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STRONG CONSISTENCY OF THE CONDITIONAL LEAST
SQUARES ESTIMATOR FOR A NONSTATIONARY
PROCESS. EXAMPLE OF THE GARCH MODEL

Christine Jacob

We consider the Conditional Least Squares Estimator (CLSE) of a un-
known parameter 6y € R? of the conditional expectation of a real stochastic
process {Y;, } having finite first two conditional moments E (Y, |F,—1) F3 00,
E(Y2|Fu-1) 2" 50 at each time n, where E(Y,|F,_1) is Lipschitz and may
be nonlinear in 6y and {F,} is an increasing sequence of c-algebra. We
generalize to this class of processes the necessary and sufficient condition
got for the strong consistency of the CLSE of 6y in the particular linear
deterministic (or linear stochastic if p = 1) model E(Y,|F,_1) = 6FW,.
We illustrate this theoretical result with examples, mainly a nonstationary
GARCH(1,1) model.

1. Introduction

Let {Y}, }nen be an observed one-dimensional real stochastic process defined on a
probability space (€2, F, P) and let {F,} be an increasing sequence of o-algebra
depending on observed processes. We assume that {Y,,} satisfies:
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My:  E(Ya|Fuo1) = fulbo,v0) = £V (00) + £ (60, v0)
0o eO®CRP, 0<p<oo,rge NCRLO<qg< oo,

(1) m E(Y2|Fpo1) < 0,
n

where 6y is a unknown parameter that we want to estimate, fél)(ﬁo) is the
Fn—_1-measurable parametric part of the model that may be nonlinear in 6,
and féQ)(eo,Vo) is a F,—1-measurable nuisance part that may be nonparamet-
ric. In this case ¢ = 0o and 1y = {f,?)(ﬂo,yo)}. The case ¢ = 0 is defined by
f£2)(90,V0) = 0, for all n, and corresponds to the classical parametric setting.
We assume that, as n — oo, { f,(f) (0o, 10)} is asymptotically relatively negligible
compared to {f,(Ll)(GO)} (see section 3.). So finally

Y, = f9(00) + £ (60, v0) + 0,

where by construction 7, is a martingale difference, that is E(n,|Fn,—1) = 0.
Some examples of processes satisfying My are nonlinear regression models
with random covariates and heteroscedastic variances, noisy dynamical models,
nonlinear time series model (TARMA, SETAR, bilinear processes, ... ), financial
models (ARCH initiated by [3], GARCH and others), and branching processes.
We deal here with the CLSE (Conditional Least Squares Estimators) of 6
in the approximate model {f;(0y,7)}k<pn, where v = {7},} is any sequence of
estimations of vy, when ¢ = oo, or vy when ¢ < oo, with either fi(6y,v) =
fx(6o,vy), for all k < n, if ¢ < oo, and fi(6o,V) = fr(0o, k), for all k, if ¢ = occ.
The CLSE of 6 is defined by:
N n
(2) b = arg min Spp(0), Snp(0) = ;(Yk — fu(6,0))%.

It is well-known in classical regression theory that the rate of convergence of {5n}
is optimal when E(n?|F,_1) is constant in n. Generalizing this property, {6}
will have an optimal convergence rate under the following assumption

(3) 0 < lim En2|F 1) < Tm E(n2|F 1) < oo,

n

So {Y,,} will be generally derived from the studied original process {Z,} by

1/2

some suitable normalization: Y, = Z,\, '°, where \,, is F,,_1 measurable and
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independent of the unkown parameters of the model. The particular cases ¢ = oo
with 7 = 0 and ¢ = 0 correspond to the estimations of 6y in the parametric model
{ f,gl)(eo)}kgn considered respectively as an approximate model or an exact one.

We will focus here on the strong consistency which is particularly useful when
the goal of the estimation is either the knowledge of the true parameter or the
prediction of the future behavior of the process from the estimated model or the
estimation of the residual distribution.

