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ABSTRACT. In this paper, we give a description of Taylor spectrum of
commuting 2-contractions in terms of characteritic functions of such con-
tractions. The case of a single contraction obtained by B. Sz. Nagy and C.
Foias is generalied in this work.

1. Introduction. Let H be a Hilbert space. A 2-tuple A = (A4, Az) of
bounded operators on H is called contractive ( or 2-contraction ) if | A1h1+Azhs||?
< ||h1||* + || h2||? for all hy, by in H. Tt is equivalent [1] to the condition: A; A% +
Az A5 < 1y. If additionaly, operators A; and Ay commute, then A is called
a commuting 2-contraction. To every commuting 2-contraction A = (A, A2)
corresponds an analytic operator-valued function 64 : ID?> — B(Da , Da-)
called characteristic function of A and defined by :

(1.1) 04 (21,20) = —A+ D e (13g — 21 AT — 20 A3) " (21.19¢, 22.19¢) Do

where
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(a) D? = {(zl,ZQ) eC?: |zl +|ul* < 1},
(b) B(Da, Da~) is the set of all bounded operators from D4 into D4+,

(c) Dy = (I — A1 A} — AgAg)% :'H — H and D4~ is the closure of the range of

DA*v
1
1l —ATA —ATA 2 9 .
(d) Dy = CASAL Ly — ASA : H* — 'H* and is the closure of the
range of D4,

h
(e) (211p, 221y) : H? — H; (2119, 221%) ( h; ) = 21h1 + 22ha.

Characteristic function of commuting n-contraction has been introduced
in [3] as a generalization of characteristic function of a single contraction [9].
A lot of its remarquable properties have been established in ([2], [4],[9]). In
particular, it is shown (like in the single case) that the characteristic function is a
unitary invariant. It means that characteristic functions of two pure or completely
noncoisometric n-contractions ([2], [4]) A = (41,...,4,) and A" = (4],..., A])
coincide if and only if there exists a unitary operator U : H — H such that
AL =UTAU foreveryi=1,...,n.

In the case of a completly nonunitary single contraction, the spectrum
can be described in terms of the characteristic function (see theoerm 4.1 [9]).
The aim of this paper is to give a description of Taylor spectrum in the case of
commuting pure 2-contractions by means of characteristic function (1.1).

In section 2 we briefly remind the definition of Taylor spectrum. Section 3
contains characterizations of different components of Taylor spectrum. In section
4, we investigate the behavior of Taylor spectrum under the action of involutive
automorphims of unit ball.

2. Taylor spectrum. Let A = (43, As,...,A,) be a pure n-contrac-
tion. According to ([5], [6], [7], [10]), the Taylor spectrum of A can be defined as
follows. Let A (H) be the exterior algebra on n generators ej,. .., e, with identity
eg = 1 and coefficients in H. In other words,

A(H)z{m@eil/\~~~/\eip:xE'H;lgil---<ip§n; lgpgn}
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with the collapsing property : e; Aej +¢e; Ae; = 0. One has

AH) = @p_ A (H);
Ak(H) = {z®e, N Nej,rx e H 1 <ip--- <i <n};
A°(H) = H.

Consider in A (H) operator:
By:A(H)—A(H): Ba(z®ei, Ao Nej,) = ZAk (r)®@erAei A---Aeg,.
k=1

It is not difficult to see that Bi = 0 and Ran By C Ker B4 . Decomposition
A(H) = ®_,A* (H) gives a rise to a cochain K (A,H), the so-called Koszul
complex K (A, H) associated to A on H as follows:

n—1
BA

K (A1, Ap, H) : {0} — H = A° (1) 24 A an () = g0y

where B% is the restriction of B, to the subspace A* (H). Complex K (A, H) is
said to be exact (or regular) if:

{0} = ker BY, Ran BY = ker BY,. ..,
Ran B’y ? =ker B!, Ran B! = A" (H).
Definition 1. The Taylor spectrum of n-contraction is the set:
or(A) ={z2= (21, 22, 2n) €C" : K (A1 — 21,...,Ap — 2p; H) is not ezact}.
Let us now suppose that n = 2. Then,

AH) = A°(H)e Al (H) D A% (H)
(Hoe) @ (Hee)® (H®e2)) ® (H®er Aea).

