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SG PSEUDO-DIFFERENTIAL OPERATORS AND WEAK
HYPERBOLICITY

Fabio Nicola and Luigi Rodino*

ABSTRACT. We consider a class of pseudo-differential operators globally
defined in R™. For them we discuss trace functionals, distribution of eigen-
values, essential spectrum and weak hyperbolicity.

1. Introduction

Pseudo-differential operators of SG type (Symbols of Global type) represent im-
portant examples of operators on non-compact manifolds. In fact, starting from
the class S** of the symbols a(zx,§) satisfying in R” x R" estimates of the form

(1) DS Da(w,€)| < Cogla)r~Iol(g)n=1A1,

where (z) = (1+]2[2)Y/2, (¢&) = (1+[¢>)Y/2, p € R, p € R, with C,4 independent
of r € R*, £ € R", one defines pseudo-differential operators having a suitable
symbolic calculus in S(R"), S'(R"), see Parenti [25], Shubin [29], Cordes [5].
This class of operators can be then transferred in a natural way to non-compact
C*°-manifolds with exits to infinity, see Schrohe [26].
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A relevant subclass of $** is given by Sé‘l’(% )’ the set of the classical symbols,

admitting asymptotic expansions in z and £-homogeneous functions, see Schulze
[27], Melrose [20],[21].

In the present paper, limiting attention to the R" framework, we shall survey
some recent contributions on SG operators and present also new results.

Namely, in Section 2 we report on the results of Nicola [23] concerning trace
functionals, cf. Wodzicki [30]. Moreover we recall the related theorem of Maniccia
[18], Maniccia and Panarese [19] about Weyl formula for the asymptotic distri-
bution of the eigenvalues of self-adjoint SG operators. We address to Nicola [24]
for the computation of the K-theory groups for operators with symbol in Sc(:)l’(og,x)‘

A new result is presented in Section 3, concerning location of the essential
spectrum of SG operators.

Section 4 is devoted to SG hyperbolic equations. The basic definitions and
the study of the strictly hyperbolic case were already in Cordes [5], treating also
some weakly hyperbolic systems. A general approach to SG hyperbolic operators
with constant multiplicity has been recently drawn by Coriasco, using SG Fourier
integral operators, see Coriasco [6],[7], Coriasco-Rodino [9], Coriasco-Panarese (8],
Coriasco-Maniccia [10]. Namely, we shall recall the result of Coriasco [7] about
constant multiplicity under Levi condition, novelty in the present paper being a
new definition of hyperbolicity for classical SG operators. We report also on the
contribution of Cappiello [1],[2] concerning well-posedness of the Cauchy problem
in the spaces of Gelfand-Shilov [13], under weakened Levi conditions.

2. Trace functionals

We begin by recalling some definitions and properties of the algebras of pseudo-
differential operators we shall study, for details we refer to Schulze [27], Melrose
[20],[21]; for the proofs of the theorems of this section see [23].

Let S =S"N{z = (2, zn41) € R** : 2,41 > 0} and consider the so-called
radial compactification map

R 5 2z 25 (2/(2),1/(2)) € S" C R,

and RC? := RC x RC : R?® — S" x S1.
Fix a real function 0 <r € C°°(S%) such that

S" 1 =0S" = {r =0}

and |z| = RC*(r) for large |z|.
We set ry :=1®7 and re := 7 ®1 on S x S.



SG pseudo-difterential operators 7

Definition 1. Let p € R p € R. We define the symbol classes

St 4 = (RC)" (rytrorC=(sT x 81))

and the spaces Lffl’p = Op% (Sflé x)> of the corresponding pseudo-differential

operators: if a(z,€) € Sé‘l’(’é ) one sets as standard in the Weyl sense

Au(z) = a"u(z) = (2%)_"/ei(“’_y)5a (x ; y, ) u(y) dy dE.

Later in Section 4, we shall also refer to the left-quantization:
ala, Du(a) = ()" [ eafa, i) ds

Remark 2. Symbols in Sé‘l’(’é ») can be regarded as particular symbols in

Hormander’s classes S(m,g) =: S** corresponding to the weight function
m(z,§) = (z)7(§)",
and to the slowly varying metric

_ ldz? | |dgf®

e T

cf. (1.1), so that for operators with symbols in those classes the standard pseudo-
differential calculus works, see Hérmander [16], Chapter XVIII.