The consistency property of {é\n} is a classical topic in the parametric set-
ting ¢ = 0. The proofs and the required conditions depend on the linearity or
nonlinearity of f,,(.) in p, since in the linear case {é\n} has an explicit expression
allowing direct proofs contrary to the general nonlinear case. They also depend
on the properties of {n,}, if they are independent, stationary or only check the
more general martingale difference property. We assume here only this last prop-
erty, particular useful when 7, may be nonstationary. Published conditions for
getting the strong consistency of {én} in model My involve the strong identifi-
ability of the parameter and this last condition is a necessary and sufficient one
in the particular linear model f,, () = 67 W,,, where W, is either a deterministic
vector and {n,} are i.i.d. ([9]) or W, is stochastic with p = 1 ([10]): lirrln 0, == 6,

if and only if

(4) im Ain {Z W, W } =2 0,

k=1

n n
where A\ { > Wng } is the smallest eigenvalue of >’ Wng . Defining
k=1 k=1

(5) = (fr(6) = fi(60))%,

k=1

a.s

(4) is equivalent to lim D, (6) = oo, for all 6 # 6. This quantity is the identifi-
ability criterion of Gonin the model.

But in the general nonlinear parametric setting My with ¢ = 0, under some
Lipschitz property of the model, the published theorems of consistency require

additional sufficient conditions. One condition is lim E(n2|F,_1) Z 0. The
n

other ones concern some rate of convergence to oo of {D,(0)}, and differ from
one author to another one ([1], [5], [7], [10], [11], [12], [17], [18], [21], ...). We
removed here these last unnecessary conditions, thus generalizing the necessary
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and sufficient condition (4) to our general setting My with 0 < g < oco. The
generalization of (4) that we called strong identifiability of 6y, and reduced to (4)
in the linear case, is the following when ¢ = 0:

6 SI({D,(0)}) : li inf D, (0) = co0,V3 > 0,
(6) (ADn(0))) : lim | inf  Dn(0) = o0
where || - || is any norm in RP. This result is got thanks to a SLLNSM (strong

law of large numbers for submartingales).

The paper is organized in the following way. We show in Section 2. that
condition SI({D,(f)}) is a necessary and sufficient condition of consistency in
the general parametric setting My with ¢ = 0 provided that the model satisfies
the following Lipschitz condition:

LIP({fr(0)}): for all k, there exists a nonnegative Fj_j-measurable function
gr and a function h(-) : RT — R* with };1{1% h(z) = 0, such that V6, € ©,0, €

a.s.
O, [fe(01) — fr(02)] < h([|61 — O2])gs-

This result is got thanks to a SLLNSM given in Section 5..

In Section 3., the consistency conditions are generalized to My with 0 < ¢ <
oo. This result shows the robustness of the consistency property since if @\n is
strongly consistent in a given model, then it is strongly consistent in every model
“close” to this given model.

In Section 4., we illustrate this result by some examples. The main one
is a GARCH(1,1) model &, = s,(0)Uy, {U,} iid. (0,1), where s,(6y) is the
volatility of the process. The strong consistency of the CLSE is proved without
assuming the stationarity of the process contrary to existing references based on
quasi-likelihood or CLSE ([2], [16], [15]). We show that the strong consistency of
the nonweighted CLSE is ensured as soon as {¢2} does not die out as n — oo,
and, when dealing with weighted CLSE, if in addition, the sequence of successive
upper records {7 '} satisfies £7 “ O([(Limy1 — Lim)m]'/?), where L,, is the
index of the mth record. The nonstationarity allows burst phenomena with a
very large amplitude compared to the stationarity setting.

Other examples and detailed proofs may be found in [6].

2. Consistency in My under q = 0

In all existing results based on the martingale difference property of {n,}, D,,(0)
defined by (5) plays a crucial role. This quantity is an identifiability criteria of the

parameter: 0 is identifiable in {fu(-)}n if for all § # 0o, {fa(0)}n £ {fa(00)}n
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a.s.

which is equivalent to lim,, D,,(8) # 0. In the linear model f,(0) = 63 W, this
n a.s.
condition is equivalent to lim Ay { > Wng } # 0. Moreover the consistency
n k=1

of {é\n} in this setting, when W), is deterministic for all n ([9]) or W), is stochastic
with p = 1 ([10]), is got if and only if (4) is checked. For example, let p = 1
and Y, = 0oW,, + nn, {nn} iid. (0,03), {W,,} deterministic. Then 6,, — 6y =
n n -1 R n —1
> (Y — GOWk)Wk] [Z W,f} . So Var(f, —6y) = o [Z W,f} which does
k=1 k=1 k=1
o0
not tend to 0 if > W7 < oco.
k=1
In this section, we generalize (4) to the setting of model My under ¢ = 0.

