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p MICROLOCAL PROPERTIES FOR

MULTI-QUASI-ELLIPTIC PSEUDODIFFERENTIAL

OPERATORS

Gianluca Garello, Alessandro Morando

Abstract. In the present paper microlocal properties of a class of suit-
able Lp bounded pseudodifferential operators are stated in the framework of
weighted Sobolev spaces of Lp type. Applications to microlocal regularity of
solutions to multi-quasi-elliptic partial differential equations are also given.

1. Introduction. Consider the class of pseudodifferential operators with
standard quantization:

(1) a(x,D)u := (2π)−n
∫

eix·ξa(x, ξ)û(ξ) dξ,

where x · ξ =
∑n

j=1 xjξj, û is the Fourier transform of u ∈ C∞
0 (Ω), Ω is an open

subset of R
n and a(x, ξ) belongs to the class Smλ (Ω) of smooth symbols satisfying

for any compact set K ⊂⊂ Ω and all multi-indices α, β ∈ Z
n
+:

(2) sup
x∈K

|∂αξ ∂βxa(x, ξ)| ≤ cK,α,βλ(ξ)m− 1
µ
|α|, ξ ∈ R

n.

λ(ξ) is a continuous function with polynomial growth at infinitely, which satisfies

a slowly varying condition, that is 1/C ≤ λ(ξ)/λ(η) ≤ C when |ξ − η| ≤ cλ(ξ)
1
µ ,

for suitable µ,C, c > 0.
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Assume moreover that the symbol a(x, ξ) is elliptic in the generalized sense
|a(x, ξ)| > CKλ(ξ)m, for x in any compact set K ⊂⊂ Ω and |ξ| large. In the L2

framework, continuity, local solvability and regularity of solutions to pseudodif-
ferential equations, also in microlocal sense, are standard arguments, see R. Beals
[1], Rodino [10], Garello [4], and finally they may be in someway summarized in
the Weyl-Hörmander pseudodifferential calculus [8, Ch. 18].
On the other hand, as it is specified in the next inclusion (25), the symbols in
S0
λ(Ω) are a generalization of the Hörmander class S0

ρ,0(Ω), with ρ < 1, then as
well known the respective pseudodifferential operators are not Lp bounded for
p 6= 2.
A wide literature is devoted to the problem of Lp continuity of classical pseudodif-
ferential operators with ρ < 1, we quote here only the paper of Fefferman [3].
Following the arguments in Taylor [11], the authors in [6] consider the class
Mm
λ (Ω) of symbols satisfying ξγ∂γξ a(x, ξ) ∈ Smλ (Ω) when the components of

γ ∈ Z
n
+ are equal to zero or one. They state the Lp continuity for pseudodiffer-

ential operators of zero order and, in the generalized elliptic case, they show the
regularity of solutions to pseudodifferential equations, in the frame of λ weighted
Sobolev spaces of Lp type.

For introducing at this point the study of microlocal properties, the main
problem arises from the lack of any homogeneity of the weight λ(ξ) and the
presence of the multiplicative factor ξγ , which do not allow us to use in a suitable
way conic neighborhoods in R

n
ξ , as done in the classical definition of Hörmander

wave front set, see [8].
The focus point in the present paper is then to find suitable neighborhoods of a
set X ⊂ R

n
ξ , which allow us to construct useful microlocal properties. To this

aim the slowly varying condition is relaxed in the form expressed in the next
Definition 1.

In §2 the weight functions and the respective weighted symbols are introduced
and their main properties stated. Then in §3 the attention is focused on the in-
troduction of microlocal Sobolev regularity of weighted Lp type for a distribution
u ∈ D′(Ω). Here the construction of suitable neighborhoods of a set X in the
phase space R

n
ξ is carefully described.

In §4 the authors prove that the microlocal regularity is preserved under the ac-
tion of pseudodifferential operators in Mm

λ (Ω) and the solutions of the equations
a(x,D)u = f keep the same microlocal Sobolev regularity of the data f , clearly
with different order, when a(x,D) is λ-elliptic in microlocal sense.
In §5 applications to multi-quasi-elliptic equations are given.
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2. Weight Functions and Symbol Classes.

Definition 1 (Weight Functions). A continuous real valued map λ(ξ),
ξ ∈ R

n, is a weight function if there exist suitable constants µ ≥ µ1 ≥ µ0 > 0,
C ≥ 1 ≥ c > 0 such that, for any ξ, η ∈ R

n

1

C
(1 + |ξ|)µ0 ≤ λ(ξ) ≤ C (1 + |ξ|)µ1 ;(3)

1

C
≤

λ(η)

λ(ξ)
≤ C when

n
∑

j=1

|ξj − ηj |
(

λ(η)
1
µ + |ηj |

)−1
≤ c.(4)

We say that λ̃(ξ) is equivalent to λ(ξ), write λ ≍ λ̃, if
1

C
≤

λ(ξ)

λ̃(ξ)
≤ C, for some

C ≥ 1. It is trivial that λ̃(ξ) is again a weight function.
As the reader can easily verify, the elliptic weight of order m ∈ N, λm(ξ) :=
√

1 +
∑n

j=1 ξ2m
j , the quasi-elliptic weight of anisotropic order M = (m1, . . . ,mn),

mj ∈ N, infj mj ≥ 1, λM (ξ) :=
√

1 +
∑n

j=1 ξ
2mj

j , are weight functions. Other

examples will be given in the last Section.

Consider ξ, η ∈ R
n such that |ξj−ηj| ≤ ε

(

λ(η)
1
µ + |ηj |

)

, for any j = 1, . . . , n.

At least one among (i) |ξj − ηj | ≤ 2ελ(η)
1

µ or (ii) |ξj − ηj | ≤ 2ε|ηj | is surely

verified. In the case (i) with ε ≤
c

n
we obtain from (4), |ξj − ηj | ≤ 2εC

1
µ λ(ξ)

1
µ ≤

2εC
1
µ

(

λ(ξ)
1
µ + |ξj |

)

. When ε <
1

2
, we obtain from (ii) that (1− 2ε)|ηj | ≤ |ξj | ≤

(1 + 2ε)|ηj |. It then follows |ξj − ηj| ≤
2ε

1 − 2ε
|ξj | ≤

2ε

1 − 2ε

(

λ(ξ)
1
µ + |ξj |

)

.

For any 0 < ε < min

{

1

2
,
c

n

}

we can say that |ξj − ηj | ≤ H
(

λ(ξ)
1
µ + |ξj |

)

when

for any i = 1, . . . , n |ξi − ηi| ≤ ε
(

λ(η)
1
µ + |ηi|

)

, H = max

{

2ε

1 − 2ε
, 2εC

1
µ

}

.

Moreover, taking ξ, η as above, we have

λ(η)
1

µ + |ηj | ≤ λ(η)
1

µ + |ξj − ηj| + |ξj| ≤ (C
1

µ + H)λ(ξ)
1

µ + (H+1)|ξj |,

λ(ξ)
1
µ + |ξj| ≤ λ(ξ)

1
µ + |ξj − ηj| + |ηj | ≤ (C

1
µ + ε)λ(η)

1
µ + (ε+1)|ηj |.
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Taking now ε <
c

2n
, H = max

{

2ε

1 − 2ε
, 2εC

1

µ

}

, K = H + C
1

µ we can conclude:

(5)

1

K
≤

λ(ξ)
1
µ + |ξj|

λ(η)
1
µ + |ηj |

≤ K and |ξj − ηj | ≤ H
(

λ(ξ)
1
µ + |ξj|

)

,

when
n
∑

i=1

|ξi − ηi|
(

λ(η)
1
µ + |ηi|

)−1
≤ ε.

The following proposition is then immediately obtained.

Proposition 1. Set

(6) λj(ξ) := λ(ξ)
1
µ + |ξj |, j = 1, . . . , n.

Then the vector-valued function Λ(ξ) = (λ1(ξ), . . . λn(ξ)) is a weight vector in the
sense that there exist suitable constants ν1 ≥ ν0 > 0, K ≥ 1 ≥ k > 0 such that,
for any ξ ∈ R

n and j = 1, . . . , n

1

K
(1 + |ξ|)ν0 ≤ λj(ξ) ≤ K (1 + |ξ|)ν1 ;(7)

1

K
≤

λj(η)

λj(ξ)
≤ K when

n
∑

i=1

|ξi − ηi|λi(η)−1 ≤ k.(8)

For details on the weight vectors notation see Beals [1] and Rodino [10].

In the following we write λ(ξ) ≈ λ(η) in D ⊂ R
n if, for some C > 1,

1

C
≤

λ(η)

λ(ξ)
≤

C, when ξ, η ∈ D.