Now we recall that for classical symbols, i.e. symbols in S’é’i’é o) Ve have well

defined symbol maps

(2) A Sy = T CO(ST x S™Y,
(3) GrI Sttty = Ty CE(S" I x SY),
(4) I AR T el L L N

for k,j,h € N. Precisely, given A = Op(a) with a = (RCQ)*(r;“re_pa’), a €
C> (S xS%), we consider the Taylor expansion near S} x St lofa ~ 32, rfbai,
a; € C®(S" x S"~1); then we define

61‘;_]6(@) =r,ap, keN
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Similarly, we expand a' ~ Y2 rib; near S*~1 x S", with b; € C®°(S"~! x S1),
and we set
87 (a) = r;”bj, jeN

Finally, near S"~! x S"~! we can write a’ ~ Z;‘}:o fr’fpfréci,j, for suitable ¢; ; €
C>®(S™! x S"1). This leads us to define

~1lj) ek,p h( ) = Ch.k; h,k € N.

The results of this Section will be established in terms of the symbol maps ag_k =
(RC* x Id) 0 5%, 077 := (Id x RC*) 0 627, oy BP~" = 5l Pt

Now we pass to consider trace functionals for some algebras of pseudo-differen-
tial operators, according to the following definition.

Definition 3. Let A be a complex algebra; we say that a functional L : A —
C is a trace if L is linear and vanishes on commutators.

We recall that on the algebra L~ of the operators with kernels in S(R" x R")
there is a unique trace functional which is given by

Tr(A) = /A(a:,a:) dx,
denoting by A(z,y) the kernel of the operator A. Moreover, if we regard L~°
as infinite matrix algebra (after choosing a base for L?(R™) given by functions in

S(R™)) we see that this trace is consistent with the usual trace of matrices. On the
other hand it extends from L~ to L """ “for every e > 0: ifa € S/, 7" °

cl(¢, :E)
then aV is trace class and
= //a(m,{)dxd{.

To extend it further we need to regularize the resultant divergent integral; we do
this using holomorphic families. Precisely, for a € Sé‘l(’é o) P E Z,1,2€ CxC,
the function

(5) a¥.) // :z:§ * d de

is well defined and holomorphic for Rez < —p —n, ReT < —p —n.
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Theorem 4. The function in (5) extends to a meromorphic function of T,z
with at most simple poles on the surfaces z = —p—n+j, 7= —p—n+k, j,k € N.
In particular, we have

1 1~ 1~ ,
(6)  Tr(a),) = —Trye(a") — =Try(a") — =Tre(a") + > enim 27,
bl 7- b
h+i>2

near (1,z) = (0,0), where the functionals Try, ﬁw and ﬁe, defined as the
residues in (6), have the following explicit expressions:

(7) Try e(a (2m)~ / / 01;”’ a)do do',
gn—-1 Jgn-1 ’

8) Try(a™ 1 lim / / a) df dz
(8) Try(a™) = (27 H+OO<$<€ ¥

ptn
1 r]:\r —7’L’L n
—(27)" log €Ty, (a Z /Snl/gnl d9d0>

9) To(a") = (2r)" lim < [ /S () dB dE — (2m)" o Try (")

€e—+00
/ [ o d9d9>
gn—1 Jgn— 1 ’

Remark 5. Let us note that the restrictions Try, and Tr, of ﬁw and /ﬁe to
—n—1 —n—1, .
U,ez L™ and Upez L,"" " are given by

(10)  Try(a™) = (2m)~ //S oMa)dods,  ae Sy

HEZ

(11)  Tre( (27m)~ //S o.M (a)d9dé,  ac | Sy

pPEZ

and ﬁw and Tr, turn out just the finite parts of the integrals in (10) and (11)

when a € | Skt

WEZ,pEL ™ cl(€,x)"
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Let us now set Z := L™ and A := Upez Upez LI* /7,

(12) T, =J /7, .= L&'/

WEZ pEL PEL PEL

(13) Ay =AJTe, Ac=A/Ty, Ape=A/(Ty+TLe).
The following result holds.

Theorem 6. The functional Try . defines a trace on the algebra A which
vanishes on Iy, and L. and therefore it induces traces on Ay, Ae and Ay .. On
Zy and I, trace functionals are given respectively by Try and Tr,.

For all these algebras, the above functionals are the unique traces up to multipli-
cation by a constant.

It is interesting to note that the above traces coincide, up to a multiplicative
constant, with some Dixmier traces, cf. [11], we are going to define. Let K be the
ideal of compact operators on a separable Hilbert space H. For T € K| let p,(T)
be the sequence of eigenvalues of |T'|; on(T') = 27]:[:0 pun(T), N € N.