Assume 0y € ©, where © is an open set and © is compact. let B§ be the
complementary in © of the open ball of center §y and radius 6. Denote di(6) =

Fu(80) = fu(6), and Ly, (6) = kil i (0).

Proposition 2.1. Let p < co and assume that there exists Qoo C ) with
P(Qo) > 0 and such that on Qoo, SI({Dn(0)}) and LIP({f(0)}) are checked.
Then lim,, 0, = 6y on Qoo.

Proof. We use Wu’s Lemma ([20], see Lemma 5.1) and Wu’s decomposition
based on Yy, — fx(0) = ni + di.(0) ([20]) implying S, (0) — Spn(00) = Dy (0)+2L,,(0)
and consequently,

(7 jnf 5u(0) = Su(0o) > inf Du(O)[1 - 298611% | L (0)|[Dn(6)] 1)

Then the proof directly follows from the SLLNSM (Proposition 5.1) applied on
di(0) = fr(6o) — fx(d) and © = B§. O
Assume now that @\h,n = argmingeo Spn(0), Shn(0) = > (Vi — fu(0))?,

k=h+1
where h may depend on n (for example n — h is constant, for all n), and denote

Ln(g) - Lh(g) = Lhyn(e) and Dn(g) - Dh(e) = Dh,n(e)

Proposition 2.2. Assume that there exists Qoo C Q with P(Qs) > 0 and
such that, on Qoo, SI{Dy(0)}), LIP({fx(0)}) are checked, and moreover

lim sup Dy, (0)[Dp,n(0)] 1 Z 0. Then lim 5h’n “ 0y on Qoo
" 0cBy "
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When n — h is constant, this setting is particularly suitable for branching
processes studied on their nonextinction set since the proposition requires that
Dy, ,(0) tends to oo at the same rate as Dy, (0).

Proof. According to (7) written with S}, ,(0) instead of S,,(0), it is sufficient
to prove that lim, supg Lp, »(0)[Dpn(0)] 71 = 0. For that, we use
Lpn(0) L) D,(0) Lp(0) Dp(0)

Din(®) ~ Du(8) Don(6) ~ Dn(6) Dn(®)’ H

3. Consistency in My containing a nuisance part

Assume now that { fT(LQ) (0o, 10)} is not identically null. We consider the CLSE of
6 in the approximate model {fx(6,7)}k<n, defined by (2). Since we deal with
a.s. consistency, we assume in the proofs that 7 is a nonrandom sequence of
estimations.

Let
D (0,9) = i[dkw,ﬁ)}% DP(0) = i[d%)}%
k=1 k=1
d(9) = 10 00) — £7(0), DP(9,7) i[dfkern%
k=1
d?0,9) == 12 (60,v0) — £12(6,0), L (6,p):= and( (0,7)
and so on.

As in section 2. assume fy € ©, where © is an open set and © is compact,
and assume v € N, where NV is compact when ¢ < oo.

Proposition 3.1. Let p < co and assume that there exists Qoo C ) with
P(Qso) > 0 and such that on Qu,

1. SI({Dr(Ll) (0)}) is checked and for all 6 > 0,

-1
lim sup D (0,0 [mf DM (h ] = 0.
i D0.D) | jng DIV )

2. LIP({fx(0,v)}) is checked in 0,v when q < 0o
(resp. LIP({fx(0,V)}) is checked in 0 when q = c0).
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Then lim §n|9 0y on Q.
n
Proof. We have

Sn]ﬁ(e) - Sn]ﬁ(QO) = Dn(ea 7//\71) - D7(12) (007 7//\71) + 2Ln(97 7//\71) -
2L1(12) (007/V\n)

Since Dy, (6,7) = DS (6)+ DS (0,0)+2 3%, dV (8)d!? (8, 7), using Holder’s
inequality, we get

(2) R 1/2
inf Sn|g(0) — Sn|ﬁ(90) > inf D7(Ll)(0) 1—2sup Dy, (Q,V)
e Bg 0c B beB: D7(11)(9)
DY (60, 7) |Ln(0,7)] L (60, 7)|
— SUp — Gy = 2 8Up e = 2 8Up — e |
veB; D (6) oeB; DV (0) oci; D (0)

Then the result follows from Wu’s Lemma 5.1 and Proposition 5.1, applied on
SUPge ge Ln(Q,V)[DS)(Q)]*l and SUDge ge L%Q)(H,V)[Dnl)(ﬁ)]*l when ¢ < oo.
(Il