Definition 2 (Symbol Classes). We say that a(x, ξ) ∈ C∞(Ω × R
n) is a

symbol in Smλ (Ω), Ω open subset of R
n, m ∈ R, if for any compact K ⊂⊂ Ω,

α, β ∈ Zn+ and some positive constants cK,α,β:

(9) sup
x∈K

∣

∣

∣
∂αξ ∂βxa(x, ξ)

∣

∣

∣
≤ cK,α,βλ(ξ)m− |α|

µ , ξ ∈ R
n.

Moreover a(x, ξ) belongs to Mm
λ (Ω) if:

(10) ξγ∂γξ a(x, ξ) ∈ Smλ (Ω), for every γ ∈ K.

Here the set of multi-indices K := {0, 1}n ⊂ Z
n
+, is considered in such a way that

∂γξ are the derivatives made at most one time with respect to any components.
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Proposition 2. For any a(x, ξ) ∈ C∞(Ω × R
n), m ∈ R, the following prop-

erties are equivalent:

ξγ∂γξ a(x, ξ) ∈ Smλ (Ω), for any γ ∈ Z
n
+;(11)

sup
x∈K

|ξγ∂α+γ
ξ ∂βxa(x, ξ)| ≤ Cα,β,γ,Kλ(ξ)m− 1

µ
|α|, for any α, β, γ ∈ Z

n
+;(12)

sup
x∈K

|∂νξ ∂
β
xa(x, ξ)| ≤ Cν,β,Kλ(ξ)mΛ(ξ)−ν , for any ν, β ∈ Z

n
+.(13)

Here K is a generic compact subset of Ω, Cα,β,γ,K , Cν,β,K are suitable positive

constants and, with usual multi-index notation, Λ(ξ)−ν :=
n
∏

j=1
λj(ξ)

−νj .

The equivalence of conditions (11) and (12) is still true when γ ∈ K.

P r o o f. The equivalence of conditions (11), (12) is proved in [6, Proposition
3.4].
(12) ⇒ (13): For an arbitrarily fixed vector ξ ∈ R

n, we set

(14)
J1 = J1(ξ) := {j ∈ {1, . . . , n} : |ξj| > λ(ξ)

1

µ } ,

J2 = J2(ξ) := {1, . . . , n} \ J1(ξ).

Moreover, we can split any multi-index ν ∈ Z
n
+ in ν = α+γ, with α = α(ξ) ∈ Z

n
+

and γ = γ(ξ) ∈ Z
n
+ defined by

(15) αj :=

{

νj , j ∈ J2

0 , otherwise
γj :=

{

0 , j ∈ J2

νj , otherwise .

By considering now α, γ ∈ Z
n
+, defined as in (15), β ∈ Z

n
+ and K ⊂⊂ Ω, the

estimate (12) reads:

(16)
∏

j∈J1

|ξj |
νj |∂νξ ∂

β
xa(x, ξ)| ≤ C̃α,β,γ,Kλ(ξ)m

∏

j∈J2

λ(ξ)−
νj
µ , ∀x ∈ K ,

where C̃α,β,γ,K is a suitable positive constant.
For any j ∈ J1 we get 2|ξj | > λj(ξ), hence

(17)
∏

j∈J1

|ξj |
νj ≥

∏

j∈J1

1

2νj
λj(ξ)

νj .
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Similarly, for j ∈ J2 we have λj(ξ) ≤ 2λ(ξ)
1
µ , hence

(18)
∏

j∈J2

λ(ξ)
−

νj
µ ≤

∏

j∈J2

2νjλj(ξ)
−νj .

Since α = α(ξ) and γ = γ(ξ), at a first glance the constant C̃α,β,γ,K involved in
(16) seems to depend on ξ. However for any fixed ν, β and K, the trivial estimate
C̃α,β,γ,K ≤ max

α+γ=ν
{Cα,β,γ,K}, where Cα,β,γ,K are the constants involved in (12),

shows that C̃α,β,γ,K is independent of ξ.
Then (13) follows at once, collecting (16), (17) and (18).
(13) ⇒ (12): for given α, β, γ and K, the estimate (13) with ν = α + γ gives

(19) |∂α+γ
ξ ∂βxa(x, ξ)| ≤ Cα+γ,β,Kλ(ξ)mΛ(ξ)−α−γ .

Then (12) follows from the trivial inequality: |ξγ |Λ(ξ)−α−γ ≤ λ(ξ)−
|α|
µ . �

Remark. Consider for m ∈ R the class SmΛ (Ω) of smooth symbols a(x, ξ)
such that for any K ⊂⊂ Ω

(20) sup
x∈K

|∂νξ ∂
β
xa(x, ξ)| ≤ cν,β,Kλ(ξ)mΛ(ξ)−ν ν, β ∈ Z

n
+.

Then Proposition 2 easily shows that

(21) SmΛ (Ω) ⊂ Mm
λ (Ω).

SmΛ (Ω) are particular cases of the symbol classes studied in [1], [10], [4] [9].
Moreover by means of Proposition 2, Mm

λ (Ω) may be identified with the symbol

class Mm
ρ,λ(Ω), with ρ = 1

µ , introduced in [6]. Again Mm
ρ,〈ξ〉(Ω), 〈ξ〉 =

√

1 + |ξ|2,

0 < ρ ≤ 1, are the Taylor symbol classes Mm
ρ (Ω), see [11, Ch. XI, §4]. Notice at

the end that Mm
〈ξ〉(Ω) is exactly the standard Hörmander symbol class Sm1,0(Ω).

Proposition 3. Any weight function λ(ξ) admits an equivalent smooth weight
function λ̃(ξ) ∈ M1

λ(R
n).

P r o o f. For fixed ε > 0, in the set of smooth compactly supported functions
C∞

0 (Rn), consider a non negative ϕ(ζ) such that |ζj | ≤ ε in supp ϕ(ζ) and

ϕ(ζ) = 1 when |ζj | ≤
ε

2
, j = 1, . . . , n. Assuming λj(ξ) as in (6) set:

Φ(ξ, η) := ϕ

(

ξ1 − η1

λ1(η)
, . . . ,

ξn − ηn
λn(η)

)

,
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Notice now that Φ(ξ, η) is supported in the set where, for any j = 1, . . . , n,

|ξj − ηj| ≤ ελj(η) and it is identically equal to 1 when |ξj − ηj | ≤
ε

2
λj(η). Then,

assuming ε <
k

2n
and ξ, η in supp Φ(ξ, η), (5) assures that, for some K,H > 0,

1

K
≤

λj(η)

λj(ξ)
≤ K and |ξj − ηj| ≤ Hλj(ξ), j = 1, . . . , n .

The same is true when Φ(ξ, η) = 1 by changing the constant H with a suitable
smaller one H̃. Then

∫

Φ(ξ, η) dη ≤ ‖ϕ‖∞

∫

χB(ξ)(ξ − η) dη = (2H)n‖ϕ‖∞

n
∏

j=1

λj(ξ),

∫

Φ(ξ, η) dη ≥

∫

χB̃(ξ)(ξ − η) dη = (2H̃)n
n
∏

j=1

λj(ξ).

χB(ξ) is the characteristic function of the cube B(ξ) =
∏n
j=1 [−Hλj(ξ),Hλj(ξ)]

and χB̃(ξ) is the same for the cube B̃(ξ) obtained by changing H with H̃. It then

follows that
∫

Φ(ξ, η) dη ≍
n
∏

j=1
λj(ξ). Set now:

(22) λ̃(ξ) =

∫

λ(η)Φ(ξ, η)

n
∏

j=1

λj(η)−1 dη.

Since for ε <
c

2n
and any j = 1, . . . , n, |ξj − ηj | ≤ ελj(η) in supp Φ(ξ, η), it

follows from (4) and (8), λ(η) ≈ λ(ξ) and λj(η) ≈ λj(ξ), for any j = 1, . . . , n,
then λ̃(ξ) ≍ λ(ξ). Moreover λ̃(ξ) is obviously smooth and for any ν ∈ Z

n
+:

(23) ∂ν λ̃(ξ) =

∫

λ(η)∂νζ ϕ

(

ξ1 − η1

λ1(η)
, . . . ,

ξn − ηn
λn(η)

) n
∏

j=1

λj(η)−νj−1 dη.