Definition 7. We define the ideals of compact operators

L) (H) = {T eK: (qug—(?)N ) € IOO(N)}
€
,c§;§°>(H) = {T eK: (%) ven € IOO(N)} :

The Dizxmier traces

Tr, : LE)(H) = C, Try(T) = lim ("N(T))

log N
1. p(1,00) / T on(T)
Trg, : Ly (H) = C, Tr(T) = hwm (—(log N)?

are hence defined first for T > 0, then extended by linearity.

In Definition 7 we used the notation lim for Connes’ w-limit, see Connes [4] for

the precise definition. Here we only rgmark that it is well defined on bounded
sequences and coincides with the usual limit on convergent sequences.
The main features of Dixmier traces are listed here.
e If T > 0 then Tr,(T) > 0.
e If S is any bounded operator and T' € £(:°°)(H), then Tr,(ST) = Tr,(TS).
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e Tr,(7) is independent of the choice of the inner product on H, i.e. it only
depends on the Hilbert space H as a topological vector space.
e Tr, vanishes on trace class operators.

Analogous remarks hold for Tr/,. Now we can state the above mentioned
result.

Theorem 8. The following inclusions hold:

L™ C L (LARY)),
L™ ¢ LON(L2(RY) if p< —n,

LA ¢ LBON(L2(RY)) if p < —n.
Furthermore we have

Tryo(a") = 202TY,(a") for a € S, "

c(¢,x) ?
Try(a™) = nTr,(a™) for a € S;&”;), pEL,p<—n,
Tre(a%) = nTry,(a™) for a € S’fl’(?;), wEZypu< —n.

Theorem 8 is analogous to the result established by Connes [3] for classical op-
erators on compact manifolds. The proof given in [23] relies on the asymptotic
distribution of eigenvalues of a formally self-adjoint elliptic pseudo-differential
operators in our classes. Indeed, after reducing by linearity to the case of an
elliptic operator A = ¢V > 0, with Weyl symbol a > 0, one can deduce estimates
for the eigenvalues of A from estimates for the counting function N(A) of the
operator A~1. In this connection, we have the following formula of Maniccia [18],
Maniccia-Panarese [19], which can be also deduced by Hérmander’s Weyl formula
in [15] by computing the symplectic volume of the set {(z,¢) € R?" : a(z,£) < A}

Theorem 9. Let a € Sﬁ’é o B> 0,p > 0, be a positive elliptic symbol and
denote by N(X) the counting function associated with the operator a“. Then for
every 0 < §; < %,0 < 0y < %, we have

Cu)\% logA + O (A%) for p=p,
NQ) = Clxi +0 (A for < p,
CUAr +0O (Ao for > p,
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where

We finally address to Nicola [24] for the study of other invariants, namely the
K-theory groups of the subalgebra of the SG operators of order zero.

3. Essential spectrum

We are interested in locating the essential spectrum of pseudo-differential op-
erators with symbol in the class S%°, see (1) and Remark 2 for the definition.
Here the essential spectrum ¥.(A) of a bounded operator A on a Hilbert space
is defined as the set of all complex numbers A such that A — Al is not Fredholm
with zero index. Since a symbol a € S%° in particular satisfies

lim sup (&) 9000/ a(x,€)| =0, o] £0,
|z[—+00 geRn

a result due to Wong [31] applies and gives the estimate

(14) Ye(@)Cc{AeC: A< sup Ja(z, &)}
(z,6)ER2"

We observe that actually a sharper result holds:
Theorem 10. Let a € S%0. We have

Ye(aV) C {A € C:|A| < limsup |a(z, &)|}.

(#,§)—00

Indeed, cutting the symbol away from the ball B(0, R) we modify the operator
a" with a compact perturbation, which does not have effect on the essential
spectrum. Then letting R — +oo we obtain Theorem 10 (for the more general
classes considered by Wong) from (14).

Here we want to give another proof of Theorem 10 based on some elementary
properties of the so-called localization operators studied, among others, by Wong
[32],[33].
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Precisely, let G be a topological locally compact Hausdorff group with left
Haar measure p; let X be a Hilbert space, B (K resp.) the algebra of all bounded
(compact resp.) operators on X. Let 7 : G — B be an irreducible square-
integrable unitary representation of G and, finally, let ¢ € X be an admissible
wavelet; set ¢y = [, (¢, 7(9)¢)u|* du(g). With any F € L®(G) we associate the
operator Lr : X — X, defined for z € X by

1
(15) Lpz = ) GF(Q)($7W(9)¢)H7T(9)¢ du(g)-
Then L is a bounded linear operator on X and
(16) 1FN < [|1F|lzoo ()

The proof of Theorem 10 requires the following proposition which may be of
intrinsic interest. Here we consider the so-called Alexandrov compactification
G := GU {00} of G; it is a compact Hausdorff space.