4. Examples
1. Example 1. f,(0) =m+ pun=% a >0, 0 = (m, u, ). We have

— Ok

[fn(B0) = fu(O)] < [mo —m| +[uo — pln™* + |ao — afp.In(n)n
< 6o — 0|11, n large enough

where (fu., ) lies between (o, ) and (u, ), and moreover

inf D,(0) =0 (inf”aao>5 > k‘2°‘> which is equal to
0By T k=1

(@) ( ian>5{n1_2°‘1{2a7§1} + ln(n)l{mzl}}>, implying
a—ag|>

lim inf(;eBg D,(#) = 0 if 0 < 2a < 1. Since © is open, then we assume
n

2a0 < 1 (the limit value o = 1/2 is on the boundary © \ ©). Therefore for
2a < 1, hm(mnaﬁna an) = (m07M07 aO)'
n

Now if ag is known then limy, (7., fin) = (mo, uo) if 209 < 1 which is
reduced to the necessary and sufficient condition given in the linear model

([9))-
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Nn—l

2. Example 2. Let the Bienaymé-Galton-Watson process N, = Z X

where the {X,,;} are i.i.d. (mo, o), implying Y, = N, N 1/2 =myg Nl/2 +
M. Let @ = m. Then ]fn(ml) fn(ma)| < [jm1 —ma||N, 1 (L1psch1tz) and

inlg D,(m) = (mo — Z N1 2% oo on the nonextinction set Qeo,
me g k=1

where P(Q) > 0 for mgy > 1. Therefore lim,, m,, “ mo on N, assuming
mo > 1.

Remark 4.1. (direct proof) Recall that the CLSE of mg is the Harris
estimator

n
> (Ngmg®ym mo > mi !
k=1

mn: =

n
>
—~ k=1
> > mg > (Ni—1my ymg !
— k=1 k=1

. — a.s. . . .
Then use lim Nymy"™ =" W, where W is a nonnegative variable, and
n

Toeplitz lemma. This implies limm, “= mo on the nonextinction set Qoo
n

Notice that the indirect proof based on Proposition 2.1 does not require
the knowledge of the asymptotic behavior of the process nor an explicit
expression for the estimator as it is the case in the direct proof.

. Example 3. Let the size-dependent branching process N, Z Xnis

{Xp,} iid. with E(X,1|Np—1 = N) = m(N) = mo + ,uoN a0
Var(X,1|Nn—1 = N) = 6%(N) = O(N%), ag > 0, By < 1 known, mg > 1,
0 = (m, u, ). The asymptotic behavior of this model has been studied by
Klebaner ([8]). Model M is Y,, = N, N, (1+,80)/ implying

Fal) = (m + N NI =y (02 (e 2,

Therefore
inf D, (0) = f N1 Gato))
o, Dn(0) <a 12025;

- <||a inf st (2a+ﬁ0)))1{20¢+50¢1}+n1{2a+ﬁo1}}>
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Then lim,, inf(;eBg D,,(0) = oo on the nonextinction set o, for 2a+ 5y < 1.
Moreover, for all 01, all 0o, there exists (., o) lying between (u1, ;) and
(2, ) such that on Qy,

Ja(0) = ful2) = (m1 = mo) NSS4 (uy = o) NN/
Therefore |f,(01) — fn(02)| < ||61 —b2| 11 Nr(Ll:lﬂo)/Z, for n large enough since
P(lim,, N, = 0Ulim, N,, = 00) = 1.

So since © is open, for 2a+0y < 1, we get Him(Mp, p, [k 0, Qnn) = (Mo, fo, o)
n
on Q. In the same way if = (m, u), then im(my, p, finn) = (Mo, f10) on
n

Qo for 2a9+ By < 1, while Lai and Wei’s condition in this linear stochastic
setting ([10]) is 29 + By < 1.