Since supp ∂νζ ϕ ⊂ supp ϕ, we obtain, for some positive constant M :

(24) |∂ν λ̃(ξ)| ≤ Mλ̃(ξ)Λ(ξ)−ν ,

which concludes the proof in view of Proposition 2, see also (21). �
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For any m ∈ R we have the following relations with the usual Hörmander
symbol classes Smρ,δ(Ω) [8]:

Shµ1
µ
,0
(Ω) ⊂ Smλ (Ω) ⊂ Skµ0

µ
,0
(Ω), h(k) = min(max){mµ0,mµ1};(25)

Sm−N0

λ (Ω) ⊂ Mm
λ (Ω) ⊂ Smλ (Ω), N0 = n

(

1

µ0
−

1

µ

)

;(26)

⋂

m∈R

Mm
λ (Ω) =

⋂

m∈R

Smλ (Ω) =
⋂

m∈R

Sm0,0(Ω) := S−∞(Ω).(27)

Generally speaking we say that two symbols a(x, ξ), b(x, ξ) in some of the previous
classes are equivalent if a(x, ξ) − b(x, ξ) ∈ S−∞(Ω) (we write a(x, ξ) ∼ b(x, ξ)).
Let now {aj}

∞
j=1 be a sequence of symbols aj(x, ξ) ∈ S

mj

λ (Ω)(M
mj

λ (Ω)) such that

mj > mj+1, mj
j→∞
−→ −∞. Then there exists a symbol a(x, ξ) ∈ Sm1

λ (Ω)(Mm1

λ (Ω))
such that

(28) a(x, ξ) ∼
∞
∑

j=1

aj(x, ξ),

where (28) means in particular a(x, ξ) −
∑

j<N
aj(x, ξ) ∈ SmN

λ (Ω)(MmN

λ (Ω)).

Here and in the following we can refer to [11] and [6] for omitted proofs and
details.

We denote with Smλ (Ω) (Mm
λ (Ω)) the class of pseudodifferential operators

introduced in (1) with symbols in Smλ (Ω) (Mm
λ (Ω)).

Recall that a pseudodifferential operator is said properly supported provided that
it maps C∞

0 (Ω) to E ′(Ω) and the same happens for its transposed, hence a(x,D) :
C∞(Ω) 7→ D′(Ω). For any a(x, ξ) ∈ Smλ (Ω) (Mm

λ (Ω)) there exists a′(x, ξ) ∈
Smλ (Ω) (Mm

λ (Ω)) such that a′(x,D) is properly supported and a′(x, ξ) ∼ a(x, ξ).
For the classes of properly supported pseudodifferential operators with symbols

respectively in Smλ (Ω) (Mm
λ (Ω)), we use the notation S̃mλ (Ω)

(

M̃m
λ (Ω)

)

.

Proposition 4 (Symbolic Calculus). For any m,m′ ∈ R, consider the op-
erators a(x,D) ∈ Mm

λ (Ω), b(x,D) ∈ M̃m′

λ (Ω). Then c(x,D) := b(x,D)a(x,D) ∈

Mm+m′

λ (Ω) and moreover:

(29) c(x, ξ) ∼
∑

α

1

α!
∂αξ b(x, ξ)Dα

xa(x, ξ), Dα = (−i)α∂α.
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Definition 3 (Sobolev Spaces). For s ∈ R and 1 < p < ∞ , we define the
spaces:

Hs,p
λ :=

{

u ∈ S ′(Rn) ; λ(D)su ∈ Lp(Rn)
}

;(30)

Hs,p
λ,loc(Ω) :=

{

u ∈ D′(Ω) ; ϕu ∈ Hs,p
λ for any ϕ ∈ C∞

0 (Ω)
}

;(31)

Hs,p
λ,comp(Ω) := Hs,p

λ ∩ E ′(Ω).(32)

Proposition 5. Consider a(x, ξ) ∈ Mm
λ (Ω), m ∈ R. Then for any 1 < p <

∞, s ∈ R

(33) a(x,D) : Hs+m,p
λ,comp(Ω) 7→ Hs,p

λ,loc(Ω), continuously.

If moreover a(x,D) is properly supported,

a(x,D) : Hs+m,p
λ,loc (Ω) 7→ Hs,p

λ,loc(Ω), continuously;(34)

a(x,D) : Hs+m,p
λ,comp(Ω) 7→ Hs,p

λ,comp(Ω), continuously.(35)

We say that a symbol a(x, ξ) ∈ Smλ (Ω) is λ-elliptic if for every compact set
K ⊂⊂ Ω there exist two positive constants CK , RK such that:

(36) |a(x, ξ)| ≥ CKλ(ξ)m, when x ∈ K, |ξ| ≥ RK .

Proposition 6. Consider a(x, ξ) ∈ Mm
λ (Ω) λ-elliptic symbol. Then there ex-

ists a properly supported operator b(x,D) ∈ M̃−m
λ (Ω) such that b(x,D)a(x,D) =

identity + r(x,D), where r(x, ξ) ∈ S−∞(Ω).

We conclude the Section with the following

Proposition 7. Let a(x, ξ) ∈ Mm
λ (Ω) be a λ-elliptic symbol. For 1 < p < ∞

and s ∈ R assume that a(x,D)u ∈ Hs,p
λ,loc(Ω) and u ∈ E ′(Ω), then u ∈ Hs+m,p

λ,comp(Ω).
If moreover a(x,D) is assumed properly supported and u ∈ D′(Ω), we obtain that
u ∈ Hs+m,p

λ,loc (Ω).

3. Microlocal Properties in M
m
λ

.

Definition 4. We say that a(x, ξ) ∈ Mm
λ (Ω) is λ-microelliptic in X ⊂ R

n
ξ at

the point x0 ∈ Ω if for some positive constants M,R:

(37) |a(x0, ξ)| ≥ Mλm(ξ), when ξ ∈ X, |ξ| > R.
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Define now the λ-neighborhood of X ⊂ R
n with length ε > 0 as:

(38) Xελ :=
⋃

ξ0∈X

{

|ξj − ξ0
j | < ελj(ξ

0), for j = 1, . . . , n
}

.

Moreover for x0 ∈ Ω we introduce:

(39) X(x0) := {x0} × X, Xελ(x0) := Bε(x0) × Xελ,

where Bε(x0) is the open ball centered at x0 with radius equal to ε.

Remark. Consider 0 < ε∗ <
k

2n
and ξ ∈ (Xε∗λ)ε∗λ. Then for some ξ1 ∈ Xε∗λ

and ξ0 ∈ X we have |ξj − ξ0
j | ≤ |ξj − ξ1

j | + |ξ1
j − ξ0

j | < ε∗λj(ξ
1) + ε∗λj(ξ

0) ≤

2Kε∗λj(ξ
0), for any j = 1, . . . n. Then for any fixed X ⊂ R

n and ε > 0:

(40) (Xε∗λ)ε∗λ ⊂ Xελ, for ε∗ < min

{

k

2n
,

ε

2K

}

.

Fix now ε > 0, let ε∗ satisfy (40) and consider, for ε◦ <
k

2n
, ξ ∈ (Rn \ Xελ)ε◦λ ⊂

(Rn \ (Xε∗λ)ε∗λ)ε◦λ. So for some ξ1 ∈ (Rn \ (Xε∗λ)ε∗λ) and any j = 1, . . . , n:
|ξj − ξ1

j | < ε◦λj(ξ
1) ≤ Kε◦λj(ξ). Assuming now Kε◦ ≤ ε∗ we can verify that ξ

cannot belong to Xε∗λ, since for any ζ ∈ Xε∗λ and some j = 1, . . . , n |ξ1
j − ζj| ≥

ε∗λj(ζ). Since R
n \ Xε∗λ ⊂ R

n \ Xε◦λ we conclude that for any fixed ε > 0:

(41) (Rn \ Xελ)ε◦λ ⊂ R
n \ Xε◦λ, for ε◦ < min

{

k

2Kn
,

ε

2K2

}

.

Proposition 8. Any symbol a(x, ξ) ∈ Mm
λ (Ω), λ-microelliptic in X ⊂ R

n
ξ at

the point x0 ∈ Ω, satisfies the same property in Xελ(x0), for suitable ε > 0, that
is for some M,R > 0:

(42) |a(x, ξ)| ≥ Mλ(ξ)m, for (x, ξ) ∈ Xελ(x0), |ξ| > R.