According to this direct sum, operator B4 admits the matrix representa-

tion
0 0 0 0
Ay 0 0 0
Ba= Ao 0 0 0
0 —Ay A O
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and then operators B?ALAZ) and B(lALAZ) have the forms:

(2.1) Blyay @) =4 @ @A),  (@yeH),
B(lAl,AQ) (x ©® y) = _A2 (l’) + Al (y> ’ (.’B, Yy e H) .
According to Definition 1 and formula (2.1), one has
o7 (A1, Ag) = o) (A1, A2) Uo) (A1, As) Ul (A1, As)
where

(2.2) (Zl,ZQ) S Ué}) (Al,AQ) =4
JdrxeH:2#0, (A1 —2z1)x= (A3 —29)x =0,

(2.3)  (21,22) € 02 (A1, Ay) &

' (A1 —z1)x1 — (Aa —22) 22 =10
F (@1,22) EHQ'{ ($1,x2)7é1((A11— le)ha 2(A2iz22)h)’VheH 7

(24)  (21,2) € o) (A1, Ay) &
= ye’}—[;y;& (Al —21)$1—(A2—22)x2, V(ml,xg) EH2.

Remark 1. aé} ) (A, Ay) is called the ponctual joint Taylor spectrum.
Taylor joint spectrum generalizes the one variable notion of spectrum. It is a
nonempty compact subset of C"”. The reader can find an excellent account of
the Taylor spectrum and its relations with other multiparameter spectral theo-
ries in [6]. Note also that in [2] a description of Harte spectrum by means of
characteristic function is given.

Throughout this paper, we will suppose that if A = (41, As) is a com-
muting 2-contraction, then operator D4+ = (I — A1 A} — AgAg)% is one to one.
Note that pure ( and more generally completely non coisometric) commutig 2-
contractions ([2], [3], [4]) satisfy this condition. Indeed, if A = (A1, A2) is a
pure 2-contraction then, the decreasing sequence of positive bounded operators
(A1 AT + A2 A3)"),c;y admits a strong limit Ay, = 0. Because of that,

Dy« (x) = 0= D3 (x)= (I —AA} — AyA3)z =0
x=(A1AT + A A5 x = x = (A1 AT + A A5)" z ,Vn=0,1,2,...

=
= z=Ax(z)=0.
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Using relations ADy = Da+A and A*Dg- = DaA* ([3]), it can be
proven that:

1y — ATA;  —AA,

1
pE— _ *— * 2] -
Dy» = (I — A1 A7 — A2 A%)2 is one to one < Dy —A5A 1y — A A,

is one to one.

3. Characterization of Taylor spectrum.

Lemma 1. Let A = (A1, A3) be a commuting 2-contraction such that
D4+ is one to one. Then,

A(z,y) = zniv+ 20y, ((21,22) € C2, (7,y) € H?) & 04 (21, 22) <DA < ch >) -

Proof. It follows directly from relation

(3.1) 04 (21,22) Da ( ”y“" )
= Dge (I — 21 A — 2045) (212 + 29y) — (A1 + Agy)].
O

Lemma 2. Let A = (A1, As) be a commuting pure 2-contraction such
that D s+ is one to one, (21,2) € C? and x € H. Then,

Z1.x
Z9.T

A" (2) = < ) & (04 (21, 22)) Dax (z) = 0.

Proof. Since in this case D3%. (z) = (1y — 2141 — Z2A4s) z, then the
necessary condition is a direct conequence of relation,

(3.2) (04 (21,22))" Dax (2)
_ | Ajz 21 oA =1 P2
—DA< < A;l‘ >+<Z_2> <(1H ZlAl ZQAQ) )DA* (l‘) .
Proof of the suffisant condition. Hence (64 (0,0))* Dax (z) =

Asx
(0,0).

Az . . .
— ( 1e ), one can whithout loosing the generality suppose that (z1,z22) #
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—~ Dy (- ( féz ) + ( z:; ) ((1H EA —z—QAQ)—l) D2. (:c)) ~0

1

—Atr 47 (g —7A — 3 A) ) (I — AL AT — ApA) 2 =0
- { —Asx+7 ((lg —70AL — 3 Ag) 1) (I — A A — AA43) 2 =0
— A+ 7 (g —ZTAL — T3 Ag) 1) (I — AJ AT — A A5) 2 =0
- { —Asx+7 ((lg —71AL — 3 Ag) 1) (I — A A — AA43) 2 =0
—HArr + 3 ((lg — AL — 72 A0) ™) (I — AJ AT — Ay AS) =0
- { — T A+ T (g — ZTAL — T A9) ) (I — Aj AT — Ay A5) =0
71 Asx = 2 Ajx
= { —HAL + T ((1H ~ A, - 5A2)_1) (I — AjA} — A3AS) 2z =0
71 Asx = 2o Ajx
- { ~m Atz + 7 ((ln - 2141 - 5 42) ") (] - FALA] - A0 A7) @ = 0
T1Ase = Ajx
- { % ((ln = 741 - 540) ") (31 - A7) 2 = 0

= (7l —A)))x=0= Ajz =Zz.
On the other hand,
1. ZiASx = Az, Ajx =Zix and 2z # 0= Az = Zw.
2. Putting Ajx = Ziz and z; = 0 in the relation
A+ ((1H ~ A - 5A2)_1) (I — A1 AT — AgAd)z =0,
and multiplying by (15 — ZzA42) ", one obtains
(1g —Z2A9) ASx = Z5 (I — A2A3) .