. Other examples in branching processes may be found in ([13], [14]) and
([5))-

. Example 4. the GARCH (p, q) model &, = s,(0p)U,,, where the {U,} are
1.1.d.(0,1), s,(0p) > 0, F—1 is generated by {&2}r<n—1, s2(0) is Fn_1-

measurable with Be(L)(s2(0)) = Ag(L)(€2), By(L) = 1— ﬁl 8,17, Ag(L) =

n
ao + > ajL7, and L is the time lag operator, that i s2(0) = ag +
1 .7 7 9 n 0

J; ;&2 i+ Z Bjs?_ _j(0). Process {s,(f)} is called volatility. Then
E(ﬁ%\}"n_l) = sn(eo) and {&,} follows a GARCH (p, q) model. Assume that
the observations are {X,, }n>0, where X,, = 9 + &y, 70 being an unknown
parameter. The particular case 79 = 0 corresponds to the observation of
{& }n>0. We assume here for simplification p = 1, ¢ = 1, and gy > 0,
a1g > 0, B1g > 0. By definition,

so(0) = o+ arél_y + Bish_1(0) = ag + (an U7, + Br)si_1(0).

This implies, when assuming E(U2|F,—1) = E(U?), that the following con-
dition E(a19UZ + fro) < 1 <= 109 + B10 < 1 is a necessary condition for
the stationarity of {s2(fy)} and equivalently for {¢,}. This is the usual
classical setting for deriving the asymptotic properties of any estimator of
(0, 10, F10): under the stronger assumption of stationarity and ergodicity
of the observed process, the CLSE is strongly consistent ([15]).
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But here we do not assume any stationarity condition. The nonstationar-
ity of {¢,} (and therefore of {s2(6p)}) allows burst phenomena that are
illustrated by simulations of the GARCH (1,1) model with {U,} ii.d.,
U2 ~ exp(1), U, independent of s,(fy). In fig. 1 we see that as the non-
stationarity increases, the magnitude of the highest burst increases which
shows that appearant high nonlinearity may be modelled by nonstationary
processes.

The parameter space is © =|0, car[x]0, a1a7[x]0, 1[. Let the notations

Zn(y0) = & =s2(00) + s5(00)(Ur — 1) =1 gn(60,v0) + on (00, 110)€n
& = Xy — 0.

Assuming 0 < (19 < 1, we can write

sp(0) = Bp(L) ™" Ag(L Zﬁl a0+a1§ z+1))
1=0

We define 0 as the time origin for the observation of the process, that is §l2
is not observed for [ < 0. We write s2(0) = g,(0,v) = gg)(ﬁ) + gf?(ﬁ,u),
where, for n > 1,

n—1
gng) (0) = ctm Z ﬁ?i(lJrl)éle c= aO(]- - ﬁl)ilv 0= (Cv O‘lvﬁl)

=0

gD O.v) = appt > prle

I=—1

— O
Assume that for any 0 < 81 <1, > ﬂflff 2 oo, which means that the
I=—1

process starts at some finite negative time —ng. Then either lim gg) (6o, 10)
n

“20, or g$2 (00, v9) “2 0, for all n > 1, when & = 0, for k < 0.

Let T,(8) = Z pr=+De2. Then i (6) = co + 10T (Bro). Let A =

14dT,(Bs), for some [, € [0,1[, d > 0 (in A\g, k < n, d may be replaced by
any bounded nonrandom d,, > 0).
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Figure 1: The most erratic line represents {¢2} while the smoothest one represents the

squared volatility {s2(6)}. The right hand figures are zoom of the left hand figures

until time 200. On the first line, the stationarity setting 6y = (10,0.1,0.8), where 6 =

(ao, 1, 41). Then on the following lines, {&,,} is nonstationary with from the second line
to the last line: 6y = (10,0.2,0.8), 6y = (10,0.22,0.8), 8o = (10,0.3,0.8)
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Then model My is defined by

( ) 5 1/2 = fn(QOaVO) + Mn,
fn(0071/0) = V(o) + £ (00, n0),
fD00) = g (00)A, "2,

{£P(00.10)) == {92 (00, v0)A; "/} =: vy,

where E(n2|Fn_1) < st (00)\; L.
The CLSE of (90, 00) is defined by:

(8) ;)771 = arg H}Yin Sn(7)7 Sn(’Y) = Z(Xk - 7)2)‘;1/2

9) O, = argmviﬂsnﬁ,a(@ , Spap(0) =Y (Ye(@n) = f1(0,50))%,
k=1

—

where, for all k, v, = g,(f) (0) =0, that is fx(0,7x) = f,gl)(Q).