P r o o f. Consider a(x, ξ) ∈ Mm
λ (Ω) λ-microelliptic in X ⊂ R

n at the point
x0 ∈ Ω and fix an arbitrary point ξ0 ∈ X. For (x, ξ) ∈ Xελ(x0) set (xt, ξ

t) :=
((1 − t)x0 + tx, (1 − t)ξ0 + tξ), |t| ≤ 1. Since |ξtj − ξ0

j | = |t||ξj − ξ0
j |, j = 1, . . . , n,

it follows from of (4), (5) and ε <
c

2n
: λ(ξ) ≈ λ(ξt) ≈ λ(ξ0), and the same for

λj(ξ), j = 1, . . . , n.
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By means of Taylor expansion we have, for any (x, ξ) ∈ Xελ(x0):

|a(x, ξ) − a(x0, ξ
0)| ≤

∑n
j=1 |x

j − xj0||∂xj a(xt, ξ
t)| + |ξj − ξ0

j ||∂ξj a(xt, ξ
t)| ≤

≤ nc1ελ(ξt)m + ε
∑n

j=1 λj(ξ
0)|∂ξja(xt, ξ

t)| ≤

≤ nc1ελ(ξt)m + Kε
∑n

j=1 λj(ξ
t)|∂ξja(xt, ξ

t)| ≤

≤ nc1ελ(ξt)m + Knc1ελ(ξt)
1
µ λ(ξt)

m− 1
µ + Kε

∑n
j=1 |ξ

t
j∂ξja(xt, ξ

t)| ≤

≤ 3Knc1ελ(ξt)m ≤ 3KC |m|nc1ελ(ξ0)m,

where C,K, c1 are respectively the positive constants in (4), (8), (9). Since, for

suitable M,R > 0, |a(x0, ξ
0)| ≥ Mλ(ξ0)m when |ξ0| > R, considering 0 < ε <

c

2n
such that r = 3KC |m|nc1ε < M and suitable R̃ > 0, we obtain for any (x, ξ) ∈

Xελ(x0), |ξ| > R̃: |a(x, ξ)| ≥ (M − r)λ(ξ0)m ≥
M − r

C |m|
λ(ξ)m, which ends the

proof. �

We can notice that the class S0
Λ(Ω) defined in (20) is exactly the symbol

class S0
Ψ(Ω) considered in [10], by setting Ψ(ξ) = (λ1(ξ), . . . , λn(ξ)). Then the

following Lemma can be obtained from [10, Lemma 1.10] and (21). For sake of
completeness we provide however a detailed outline of the proof.

Lemma 1. Fix ε > 0 and X ⊂ R
n. Then there exists σ(ξ) ∈ M0

λ(R
n) such

that supp σ ⊂ Xελ and σ(ξ) = 1 when ξ ∈ Xε′λ, for suitable 0 < ε′ < ε.

P r o o f. Fix ε > 0 and X ⊂ R
n, then by means of (40), (41) we can find

0 < ε′ < ε/2 such that

(43)
(

R
n \ Xε/2λ

)

ε′λ
∩ (Xε′λ)ε′λ = ∅ .

Let u be the characteristic function of the set (Xε′λ)ε′λ and take ϕ ∈ C∞
0 (Rn)

such that

∫

ϕ(t)dt = 1 and suppϕ ⊆

[

−
1

2
,
1

2

]n

. Then we set

(44) σ(ξ) :=
1

ε′ n
∏n
j=1 c−1

j λ̃j(ξ)

∫

u(η)ϕ

(

c1(ξ1 − η1)

ε′λ̃1(ξ)
, . . . ,

cn(ξn − ηn)

ε′λ̃n(ξ)

)

dη .

For each integer 1 ≤ j ≤ n the function λ̃j(ξ) is defined by (22), where the
weight-function λ(ξ) is replaced by λj(ξ) introduced in (6) and cj is some positive
constant such that

(45)
1

cj
λj(ξ) ≤ λ̃j(ξ) ≤ cjλj(ξ) , ∀ ξ ∈ R

n .
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Arguing as in the proof of Proposition 3, it tends out that for any α ∈ Z
n
+ and

1 ≤ j ≤ n there exists a constant Cα,j > 0 such that

(46) |∂αξ λ̃j(ξ)| ≤ Cαλ̃j(ξ)Λ̃(ξ)−α , ∀ ξ ∈ R
n,

where Λ̃(ξ) = (λ̃1(ξ), . . . , λ̃n(ξ)).
Let us show, firstly, that σ belongs to the symbol class M0

λ(Rn). Actually, we will
prove a little more, namely that σ ∈ S0

Λ(Rn) ⊂ M0
λ(Rn), see (21). For a given

multi-index α ∈ Z
n
+, Leibniz’s formula and differentiation under the integral sign

give

(47) ∂αξ σ(ξ) = ε
′ −n

∑

C∂β
1

ξ λ̃1(ξ)
−1 . . . ∂β

n

ξ λ̃n(ξ)
−1

∫

u(η)∂νξ (ϕ (ζ(ξ, η))) dη ,

where the vector valued function ζ(ξ, η) :=

(

c1(ξ1 − η1)

ε′λ̃1(ξ)
, . . . ,

cn(ξn − ηn)

ε′λ̃n(ξ)

)

is

introduced. Moreover the sum in the right-hand side of (47) is performed over
all sets {β1, . . . , βn, ν} of n+1 multi-indices such that β1 + · · ·+βn+ν = α, and
the positive constants C only depends on the multi-indices α, ν, β1, . . . , βn.
Faà di Bruno’s formula and (46) easily give

(48) |∂β
j

ξ λ̃j(ξ)
−1| ≤ Cβj λ̃j(ξ)

−1Λ̃(ξ)−β
j

, ∀ ξ ∈ R
n ,

for each index 1 ≤ j ≤ n a suitable constants Cβj .
On the other hand, again by Faà di Bruno’s formula we compute for ν 6= 0

(49)

∂νξ (ϕ (ζ(ξ, η))) =
∑

0<|δ|≤|ν|

(∂δϕ) (ζ(ξ, η))×

∑

ν1+···+ν|δ|=ν

Cν,δ,ν1,...,ν|δ|∂
ν1

ξ

(

c1(ξ1 − η1)

ε′λ̃1(ξ)

)

. . . ∂ν
δ1

ξ

(

c1(ξ1 − η1)

ε′λ̃1(ξ)

)

. . .

. . . ∂ν
δ1+···+δn−1+1

ξ

(

cn(ξn − ηn)

ε′λ̃n(ξ)

)

. . . ∂ν
|δ|

ξ

(

cn(ξn − ηn)

ε′λ̃n(ξ)

)

,

where, for each δ ∈ Z
n
+ such that 0 < |δ| ≤ |ν|, the second sum in the right-hand

side of (49) is performed over all sets {ν1, . . . , ν |δ|} of multi-indices νJ 6= 0, for
1 ≤ J ≤ |δ|, such that ν1 + · · · + ν |δ| = ν, with Cν,δ,ν1,...,ν|δ| > 0.
Once again, Leibniz’s rule and (48) yield that for each 1 ≤ j ≤ n and ν ∈ Z

n
+

there exists a constant Cν,j > 0 such that

(50)

∣

∣

∣

∣

∣

∂νξ

(

ξj − ηj

λ̃j(ξ)

)∣

∣

∣

∣

∣

≤ Cν,j

(

|ξj − ηj |

λ̃j(ξ)
+ 1

)

Λ̃(ξ)−ν , ∀ ξ ∈ R
n .
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From (49), (50) we then get

(51)

∣

∣

∣

∣

∫

u(η)∂νξ (ϕ (ζ(ξ, η))) dη

∣

∣

∣

∣

≤ CνΛ̃(ξ)−ν
∑

0<|δ|≤|ν|

∫

∣

∣

∣∂δϕ (ζ(ξ, η))
∣

∣

∣

n
∏

j=1

(

cj|ξj − ηj |

ε′λ̃j(ξ)
+

1

ε′

)δj

dη

≤ Cνε
′ n

n
∏

j=1

c−1
j λ̃j(ξ)Λ̃

−ν(ξ)
∑

0<|δ|≤|ν|

(

1 +
1

ε′

)|δ| ∫

|∂δϕ(ζ)|dζ

≤ Cν,εε
′ n

n
∏

j=1

c−1
j λ̃j(ξ)Λ̃

−ν(ξ) , ∀ ξ ∈ R
n ,

where the change of variables ζ = ζ(ξ, η) has been performed under the integral
in the second line above. Finally, from (47), (48), (51) it follows that

(52) |∂ασ(ξ)| ≤ Cα,ε′Λ̃
−α(ξ) , ∀ ξ ∈ R

n ,

with Cα,ε′ > 0, which in view of (45) proves that σ ∈ S0
Λ(Rn).

Now for proving that σ vanishes identically on R
n \ Xελ, consider ξ ∈ R

n and

set for simplicity gξ(η) := ϕ

(

c1(ξ1 − η1)

ε′λ̃1(ξ)
, . . . ,

cn(ξn − ηn)

ε′λ̃n(ξ)

)

. In view of (45) we

have that

(53)
supp gξ ⊆

{

η ∈ R
n : |ηj − ξj| <

ε′

2cj
λ̃j(ξ) , 1 ≤ j ≤ n

}

⊆
{

η ∈ R
n : |ηj − ξj| < ε′λj(ξ) , 1 ≤ j ≤ n

}

.