Proposition 11. Let F' € L*°(G) and Lr as in (15). Then
inf [|Lp + K5 < lim sup|F(g)].
KekK g—00

Proof. Let U be the family of all open neighborhoods of co in G,. By the
very definition, if U € U then G \ U is a compact subspace of G. For U € U we
denote by xp the characteristic function of U and we set Fyy := (1 — xp)F, as a
function on G. Since Fiy € L'(G) we have that L, is trace class and therefore
compact on X, see Proposition 3.4 by Wong [33].

Then for every U € U by (16) we have

inf |[Lp + Kllg <[|Lr — Lrylls < |F = Fullpee@ = sup  [F(g)]-

Kek 9€U\{oo}
Now inf sup |F(g)| =limsup|F(g)|, so that the proposition is proved. O

Vel get\{oo} g—00
Proof of Theorem 10. By standard results of Functional Analysis, as in the
proof given by Wong [31] it suffices to prove that
(17) inf ||V + K||p < limsup |a(z, ).

Kek (2,6) 00

Let us consider the Weyl-Heisenberg group (WH)" = C" x R/27Z. We apply
Proposition 11 with G = (WH)", X = L*(R"), (n(q,p,t)f)(z) = ' PT=aP+) f (5 —
q) for x € R", ¢(z) = m/4e~1e*/2 and F = a, so that (17) holds for L,. On the
other hand, setting A(z,y) = 7"~ 1?79/ it is easy to see that L, = (axA)™ =
a% +a", where a € S~ 1. Since @V is compact, (17) follows for a%. O
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4. SG hyperbolicity

We fix here attention on operators in | — T, T[xXR" of the form

m
(18) P=D/"+> PD/"

i=1
where P; = Pj(t,z,D,) is a family of SG pseudo-differential operators, with
symbols p;(t,z,&) € C°(|—T,T[,577), j =1,...,m. In the following definition,

cf. Coriasco [7], we write that p; is a principal symbol of p; to mean that p; —p; €
Coo(] - T, T[7 S]_I’J_l)‘

Definition 12. The operator P in (18) is called SG hyperbolic with constant
multiplicity, if we may choose principal symbols p; so that the characteristic equa-
tion

m
(19) AT+ it 2, AT =0
j=1

has M < m distinct real roots A\, = A\p(t,z,€) € C*°(]-T,T[,S"), h=1,..., M,

which satisfy for positive constants C' and R:

(20) >\h+1(t,$,§) - )‘h(taxag) > C<$><§>7

h=1,...,.M —1, |z| + || > R. The operator P is called strictly hyperbolic if
M = m, i.e. the multiplicity of all the roots \p, is equal 1.

Let us then consider the case when p;(t,z,§) € C*(] - T,T], S’gl’fg x)) Jj =
1,...,m. We may obviously reset Definition 12 requiring A\, € C*°(]-T,T7, Sd(g m))
and p; —p; € C°(] —T,T], §9-13=1)  Fix attention on ai(pj), al(p;), aw’e(pj)

cl(é,z)
it is natural to consider, instead of (19), the characteristic equations:

(21) N4 ol (py) (8, XTI =0, € #£0,
J=1

(22) N+ ol (p) (tm, AT =0, 3 #£0,
j—l

(23) /\m—i-Zawep] Yt 2, )N =0, z#0, £#0.
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Proposition 13. Let P be defined as in (18) with p; € C*(]—T,T], nggg o)
j=1,...,m. Then P is SG hyperbolic with constant multiplicity if and only if
(4.4),(4.5),(4.6) have M < m real distinct roots, which we denote by )\f, and

y "/)7 —
respectively Aj, A, “ h=1,...,M.

Proof. Assume that P satisfies Definition 12 with A\, € C*(] = T, T], Scl(g o)

Since 01/) (pj) = {D(pj), using the properties of the oy-symbols (see for example
Section 1.4.3 in Schulze [27]) we obtain from (19):

m

(24) PO+ BT = (o)™ + Y ol (9i) (o, (M) = 0.
Jj=1 j=1

Hence )\f = %(’\h) and similarly A¢ = ol(\), /\w’ = aw e()\h) h=1,...,M,
satisfy the requirements of Proposition 13.