Proposition 4.1. Let Ry, be the upper mth record of {§,}, that is R, :=
£}, where {Ly,} is the sequence of record indices, and let {n§}y = {n :
€2 > ¢}, for some e > 0. Then the CLSE of (vo,00) is strongly consistent

on the set {{Run "= O([(Lm 11~ Ln)m] ") 0 {Tim(n5.y, —n5) < o}, when

d >0, and on the set {@(nf€+1 —nf) < oo}, when d = 0.

Proof. Assume here the general nonstationary setting. Then the optimal
rate of convergence is ensured under (3), that is under

co + a10Tn(Bro0) _ — co + a10Tn(Bio) as.

1 a.s. i <1

Assume first d = 0. Then since T,,(610) > &2_1, im T, (B10) > lim&2
n m m

which is infinite on the set Q. = {lim f% = oo}, we cannot prove the
m m
optimality in this case. Assume now d > 0.

On Q¢, (10) is checked. It remains to check (10) on Q.. We denote, for

all k, My_1 = sup & and np = inf{f0 <1 < k—1:¢& = M1}, that
I<k—1
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is, there exists m such that L,, = ng, for all k : L,, < k < Ly,4+1 and

%k = f%m = R, (R, is the mth record and L,, is its random index).

Assume B9 < B, < 1. Then Tim T}, (810)[T0 (8,)]"* < 1. Since Ty, 11(8) =
n

ng ’I’kal

SopuTleE =5 Y prG + & then

=0 1=0
Tor1(B10) lginrif—1{§l2§’7k2}ﬁw(1 = B1§)(1 = Bro) ' +1
Toy+1(8x) l<suril{§l2€;k2}ﬁ*(1 — Y1 =B+ 1
(11) > A1)+ 1)

yielding to lim 77, 1(B10)[Tz,,+1(8:)] 1 > 0. Next for Ly, = ny < n <

m
L1, then €2 < €2, yielding

14+ doTh41(B10) S 1+ dofByy " Thy+1(B10)

W) T (3 = 1540 Ty () + (1= B.)te2

a.s.
where dy := aip/co. But (12) does not imply lim T}, (B10)[Tn(B:)]"! >
n

0. But according to (10), on the set of trajectories ensuring the strong
consistency of the CLSE, we can improve the estimator by first calculating
%1) with /\,1€/2 = 14 Ti(Bs), k < n, and then calculate %2) using )\116/2 =
1+ a&) /E,(ll)Tk (B\,(Ll)), k < n, and so on. Another method is to calculate the
CLSE for estimating {U,}, then deriving the distribution of Uy from {U,},
and then calculating the MLE based on this distribution if this one belongs
to a parametric family.

We have

Snp,o(0) = Snsp(0o) =

n

> 1(YiFn) = Yilyo) + e + (fx(00,v0) — £(0))]2

k=1
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> Vi (Gn) = Yilvo) + 1 + (Fr(00,v0) — £ (60)))? =

k=1

Sl

(00, v0) — 2= > (fulbo, o) — £ (80)) +
k=1

Ead

wi

23 Vi) = Yi(v0) + el [(£27 (60)) — £L2(0)).

i

1

1/2

Using now Yi(3n) — Yi(y0) = (0 — ﬁn)Q)\ 1/2 + 28 (v0 — An)A, 7, the

previous quantity becomes

(13)  4(v0—Fn) > _ & A Pd0) + 2 Z ndy (0

Then, according to Bienaymé-Tchebyshev’s inequality, we get

inf th,ﬁ(e) - th, (90)

0€B§
Zn:(f;?)(eowo)) v
inf DW() |1—2 | 5= -
b€ B; inf D ()
0eB§
n 1/2 n
pIRTS P nkdy (0)
2(70 —An)” — 2 sup | = -
inf DV () ocBs| DY (0)
0eB§
z &, 2d) (0)
14 4170 — Ap| sup |—
( ) ’70 v IGEBpg Dg)(e)
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a.s.