For ξ ∈ R
n \ Xελ it follows that supp gξ ⊆ (Rn \ Xελ)ε′λ (cf. (38)), hence we

obtain from (43) that σ(ξ) = 0 for any ξ ∈ R
n \ Xελ.

It follows that σ is identically one on Xε′λ observing that from (53) we get
supp gξ ⊆ (Xε′λ)ε′λ, as long as ξ ∈ Xε′λ. Thus for ξ ∈ Xε′λ, passing once again

to the new integration variables ζj =
cj(ξj − ηj)

ε′λ̃j(ξ)
in (44) and using that u = 1 on

(Xε′λ)ε′λ we obtain at once that σ(ξ) =
∫

ϕ(ζ) dζ = 1 . �

Consider χ0 ∈ C∞
0 (Ω) such that supp χ0 ⊂ Bε(x0) and χ0(x) = 1 when

x ∈ Bε′(x0). Then by means of the previous Lemma, for any x0 ∈ Ω, X ⊂ R
n

and ε > 0 we can construct τ0(x, ξ) = χ0(x)σ(ξ) such that:

(54) τ0(x, ξ) ∈ M0
λ(Ω), supp τ0 ⊂ Xελ(x0), τ0(x, ξ) = 1 in Xε′λ(x0).
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Definition 5. A symbol a(x, ξ) ∈ Smλ (Ω), m ∈ R is said to be rapidly de-
creasing in Θ ⊂ Ω×R

n if there exists a0(x, ξ) ∈ Smλ (Ω) such that a(x, ξ) ∼ a0(x, ξ)
and a0(x, ξ) = 0 in Θ

Theorem 1. For m ∈ R, x0 ∈ Ω, X ⊂ R
n, consider a(x,D) ∈ M̃m

λ (Ω)
whose symbol is λ-microelliptic in X(x0). Then there exists b(x,D) ∈ M̃−m

λ (Ω)
such that

(55) b(x,D)a(x,D) = identity + c(x,D),

where c(x, ξ) ∈ M0
λ(Ω) is rapidly decreasing in Xrλ(x0) for some some r > 0.

P r o o f. It is not restrictive to assume that λ(D)−m ∈ M−m(Ω) is properly
supported. Then multiplying a(x,D) by λ(D)−m we are reduced to the case
m = 0.
Assuming then a(x, ξ) ∈ M0

λ(Ω) λ-microelliptic in X(x0) and using Proposition
8 we can find ε > 0 such that a(x, ξ) is still λ-microelliptic in Xελ(x0). Take now
τ0 ∈ M0

λ(Ω) as in (54) and set

(56) b0(x, ξ) :=







τ0(x, ξ)

a(x, ξ)
for (x, ξ) ∈ Xελ(x0),

0 otherwise.

Since a(x, ξ) satisfies (42), b0(x, ξ) is well defined for large |ξ| and moreover it
belongs to M0

λ(Ω), see [6, Lemma 6.3] .
Then arguing by recurrence, consider for j = 1, 2, . . .

b−j(x, ξ) :=







−
∑

0<|α|≤j

1
α!∂

α
ξ b−j+|α|(x, ξ)

Dα
xa(x, ξ)

a(x, ξ)
, for (x, ξ) ∈ Xελ(x0),

0 otherwise.

For large |ξ|, b−j(x, ξ) is well defined, it belongs to M−j
λ (Ω) and it is supported in

Xελ(x0). Using then standard arguments we can construct b(x, ξ) ∼
∑

j≥0
b−j(x, ξ)

in such a way that b(x,D) ∈ M̃0
λ(Ω). Notice now that, thanks to (29), the symbol

c1(x, ξ) of the product b(x,D)a(x,D) realizes to be equivalent to τ0(x, ξ), then
the symbol c(x, ξ) of the operator b(x,D)a(x,D)− identity belongs to M0

λ(Ω) and
it is rapidly decreacreasing in Xrλ(x0) for any 0 < r ≤ ε′, assuming ε′ as in (54).
The proof is then concluded �
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Proposition 9. For x0 ∈ Ω, X ⊂ R
n, u ∈ D′(Ω), s ∈ R, 1 < p < ∞, the

following properties are equivalent:

i) there exists a(x,D) ∈ M̃0
λ(Ω) with symbol a(x, ξ) λ-microelliptic in X(x0),

such that a(x,D)u ∈ Hs,p
λ,loc(Ω);

ii) σ(D)(φu) ∈ Hs,p
λ for some φ ∈ C∞

0 (Ω), φ(x0) = 1 and σ ∈ M0
λ(R

n), such
that supp σ ⊂ Xελ, σ(ξ) = 1 when ξ ∈ Xε′λ, for suitable ε > ε′ > 0.

P r o o f. Assume that a(x,D) and u satisfy the assumptions in i). Then there
exists b(x,D) ∈ M̃0

λ(Ω) such that b(x,D)a(x,D) = identity + c(x,D), where the
symbol c(x, ξ) ∈ M0

λ(Ω) is rapidly decreasing in Xελ(x0), for some 0 < ε < 1.
Then:

(57) u = b(x,D)a(x,D)u − c(x,D)u.

Using Lemma 1 we can consider, for suitable 0 < ε′ < ε, σ ∈ M0
λ(R

n) such
that suppσ ⊂ Xελ, σ(ξ) = 1 in Xε′λ and φ ∈ C∞

0 (Ω), with suppφ ⊂ Bε(x0),
φ(x0) = 1. Then

(58) σ(D)(φu) = σ(D)φ(x)b(x,D)a(x,D)u − σ(D)φ(x)c(x,D)u.

Since a(x,D)u ∈ Hs,p
λ,loc(Ω), from (34) we obtain σ(D)φ(x)b(x,D)a(x,D)u ∈ Hs,p

λ .

Assuming now c(x,D) properly supported we can find φ̃(x) ∈ C∞
0 (Ω) such that

φ(x)c(x,D)u = φ(x)c(x,D)(φ̃u). Moreover for some c0(x, ξ) ∈ M0
λ(Ω) supported

in (Ω×R
n) \Xελ(x0) we have c(x, ξ) = c0(x, ξ)+ ρ(x, ξ), with ρ(x, ξ) ∈ S−∞(Ω).

Consider now the operator d(x,D) = σ(D)φ(x)c0(x,D), whose symbol obtained

by (29) is d(x, ξ) ∼
∑

α

1

α!
∂αξ σ(ξ)Dα

x (φ(x)c0(x, ξ)). Observe that: ∂αξ σ(ξ) = 0

when ξ /∈ Xελ; c0(x, ξ) = 0 when ξ ∈ Xελ and x ∈ Bε(x0); φ(x) = 0 when ξ ∈ Xελ

and x /∈ Bε(x0). Then ∂αξ σ(ξ)Dα
x (φ(x)c0(x, ξ)) = 0, thus d(x, ξ) ∈ S−∞(Ω).

Observing that σ(D)(φ(x)c(x,D)u) = d(x,D)(φ̃u) + σ(D)(φ(x)ρ(x,D)(φ̃u)), we
conclude that ii) follows from i).
Consider now ii) satisfied by σ ∈ M0

λ(R
n), φ ∈ C∞

0 (Ω) and take a(x,D) ∈ M̃0
λ(Ω)

equivalent to the operator σ(D)φ(x). Since a(x, ξ) ∼
∑

α

1

α
∂αξ σ(ξ)Dα

xφ(x) realizes

to be λ-microelliptic in X(x0), i) easily follows. �

Definition 6. For X ⊂ R
n we say that that u ∈ D′(Ω) is λ microlocally

regular in X at the point x0 ∈ Ω, we write u ∈ Hs,p
λ X(x0), if one of the equivalent

properties in Proposition 9 is satisfied.
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4. Microlocal Sobolev Continuity and Regularity.

Theorem 2. Let x0 ∈ Ω and X ⊂ R
n be given. Then for every m, s ∈

R, p ∈]1,+∞[, a(x,D) ∈ M̃m
λ (Ω) and u ∈ Hs+m,p

λ X(x0) one has a(x,D)u ∈
Hs,p
λ X(x0).

