ grad(c).ﬁ >0 in Qn,
where
(23) 5: (ﬂlaﬂQaﬂg) = <’Jll,l‘2, %t) .

Remark 2.6. If ¢(z,z,t) = 0 in ,,, then the condition (2.2) is obviously fulfilled
and the uniqueness Theorem 2.5 is satisfied.

3. Problem P1™* for equation of Tricomi type. Here we give a definition for
quasi-regular solution of the Protter problem P1™* for equation (1.1) and prove the
uniqueness of such solution.

Definition 3.1. We call a function u(x1,z2,t) € C*(Qp) N C(Qm) a quasi-regular
solution of problem P1™* for equation (1.1) if

(1) u(zy,x2,t) satisfies Lyy[u] = f in Qum, uls,usp =0

(2) If Q. (e) are regions with boundaries Oy, (e) lying entirely in Qy,, then the integrals
along O, (€) which result from the application of Green’s theorem to

// uLpy[u] dr, // s L [u] d, // Ug; L [u] d7y i =1,2,
Qm (e) Qm (e) Qm (e)

have limits when Q.,,(€) approaches the boundary of Q,, for e — 0.
We consider (1.1) in polar coordinates (g, ¢, t), where x; = pcosp, xo = psinp.
1 1
(3.1) Ly Jul =t™ <E(ng)g + Euw) — Ut + A1Up + QU + bug + cu = f.
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The coefficients a1, az depend on by, bs in an obvious way (a1 = by cos ¢ + by sin p, ag =
0 1 (b cosp — by sing)).

Here, for the sake of simplicity, we assume that all the coefficients of (3.1) depend
only on p and t.

Theorem 3.2. The Problem P1™* for equation
N

(3.2) Lyu] = Z{ (o, t) cosnp + £12 (o, )Slnmp}

n=0
where m > 0, m € R, N € NU{0}, a1, b € C*(Qn), ¢ € C*(Q) has at most one
quasi-reqular solution

u(o, ¢, t) = { (1)( )cosmeru( )(g, )sinmp}
0

i Qm, if as =0 and for all0 < n < N
ag >0, mt T 4ay +1t"0  H1Eb>0 in Q.

n

Hereby
1 _ m 2 m 0 __ m m-—2 mo—1 m
a =—ut™, at=-—ut2, 2a° =—pu Et 2 4a;+t"o " —t2by,
2 m+2 n2
=1-90— ——t"% R=clo,t) — —1™
I 0= ; c(o,t) 7

ago = —2a°R + (Ral)g + (RaQ)t — tmagg + atot + (ao(a1 + tmg_l))g + (aob)t.

Example 3.3. Consider the equation

1 1 k
Lo[u] = E(ng)g + ?“w —uge + b(0,t) (ug +ut) + ?U

(3.3) N
:Z{(l)( t)cosne + f (o, )smmp}

n=0
in Q,,, where k is a constant and N > 0.
If
(3.4) blo,t) >0, by+b <0, k>N?

then Theorem 3.2 gives that the problem P1%* for equation (3.3) has at most one quasi-
regular solution
N
9790; Z {u(l ga COSHCP+U$L2)(Q, t) Sinn(p}'

Remark 3.4. For k =0, b(p,t) =0, N > 1in (3.3) the condition agp > 0 in £y does
not hold and thus the uniqueness Theorem 3.2 is not valid. But this is already known,
since in this case infinite many of classical solutions of problem P1%* exist (see Theorem
1.1).
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KBASHUPEI'VJIAPHU PEIIEHNA HA TPUMEPHUN YPABHEHUA OT
TUITA HA TPUKOMM N TUITA HA KEJIJIWUIIT

IBeran . Xpucro, Heato Us. IlonuBanos, Maudpesn IIuaiinep

M3ydenn ca HAKOM TPUMEPHH TDAHUYHH 3349l 33 YPaBHEHHS OT CMECEH THIL. 3a
ypaBHeHMs OT Tuna Ha Tpukomu Te ca dopmyaupanu ot M. IIporep npes 1952, kato
TpUMepHH aHajio3u Ha 3ajaqdure Ha Jlapby mimm Komm-I'ypca B paBaumuara. lobpe
N3BECTHO €, Ue HOBHUTE 3aJa4u ca HeKopekTHH. Hue dbopmysnmpame HOBa rpaHuYHA
3a/a4a 3a ypaBHEHMsI OT THIla Ha Kesaumr u jaBaMe IOHSITHE 33 KBa3UPYTYJISIPHO
pellleHUe Ha Ta3W 33/1a49a U Ha eTHa oT 3a7a4dnte Ha IIporep. Hamepenu ca gnocrarbann
YCJIOBHUSI 3a €IMHCTBEHOCT HA TAKWBA PENIeHUs.
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