Assume first 79 = 7, = 0, equivalent to {{ }x>0 observed. Then lim,, 0,
0o under (15) and (16) thanks to proposition 3.1: for all 6 > 0,

n

(1) tim inf (o) (00) — o (0) A oo,
n geB§ P
3 (97 (B0, 10))22; !
(16) lim,, ’;:1 m 5 as.
1 _
ont. 2 (9 (00) = ()21, "

The first condition, which is ST ({D(l)( 0)}), is satisﬁed if
hm| 1nf 5D( )(c 10, B10) = 00, equivalent to lim Z A E oo, if
c—col> " k=1

lim inf D(l)(co,am,ﬂl) “ 0, and if
n |B1—Piol>d

lim  inf DS)(C(% at, Bio)

N |ar—ai0]|>6

2 50. First of all

n

PREDS
k=1

k=1

k—1 - n
1+ dZﬁf““)gf] >3 [Lrd1- g0t

=0 k=1

a.s

n ~ ~
Therefore /\,;1 =" o0 for d = 0, and for d > 0 either on 2, or on

k=1
using oA " > S (L1 — Lin)[1 + d(1 — B.)71€7 172, if the sequence of
k m

records satisfies
(17) R =62 = O([(Lms1 — Lim)m]"/?), on Qu, for d > 0.

In the standard extreme value theory for i.i.d. variables, L,,, behaves asymp-
totically as expm and is independent of the distribution of these variables.
In a general GARCH (1,1) model, the distribution of the records indices
and values {(Ly,, R;,)} may be calculated from the distribution of {U,},
when given, and {s,(0)}.

Next, consider hm inf Dgl)(co,alo,ﬁl) 2 50. Define, for all € > 0
n|B1—PBro|>6
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small enough, the subsequence of indices {n$}; = {n: &2 >¢c}. Then

E 2
[ Z (Bnk+2 (I+1) _5?;+2 l+1))flf ]

DV (co, ar0, 1) > Z

ny<n—2

2
( +d2l8nk+2 l+1§l)€ ]

(Bro —51)2
<Z _2+d 1 _,8*) 2

v

SUP;<ng +1 fl € 2]

implying lim  inf Dg)(co,am,ﬂl) “ 50 on ng for d = 0, and for
n |B1—Piol>8

d > 0 on Q¢ under (18):

a.s

(18) Je > 0: lim, Z Lig2>.y = 00 on Qc., for d >0,

which means that {7} does not die out as k — oo; (18) is satisfied under
the assumption that the {U,} are i.i.d. with a continuous distribution.
Consider next ),,. We have, in the same way,

nk+

2
|:l¥ (Bnk+2 (+1) ﬁ?k+2(l+1))é_l2£;k2:|
DP(co,en0,8) > Y. ==

ng+1 2
nE<n—2 [(1 +d lZO /Bfk+2—(l+1)§l2)§gk2:|

(Bro — £1)?
Z [6nl + d(1 — B,)~1]?

ngng Sn—QéikH <&,

Vv

which converges a.s. to oo on Qoo for d > 0. The proof is similar for
. . (1) a.s.
limy, inf|o, —a,0)>5 Dn’ (co, @1, B10) = 00.

Study now (16), assuming (15). This condition is satisfied if {£7 } ;<o is null.
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Otherwise, we have
n N
_ 2 _
> (947 (0022 sup (g7 (60))2 3 A;!
k=1 < k=N k=1
)

3600~ o027 3 6 00) o 02

X y—1
> Ak

sup (g (60))? b=l

Since lim 9,22)(90) %20, then (16) is checked if

e (D) M) py2y—1
Glenlgglél(gk (90) 9 (9)) /\k

(19)  LmQ, >0, Q= _
n

Then (19) is checked if h_mi%f(g,§1>(eo) — g (#)? ¥ 0. Defining kf =
k
sup{l < k —1:& > e} = sup{n§ < k — 1}, this is checked if

: : k—(kg+1)  ok—(kp+1)\2 as.
lim  inf ( k — k ) >0
Tk |B1—P1r0]|>6 /81 /810

which is itself satisfied when

(20) Tm(n,yy —nf) < oo.

This means that the durations of the time periods during which {¢2} is null

or converges to 0 are bounded. Since, for d > 0, this assumption is stronger

than (18), lim 6,, = 6y under (15) and (16), or under the stronger condition
n

(17) with (20) (when {&?};<o may be nonnull) or with (18) (when {£7}x<o
is null).

Assume next that {Xj} is observed. Then according to proposition 2.1,
lim,, 3, = o if

(21) lim Y Y o
k=1
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which is checked under (17). So the consistency of {6, } requires (15), (16),
(21) (all satisfied under (17) and (20)) and the following assumptions (22)
and (23) coming from (14): for all § > 0,

n n -1
(22) h—mlemé [g,i”wo)—g,i”w)ml” Aﬁ] =,
n |98 k

(23) Tim sup lim”d,&”(m] lf[d?(e)}?
k=1

n
0eB§ =1

Since A > 1, then A\;' < 1 leading to (23) according to the SLLNSM
(proposition 5.1), and (22) is (19) which is checked under (20).