P r o o f. From Proposition 9, we know there exists an operator b(x,D) ∈
M̃0

λ(Ω) with symbol λ−microelliptic in X at x0 ∈ Ω, such that b(x,D)u ∈
Hs+m,p
λ,loc (Ω). From Theorem 1 there also exists an operator c(x,D) ∈ M̃0

λ(Ω)
such that

(59) c(x,D)b(x,D) = identity + ρ(x,D),

where ρ(x, ξ) ∈ M0
λ(Ω) is rapidly decreasing in Xrλ(x0) for some 0 < r < 1.

Using (41), 0 < r∗ < r may be chosen in such a way that

(60) (Rn \ Xrλ)r∗λ ⊂ R
n \ Xr∗λ .

By means of Lemma 1 we can consider a symbol σ = σ(ξ) ∈ M0
λ(R

n), satisfying
suppσ ⊂ Xr∗λ, σ = 1 on Xr′λ, for a suitable 0 < r′ < r∗, and define as in (54)
a symbol τ0(x, ξ) = χ0(x)σ(ξ), with χ0(ξ) ∈ C∞

0 (Ω) supported in Br∗(x0) and
identically equal to one on Br′(x0). Of course, one has that

(61) supp τ0 ⊂ Xr∗λ(x0) and τ0 = 1 on Xr′λ(x0) .

Let τ(x,D) be a properly supported operator in M̃0
λ(Ω) such that τ(x, ξ) ∼

τ0(x, ξ) and set θ0(x, ξ) := τ(x, ξ) − τ0(x, ξ) ∈ S−∞(Ω). It turns out that the
symbol τ(x, ξ) is λ−microelliptic in X(x0); indeed for (x, ξ) ∈ Xr′λ(x0) one has:

(62) |τ(x, ξ)| ≥ |τ0(x, ξ)| − |θ0(x, ξ)| = 1 − c0λ
−1(ξ) ≥ 1/2 , if |ξ| > R0 ,

for a suitable constant c0 > 0 and R0 > 1 sufficiently large. Moreover

(63) τ(x, ξ) = θ0(x, ξ) ∈ S−∞(Ω) , for (x, ξ) /∈ Xr∗λ(x0) .

For proving τ(x,D)a(x,D)u ∈ Hs,p
λ,loc(Ω), consider that in view of (59) we have

τ(x,D)a(x,D)u = τ(x,D)a(x,D)c(x,D) (b(x,D)u) − τ(x,D)a(x,D)ρ(x,D)u .

Since τ(x,D)a(x,D)c(x,D) ∈ M̃m
λ (Ω) and b(x,D)u ∈ Hs+m,p

λ,loc (Ω), from Proposi-

tion 5, τ(x,D)a(x,D)c(x,D) (b(x,D)u) ∈ Hs,p
λ,loc(Ω) follows at once.

As to τ(x,D)a(x,D)ρ(x,D), we will see that τ(x,D)a(x,D)ρ(x,D)u ∈ Ht,p
λ,loc(Ω)
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for every t ∈ R; this amounts to prove that ϕ(x)τ(x,D)a(x,D)ρ(x,D)u belongs
to Ht,p

λ , for every ϕ ∈ C∞
0 (Ω). Since τ(x,D)a(x,D)ρ(x,D) is properly supported,

there exists another function ϕ̃ ∈ C∞
0 (Ω) such that

ϕ(x)τ(x,D)a(x,D)ρ(x,D)u = ϕ(x)τ(x,D)a(x,D)ρ(x,D) (ϕ̃u) .

Let ρ0(x, ξ) be a symbol in M0
λ(Ω) such that

(64) ρ0 = 0 in Xrλ(x0) and σ̃(x, ξ) := ρ(x, ξ) − ρ0(x, ξ) ∈ S−∞(Ω) .

Hence

ϕ(x)τ(x,D)a(x,D)ρ(x,D)(ϕ̃u)

= ϕ(x)τ(x,D)a(x,D)ρ0(x,D)(ϕ̃u) + ϕ(x)τ(x,D)a(x,D)σ̃(x,D)(ϕ̃u) .

Since σ̃(x, ξ) ∈ S−∞(Ω) and ϕ̃u ∈ E ′(Ω), τ(x,D)a(x,D)σ̃(x,D)(ϕ̃u) ∈ C∞(Ω)
hence ϕ(x)τ(x,D)a(x,D)σ̃(x,D)(ϕ̃u) ∈ C∞

0 (Ω) ⊂ Ht,p
λ , for any t ∈ R. Con-

cerning the operator η(x,D) := τ(x,D)a(x,D)ρ0(x,D), in view of the symbolic
calculus in Proposition 4, for an arbitrary positive integer N the following iden-
tities hold for any (x, ξ) ∈ Ω × R

n

(65)

η(x, ξ) =
∑

|α|<N

1

α!
∂αξ (τ♯a)(x, ξ)Dα

x ρ0(x, ξ) + RN (x, ξ) ,

τ ♯a(x, ξ) =
∑

|α|<N

1

α!
∂αξ τ(x, ξ)Dα

xa(x, ξ) + SN (x, ξ),

where RN (x, ξ), SN (x, ξ) ∈ M
m−N/µ
λ (Ω) and τ♯a(x, ξ) denotes the symbol of

τ(x,D)a(x,D).
Since the set Xrλ(x0) is open, from (65) and (64) it follows that

(66) η(x, ξ) = RN (x, ξ) ∈ M
m−N/µ
λ (Ω) , ∀ (x, ξ) ∈ Xrλ(x0) .

On the other hand, as a consequence of (60) it can be proved that

(67) (Ω × R
n) \ Xrλ(x0) ⊂ int ((Ω × R

n) \ Xr∗λ(x0)) ,

where intS denotes the interior of a set S ⊆ Ω × R
n. Thus from (63) and (65)

we have

(68)
τ♯a(x, ξ) =

∑

|α|<N

1
α!∂

α
ξ θ0(x, ξ)Dα

xa(x, ξ) + SN (x, ξ)

=: TN (x, ξ) ∈ M
m−N/µ
λ (Ω),
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hence for any (x, ξ) ∈ (Ω × R
n) \ Xrλ(x0):

(69) η(x, ξ) =
∑

|α|<N

1

α!
∂αξ TN (x, ξ)Dα

xρ0(x, ξ) + RN (x, ξ) ∈ M
m−N/µ
λ (Ω).

From (66), (69) we conclude that η(x, ξ) ∈ M
m−N/µ
λ (Ω) for all integers N ≥ 1,

hence η(x, ξ) ∈ S−∞(Ω) (see (27)). Thus, for any t ∈ R, ϕ(x)η(x,D)(ϕ̃u) ∈
C∞

0 (Ω) ⊂ Ht,p
λ , and the proof is concluded. �

Theorem 3. For given x0 ∈ Ω, X ⊂ R
n, m ∈ R, assume that a(x,D) ∈

M̃m
λ (Ω) has λ−microelliptic symbol in X(x0). Then for every s ∈ R, p ∈]1,+∞[

and u ∈ D′(Ω) such that a(x,D)u ∈ Hs,p
λ X(x0) one has u ∈ Hs+m,p

λ X(x0).

P r o o f. We follow the arguments used in the proof of Theorem 2.
Let u ∈ D′(Ω) satisfy the assumptions of Theorem 3. Using Proposition 9, we
can find an operator b(x,D) ∈ M̃0

λ(Ω), with λ−microelliptic symbol, such that

(70) b(x,D)a(x,D)u ∈ Hs,p
λ,loc(Ω).

By Theorem 1 there exist some operators c(x,D) ∈ M̃0
λ(Ω), q(x,D) ∈ M̃−m

λ (Ω)
such that

(71)
c(x,D)b(x,D) = identity + ρ(x,D),

q(x,D)a(x,D) = identity + σ(x,D)

hold true, for suitable symbols ρ(x, ξ), σ(x, ξ) ∈ M0
λ(Ω) rapidly decreasing in

Xrλ(x0) and some constant 0 < r < 1.
Choose r∗ > 0 correspondingly to r as in the proof of Theorem 2 (see (60)).
In the same way consider the symbols τ0(x, ξ), τ(x, ξ) ∈ M0

λ(Ω), satisfying (61),
(62), (63).
For proving that u ∈ Hs+m,p

λ (X(x0)), we will check that τ(x,D)u ∈ Hs+m,p
λ,loc (Ω).

By the use of (71) we can write

(72)

τ(x,D)u = τ(x,D)q(x,D) (a(x,D)u) − τ(x,D)σ(x,D)u

= τ(x,D)q(x,D)c(x,D) (b(x,D)a(x,D)u)

−τ(x,D)q(x,D)ρ(x,D)a(x,D)u − τ(x,D)σ(x,D)u .