In the opposite direction, standard arguments for hyperbolic equations, cf.
Cordes [5], show that the distinct roots /\Z’, A7, /\Z”e of (4.4),(4.5), (4.6) respect.
are C'° functions of ¢, z,¢, homogeneous of degree 1 respect. in &, z, and (z,¢)
separately. Since aﬁ,afb =0l ol = aif we may argue as in (24) to pass from (21),

(22) to (23); after possibly re-ordering the roots, this gives
e =al(N) =ob(N\), h=1,... M.
Following the proof of Proposition 1.4.28 in Schulze [27], we then define

(25)  Mn(t,7,6) = WO (t,2,6) + w(@)N; (K, 7, &) + w(@)w(E) Ny (t, , )

where w € C*°(R") is non-negative, vanishing in a neighborhood of the origin
and identically equal to 1 outside a ball centered in the origin; we have A\, €
c>(—-T,T], Sillg (e.0)) With o}, (\) = Moy otOn) = X5, () = AL

Let us check that the A\, in (25) satisfy Definition 12. In fact, assuming

M = m for simplicity of notation, we have

m m )
[T =) =2+
h=1 j=1

where we can express p; € C*°(] — T, T, Sgl’{g x)) in terms of A\, by the Cardano-
Viete identities:

S M 2= Y Mhe s B = (DA A
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We then obtain from the same identities applied to the roots of (21):

01 :a¢< Z)\h> Zaw (An) = Z)\h—awpl

oy (Pm) = (=10 (A ... Am) = (—1)mallz,()\1) ceeoy(Am) =
= (=1 - N = o (o),

<~

and similarly ag(ﬁj) = ag(pj), a{b”je(ﬁj) = of;?;(pj) for j = 1,...,m. This shows
that p; are principal symbols of p;, giving in (19) the roots \j.

Finally, if we define 7, = A\, — g, from our assumption we have a}/)(rhk) =
Ny =Xy £ 0for & #£0, 0L (the) = A=A # 0 for o £ 0, 004 (hr) = A = AL £ 0
for x ;é 0, ¢ #0. According to Proposmon 1.4.37 in Schulze [27], thls implies the
ellipticity of 7hx, namely |45 (¢, z,&)| > C(x)(§) for |z|+ |¢| > R. Hence, possibly
after re-ordering the roots A\, we deduce (20). O

We recall now the result of Coriasco [7], limiting here attention for the sake
of simplicity to the case of one multiple characteristic A = A(¢,z,£) € C®(] —
T,T[,S"!). We may then re-write our operator in the factorized form

(26) P = (Dt - )\(t,l', Dm))m + zm: CLj(t,LE,DI)(Dt - A(t7$7D:L‘))m_J
7j=1

with a;(t,z,&) € C®(] — T, T[, 577). Consider the Cauchy problem
(27) Pu = f(t,x), Djuli=0 = gs(z), s=0,...,m—1.

Definition 14. We say that P in (26) satisfies the SG Levi condition if a; €
C®( — T,T[,8%% for all j = 1,...,m. Given p,q € [0,1] with p+qg <l
we say that P satisfies the (p,q) Levi condition if a; € C°(] — T, T[,SP»¥) for
j=1,....m

Theorem 15. Let P in (26) satisfy the SG Levi condition. Then the Cauchy
problem (27) is well-posed in S(R™), namely for every f € C°(] —T,T[,S(R")),
gs € S(R*), s = 0,...,m — 1, there ezists a unique solution u € C°(] —
T,T[,S(R™)).

Same statement is valid in S'(R™). The solution u(t,z) can be expressed in
terms of SG-Fourier integral operators, see Coriasco [6],[7], Coriasco-Rodino [9],
Coriasco-Panarese [8]. Coriasco-Maniccia [10] prove for u(¢, z) propagation of the
related wave front set (S-wave front set, in the terminology of the authors).
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To treat the case when the SG Levi condition is replaced by the weaker (p, q)-
Levi condition, it is convenient to refer to the spaces Sg(R”) of Gelfand-Shilov
[13]. We recall that f € Sg(R”), 0 > 1, if for positive constants ¢ and B

’DBU(ZL"” < B|ﬁ\+1(ﬁ!)96—a|x|1/e‘
Under suitable analytic estimates for A(¢,z,£) and a;(t,z,&) in (26), Cappiello
[1],[2] proved the following result.

Theorem 16. Let the (p,q) Levi condition be satisfied and assume p + q <
1/6 < 1. Then the Cauchy problem (27) is well-posed in S§(R™) and in the dual

S8 (R™).

Acknowledgement. The authors would like to express their gratitude to S.
Coriasco for his valuable suggestions.
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