So finally under (17) and (20), lim, (7, §n) 2 (v0,0p). The proof is similar
if more generally {&,} is the innovation of a linear autoregressive process.
O

5. Strong Law of Large Numbers for SubMartingales

Proposition 5.1. Let © CRr, O compact, p < oo. Let {Fi} be an in-
creasing sequence of o-algebra, and L,(0) = > npdi(0), 0 € O, where, for all
k=1
k, ng is Fr-measurable with E(ng|Fr—1) = 0, E(n,%]}"k,l) = 0']%7 @0’% Z 0,
and di(0) is Fr_1-measurable. For all k, n, let dy(0) be Fj_1-measurable,
D.n(0) = X d?.(0), Dn(0) = > di(6). Assume that there exists Qo C Q with
k=1 k=1

P(Quo) > 0 and such that on Qug, imsup Dy, (0)[Din (0)] 7 < 00, SI{ D0 (0)}),
LC)
LIP({di(0)}), and LIP({d«x(0)}) are checked. Then

(24) lim sup | Ly, () |[Den (0)] 71 20 0n Qoo
" 0e®

Proof. If@ isa finite set (i.e. Card® < o), thanks to the SLLNM (Strong
Law of Large Numbers for Martingales, th. 2.18, [4]),

lim sup

" geBg n fe

andkw)] D,.(6)]*

k=1

“ 0 on {lim inf D, (0) iSO} .
B§
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Now assume the general case © C RP. We define for each k a discretization of R?
by a random grid G, with fixed directions, a fixed origin, and a random mesh size
€, Fr—1-measurable and converging a.s. to 0 sufficiently rapidly as k — oco. Let
{0r.i}: be the vertices of Gy N O, let 04(0) € {01.:}: such that [|0(0) — 0] < cex,
where c is a constant (take ¢ = /p if the norm in condition LIP({d(0)}) is the
euclidean norm). Then, denoting G, (0) := {6x(0) }k<n, we get

1L,,(0)] L(0,G0(0)] o |La(Gn(0))
T nLE < lmp—wlmw
Ln(0,Gn(0)) = an dy.(0) — di(0x(9))),
La(Gu(®) = S e (0:(0)).
k=1
Defining Dy, (G (6)) = é{dkwk( DIZ, Dan(Gn(0)) = i[*kwk( D2,

(25)  sup Lol@nOl M[m\ w(Gu(0) ~ D(O)] |, |

& Dw(0) T Den(Ga(6)) D*n<9>

which converges a.s. to 0 thanks to the SLLNM ([4]) and LIP({dy(6)}).
Next we must show that limsup | L, (0, G, (0))|[Dsn(0)] "' “2 0. For that the
nog

successive steps are the following ones. We define Uy, ,(0,G,(0)) = > mi(di(0)—

k=m
di(0x(0)))[Dr(0)] L. Then we use the following property for submartingales (th.
2.1, [4], see also th. 5.1 further):

(26) AP ( max Sl;p |Unm.n(0,Gn(0))| > )\) <FE (sgp |Upnim (60, G (9))]) .

n:m<n<m/

Using LIP({dr(0)}) and the convergence of {ex} to 0 fast enough, we show
limlim F (sup | U,y (6, gm,(e))\) =0
m m/ 0

from which we deduce lim sup sup |Uy,.» (6, Gn(0))] £ 0 thanks to (26), and then

m n>m

lim lim sup Upnn(0,Gn(0))] 0. Finally the result will follow from

m n>m

| L (0, G (0))] [ Dicn( (0, G ())di (0)| [Dsn(0)] "
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together with a generalized Toeplitz’s lemma applied on the sup, of this quantity.
(]

Lemma 5.1. (Wu’s lemma (1981), [20]) If for all 6 > 0, li_meian (Sn(0) —
n 0€B§

a.s.(P. ~ a.s.
Sn(00)) >( )0, then lim 0, (P) 0o.

Theorem 5.1. (Theorem 2.1, [4]) If {S;, Fi,1 < i < n} is a submartingale,
then for each real A, AP (m<ax S; > )\) <FE [Snl{max Si>)\}:| .
1<n i<n
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