Since τ(x,D)q(x,D)c(x,D) ∈ M̃−m
λ (Ω), then

(73) τ(x,D)q(x,D)c(x,D) (b(x,D)a(x,D)u) ∈ Hs+m,p
λ,loc (Ω)
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follows from (70) by Proposition 5.
Concerning the other terms τ(x,D)q(x,D)ρ(x,D)a(x,D)u, τ(x,D)σ(x,D)u, ap-
pearing in the right-hand side of (72), following the argumets used in the proof
of Theorem 2 we can prove that for any t ∈ R

(74) τ(x,D)q(x,D)ρ(x,D)a(x,D)u, τ(x,D)σ(x,D)u ∈ Ht,p
λ,loc(Ω).

Arguing explicitly on τ(x,D)σ(x,D)u, we need that ϕ(x)τ(x,D)σ(x,D)u ∈ Ht,p
λ ,

for every ϕ ∈ C∞
0 (Ω). Since the operator τ(x,D)σ(x,D) is properly supported,

for every ϕ ∈ C∞
0 (Ω), another function ϕ̃ ∈ C∞

0 (Ω) exists such that

ϕ(x)τ(x,D)σ(x,D)u = ϕ(x)τ(x,D)σ(x,D)(ϕ̃u) .

Since σ(x, ξ) is rapidly decreasing in Xrλ(x0), there exists σ0(x, ξ) ∈ M0
λ(Ω) such

that, for any (x, ξ) ∈ Xrλ(x0), σ0(x, ξ) = 0 and η0(x, ξ) := σ(x, ξ) − σ0(x, ξ) ∈
S−∞(Ω). Let us decompose ϕ(x)τ(x,D)σ(x,D)(ϕ̃u) as

ϕ(x)τ(x,D)σ(x,D)(ϕ̃u) = ϕ(x)τ(x,D)σ0(x,D)(ϕ̃u) + ϕ(x)τ(x,D)η0(x,D)(ϕ̃u) .

Since η0(x, ξ) ∈ S−∞(Ω) and ϕ̃u ∈ E ′(Ω), we can easily obtain that, for any
t ∈ R, ϕ(x)τ(x,D)η0(x,D)(ϕ̃u) ∈ C∞

0 (Ω) ⊂ Ht,p
λ .

For the operator τ(x,D)σ0(x,D), one may argue on the asymptotic expansion of
its symbol τ♯σ0(x, ξ), as it was done in the proof of Theorem 2:

(75) τ♯σ0(x, ξ) =
∑

|α|<N

1

α!
∂αξ τ(x, ξ)Dα

xσ0(x, ξ) + RN (x, ξ) ,

with RN (x, ξ) ∈ M
−N/µ
λ (Ω), for every integer N ≥ 1. Since σ0(x, ξ) = 0 for any

(x, ξ) in the open set Xrλ(x0), (75) gives τ♯σ0(x, ξ) = RN (x, ξ) ∈ M
−N/µ
λ (Ω), for

any (x, ξ) ∈ Xrλ(x0). Since r∗ is chosen such that (67) is still true, from (75) and

(63) one obtains again τ♯σ0(x, ξ) ∈ M
−N/µ
λ (Ω) for any (x, ξ) ∈ (Ω×R

n)\Xrλ(x0).
Since N ≥ 1 is an arbitrary integer, as in Theorem 2 we conclude that τ♯σ0(x, ξ) ∈
S−∞(Ω), hence ϕ(x)τ(x,D)σ0(x,D)(ϕ̃u) ∈ C∞

0 (Ω) ⊂ Ht,p
λ for any t ∈ R.

The same arguments above can be applied to prove the first statement in (74).
Then τ(x,D)u ∈ Hs+m,p

λ,loc (Ω) follows from (72)-(74), and the proof is complete. �

Let a(x,D) be a properly supported pseudodifferential operator with symbol
a(x, ξ) ∈ Mm

λ (Ω) and x0 ∈ Ω. Following [4], [10], we can define, for any x0 ∈ Ω,

• λ filter of Sobolev singularities of u ∈ D′(Ω):

(76) Ws,p
x0,λ

u :=
{

X ⊂ R
n ; u ∈ Hs,p

λ (Rn \ X)(x0)
}

, s ∈ R, 1 < p < ∞;
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• λ characteristic filter of a(x,D) ∈ M̃m
λ (Ω), m ∈ R:

(77) Σλ
x0

a(x,D) := {X ⊂ R
n , a(x, ξ) is λmicroelliptic in (Rn \ X)(x0)} .

It is trivial that Ws,p
x0,λ

u and Σx0,λa(x,D) are actually filters in the sense that
they are closed with respect to the intersection of a finite number of sets and any
Y ⊃ X ∈ Ws,p

x0,λ
u (Σλ

x0
a(x,D)u) belongs to the same set family.

It is also straightforward to show that the results of Theorem 2, 3 can be restated
as follows.

Proposition 10. Let a(x,D) ∈ M̃m
λ (Ω), x0 ∈ Ω, s ∈ R and p ∈]1,+∞[ be

given. Then the following inclusions are satisfied

Ws,p
x0,λ

a(x,D)u ∩ Σλ
x0

a(x,D) ⊂ Ws+m,p
x0,λ

u ⊂ Ws,p
x0,λ

a(x,D)u , ∀u ∈ D′(Ω) .

5. Complete polyhedra of R
n and applications to multi-quasi-

elliptic equations. An useful tool in the study of hypoelliptic partial differ-
ential equations is given by the weight functions associated to a complete poly-
hedron, introduced by Gindikin and Volevich [7], see also [2].
Recall that a convex polyhedron P ⊂ R

n may be obtained as the convex hull of
a finite subset V (P) ⊂ R

n of convex-linearly independent points called vertices
of P and univocally determined by P. Moreover there exist two finite subsets
N0(P), N1(P) ⊂ R

n such that:

(78) P = {ζ ∈ R
n; ν · ζ ≥ 0,∀ν ∈ N0(P)} ∩ {ζ ∈ R

n; ν · ζ ≤ 1,∀ν ∈ N1(P)}.

Again N0(P), N1(P) ⊂ R
n are univocally determined by P, if it has a non-empty

interior. The boundary of P is made of the faces Fν , which are the convex hull of
the vertices of P lying on the hyperplane Hν , orthogonal to ν ∈ N0(P) ∪ N1(P)
of equation ν · ζ = 0 if ν ∈ N0(P), ν · ζ = 1 if ν ∈ N1(P).
A convex polyhedron P ⊂ [0,+∞[

n
is said complete polyhedron if:

• V (P) ⊂ N
n, (0, . . . , 0) ∈ V (P) and V (P) 6= {(0, . . . , 0)},

• N1(P) ⊂]0,+∞[
n
, N0(P) = {ej}

n
j=1, where ej = (0, . . . , 1j−entry, . . . , 0).

We can now associate to any complete polyhedron P the positive function λP ,
defined by

(79) λP(ξ) =





∑

γ∈V (P)

ξ2γ





1/2

.
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It can be easily proved that λP(ξ) satisfies (3) with µ0 = min
γ∈V(P)\{0}

|γ| and

µ1 = max
γ∈V(P)

|γ|.

For proving that λP(ξ) satisfies also (4), we introduce the following two lemmas,
whose proof may be found in [5], [6].

Lemma 2. For every α ∈ Z
n
+ one has that

(80) |ξα| ≤ λP(ξ)k(α,P) , ξ ∈ R
n ,

where we have set k(α,P) := inf{t > 0 : t−1α ∈ P} = max{ν ·α : ν ∈ N1(P)}.

Lemma 3. For any α, γ ∈ Z
n
+ and m ∈ R there exists a constant Cm,α,γ > 0

such that

(81)
∣

∣

∣ξγ∂
α+γ
ξ λP (ξ)m

∣

∣

∣ ≤ Cm,α,γλP(ξ)
m− |α|

µ , ξ ∈ R
n ,

where µ := max

{

1

νj
: j = 1, . . . , n , ν ∈ N1(P)

}

is called formal order of P.

In view of Proposition 2, Lemma 3 yields that λmP (ξ) ∈ Mm
λP

(Rn), for every
m ∈ R.
We can prove now the following result.

Lemma 4. There exist C > 0 and 0 < ε0 < 1 such that for 0 < ε ≤ ε0

(82) λP(η) ≤ CλP(ξ) holds when

n
∑

j=1

|ηj − ξj |(λP(ξ)
1

µ + |ξj |)
−1 < ε .

P r o o f. For an arbitrary ξ ∈ R
n, we define the subsets J1 = J1(ξ) and J2 = J2(ξ)

contained in {1, . . . , n} as in the proof of Proposition 2 (see (14)). There exist
some constants C∗ > 1 and ε∗ < 1, independent of η, ξ, such that for 0 < ε ≤ ε∗
the following can be proved

i) If |ηj − ξj| < ε(λP (ξ)
1
µ + |ξj |) and j ∈ J1(ξ) then 1

C∗
|ξj | ≤ |ηj | ≤ C∗|ξj|.

ii) If |ηj − ξj| < ε(λP (ξ)
1
µ + |ξj |) and j ∈ J2(ξ) then |ηj | ≤ C∗λP(ξ)

1
µ .

We assume, for a while, that statements i, ii are true, and we go on to prove (82).
Let us take η, ξ ∈ R

n satisfying

(83)

n
∑

j=1

|ηj − ξj |(λP(ξ)
1
µ + |ξj|)

−1 < ε ,
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with 0 < ε ≤ ε∗. The arbitrary vertex γ ∈ V (P) of P is decomposed as γ = γ̃+ γ̂,
where the multi-indices γ̃ = γ̃(ξ) and γ̂ = γ̂(ξ) are defined by setting

(84) γ̃j :=

{

γj , j ∈ J1(ξ) ,

0 otherwise

and γ̂ := γ − γ̃.
Using (83), the statement i and Lemma 2, we get

(85) η2γ̃ =
∏

j∈J1

|ηj |
2γj ≤ C

2|γ̃|
∗

∏

j∈J1

|ξj|
2γj = C

2|γ̃|
∗ ξ2γ̃ ≤ C

2|γ̃|
∗ λP(ξ)2ν̃·γ̃ ,

where ν̃ ∈ N1(P) is chosen such that ν̃ · γ̃ = k(γ̃,P).
On the other hand, from (83) and the statement ii it follows

(86) η2γ̂ =
∏

j∈J2

|ηj |
2γj ≤ C

2|γ̂|
∗ λP(ξ)

2|γ̂|
µ ≤ C

2|γ̂|
∗ λP (ξ)2ν̃·γ̂ ,

where we have also used that ν̃j ≥
1

µ
is true for every j = 1, . . . , n.

From (85), (86), considering that γ = γ̃ + γ̂ and ν̃ · γ ≤ 1, we get

(87) η2γ = η2γ̃η2γ̂ ≤ C
2|γ|
∗ λP(ξ)2ν̃·γ ≤ C

2|γ|
∗ λP(ξ)2 .

Finally, summing (87) over all vertices γ ∈ V (P) yields

(88) λP(η)2 =
∑

γ∈V (P)

η2γ ≤ C2λP(ξ)2 ,

where we have set C2 :=
∑

γ∈V (P)

C
2|γ|
∗ .

To complete the proof of the Lemma, it remains to show the statements i and ii.

Statement i. Assume that j ∈ J1, that is λP(ξ)
1

µ < |ξj|, and

(89) |ηj − ξj | < ε(λP (ξ)
1
µ + |ξj |) .

Using now the triangle inequality we get ||ηj | − |ξj || < 2ε|ξj |, hence (1−2ε)|ξj | <

|ηj | < (1 + 2ε)|ξj |. Then i follows for 0 < ε ≤ ε∗, by choosing for instance ε∗ ≤
1

4
and C∗ ≥ 2.

Statement ii. We assume now that j ∈ J2, that is |ξj | ≤ λP(ξ)
1
µ , and (89) are
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satisfied. Again, in view of the triangle inequality, we get ||ηj | − |ξj || < 2ελP (ξ)
1
µ ,

hence |ηj | ≤ (1 + 2ε)λP (ξ)
1
µ . Then ii follows for 0 < ε ≤ ε∗, if ε∗ and C∗ are

chosen as before.
The proof of the Lemma is then completed. �

As a consequence of the previous Lemmas 2-4, we prove now the following
result.

Proposition 11. There exist positive constants C > 1 and ε0 < 1 such that
for any 0 < ε ≤ ε0 we have

(90)
1

C
λP (ξ) ≤ λP(η) ≤ CλP(ξ) , when

n
∑

j=1

|ηj − ξj|(λP (ξ)
1
µ + |ξj |)

−1 < ε .

P r o o f. Let η, ξ ∈ R
n satisfy (83). By means of Taylor expansion we get the

estimate

(91)

∣

∣

∣
λP(η)

1

µ − λP(ξ)
1

µ

∣

∣

∣
≤

n
∑

j=1

|ηj − ξj |

∫ 1

0
|∂jλ

1
µ

P (ξt)| dt

=
∑

j∈J1(ξ)

|ηj − ξj|

∫ 1

0
|∂jλ

1
µ

P (ξt)| dt +
∑

j∈J2(ξ)

|ηj − ξj|

∫ 1

0
|∂jλ

1
µ

P (ξt)| dt ,

where ξt := (1− t)ξ + tη, and J1(ξ), J2(ξ) are defined as in the proof of Lemma 4.
Considering the definition of J2(ξ) and applying estimates (81), we have

(92)

∑

j∈J2(ξ)

|ηj − ξj|
∫ 1
0 |∂jλ

1
µ

P (ξt)| dt ≤ C2ελP(ξ)
1
µ
∫ 1
0 λP(ξt)

1
µ
− 1

µ dt

≤ C2ελP(ξ)
1
µ ,

for 0 < ε ≤ ε∗ and a suitable positive constant C2, independent of ε.
On the other hand, observing that

(93) |ξtj − ξj | = |(1 − t)ξj + tηj − ξj| = t|ηj − ξj| < ε(λP (ξ)
1
µ + |ξj |)



94 G. Garello, A. Morando

using the definition of J1(ξ) and applying the statement i with ξt instead of η
(see Lemma 4), we also have

(94)

∑

j∈J1(ξ)

|ηj − ξj|

∫ 1

0
|∂jλP(ξt)

1
µ | dt ≤ 2ε

∑

j∈J1(ξ)

|ξj |

∫ 1

0
|∂jλP (ξt)

1
µ | dt

≤ 2C∗ε
∑

j∈J1(ξ)

∫ 1

0
|ξtj||∂jλP(ξt)

1
µ | dt ,

for ε as above and the constant C∗ involved in the statements i and ii.
Again applying estimates (81), (82) and in view of (93) we obtain

(95) |ξtj||∂jλP (ξt)
1

µ | ≤ CjλP(ξt)
1

µ ≤ ĈjλP(ξ)
1

µ ,

where Ĉj is a suitable positive constant, independent of ε. Combining (94), (95)
yields

(96)
∑

j∈J1(ξ)

|ηj − ξj|

∫ 1

0
|∂jλP(ξt)

1
µ | dt ≤ C1ελP (ξ)

1
µ ,

where again C1 is a positive constant independent of ε. By adding (92), (96),

from (91) we deduce that
∣

∣

∣λP(η)
1
µ − λP(ξ)

1
µ

∣

∣

∣ ≤ C̃ελP(ξ)
1
µ , hence

(97) (1 − C̃ε)µλP(ξ) ≤ λP(η) ≤ (1 + C̃ε)µλP(ξ) ,

with a suitable ε−independent positive constant C̃. Estimates (97) imply at once
(90) by taking any ε > 0 sufficiently small. �

Directly from [6] we have the following

Lemma 5. For P complete polyhedron let Q =
∑

α∈P
aα(x)Dα be a linear par-

tial differential operator with coefficients aα(x) ∈ C∞(Ω). Then Q ∈ M̃1
λP

(Ω).

We say moreover that the operator Q is multi-quasi-elliptic if for any compact
K ⊂⊂ Ω two positive constants CK , Rk exist such that:

(98)

∣

∣

∣

∣

∣

∣

∑

α∈F(P)

aα(x)ξα

∣

∣

∣

∣

∣

∣

> CKλP(ξ), x ∈ K, |ξ| > RK ,
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where F(P) =
⋃

ν∈N1(P)

Fν .

In the same way, as in Definition 4, we can consider an operator microlocally
multi-quasi-elliptic in X ⊂ R

n
ξ at the point x0 ∈ Ω. Since [2, §1.8] shows that

a multi-quasi-elliptic operator is λp-elliptic in the usual sense considered in (36),
using Theorem 3 we obtain the following

Proposition 12. For P complete polyhedron, consider the partial differential
operator Q =

∑

α∈P
aα(x)Dα, with smooth coefficients. Assume moreover that Q

is microlocally multi-quasi-elliptic in X ⊂ R
n
ξ at the point x0. If u ∈ D′(Ω) and

Qu ∈ Hs,p
λP

X(x0) then u ∈ Hs+1,p
λP

X(x0), for every 1 < p < ∞ and s ∈ R.
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