This last relation is equivalent to Ajx = Zx .
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Proposition 1. Let A = (A1, A3) be a commuting pure 2-contraction

such that Dy~ is one to one. Then, (z1,22) € ngl) (A1, Az) if and only if equation

04 (21,22) X = 0 admits at least two nontrivial solutions D 4 (X1) and D4 (X2)
such that, X1 = ( li) , X9 = < 0 >,x€'H.
0 x
Proof. One has
(21,22) S O'é«l) (Al,Ag)
& dJreH:x#0,(A1—z1)z=(A2—22)xz=0
& dJreH:x#0, A (z) =2z1.2 and Ay (z) = 227

& dreH:x#0, A( g ) =z1.2+ 29.0 and A( 2):21.0+z2.x

o 02 (04(2)) 20wt 0ataz (2 (0)) =0

To end the proof, it is sufficient to remark that

x;éO@DA<g)7é0<:>DA<2);AO.
O

Proposition 2. Let A = (A1, A3) be a commuting pure 2-contraction

such that Da~ is one to one. Then, (z1,22) € Uég) (A1, Ag) if and only if the
equation 04 (z1,22) Y = 0 admits at least one non trivial solution Y = Dy (X)

such that X # ( Efl_ng),VheH.
2 — A2

Proof. One has,
) | (ZL‘1,$2) € H?: (Al — Zl) T, — (A2 - 2’2) xo =0,
(21,22) € 0P (A1, Ag) & (z1,22) # (A1 — 21) b, (A — 20) h) Yh € H,
(w1,22) # (0,0) .

It means that

(21,22) € 0512) (Al,AQ) =
= (:L'l,xg) e H?: Ay (xl) + Ay (—:L'Q) = 21.Z1 + 29. (—.’IIQ) R
($1,$2) 75 ((Al — Zl) h, (Ag — 22) h), Vh eH,
($17$2) 7é (070) .
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According to Lemma 1, one has finally

3 (21, 9) € H2: 04 (21, 22) <DA< o >)=o,

—I9
(£1,$2) 7& ((Al — Zl) h , (Ag — 2’2) h), Vh € H,
(.1'1,1'2) 7é (070) .

(21,22) c 0’5—1) (Al,AQ)

O

Proposition 3. Let A = (A1, A3) be a commuting 2-contraction such that
D - is one to one and (z1,2) € C2. Assume that equation (0 (21, 22))* Dax ()
= 0 admits at least one non trivial solution. Then,

(21,22) S O'é«) (Al,Ag)

Proof. Suppose that (64 (21, 22))" Da+ (y) = 0 admits at least one non
trivial solution y. According to Lemma 2, it means that

aw=( 2.
Thus, for every (z1,22) € H2, one has
(ro-(23) ().
- (3 (%),
= W
W

Z1) Y, T2y + (A3 = 22) .y, —21)

(A — 21) 902)71 —(y, (A2 —z) )
7(A1 - 21) T2 — (Az - 22) 1’1>H .

Thus,
1
Y Qf Ran D(A1—217A2—Z2)

and finally
(21,22) S O'é«) (Al,Ag)
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4. Taylor spectrum and involutive automorphisms of unit
ball. In this section we invetigate the Taylor spectrum under action of involutive
automorphisms of unit ball D?. Such automorphisms are defined in [8] by

By (2) =\ — %Z”AA'T <z - (1 11— ||)\||2> <HZA!A2> .A) ,

AeD? X = (A, \) #0.

Connection between automorphisms of unit ball and multicontractions
has been made in [2] and [4] where some very interesting properties have been
established. In particular, if ®) is an involutive automorphism of unit ball and
A = (A1, Ag) is a commutative 2-contraction then, (see [2], sections 4 and 5) one
can define operator

By (A) = A — Dy (1g — AN*) P ADy
where the operator A = (A\1.1y, \o.1g) is defined from H? into H by :
A (z1,22) = A1 + Ag.2a.
Proposition 4 and Theorem 1 below summarise important for us results obtained

in [2] and [4].

Proposition 4. Let &\ an involutive automorphism of unit ball and
A = (A1, A2) a commutative 2-contraction. Then, @y (A) is a commutative 2-
contraction such that,

(4.1) 1 — @y (A)* D\ (A) = Dy (1 — A*A) (I — A*A) (1yg — A*A) ' Dy,
(4.2) T — ®y (A) @5 (A)* = Dp- (1yg — AN 1 (I — AA*) (13 — AA*) ! Dy

Theorem 1. Let ) be an involutive automorphism of unit ball and
A = (A1, A2) a commutative 2-contraction. Then,

1. Operators §):Dg, (1) —=Da and Qs : Dy, (4)r —Da- defined by

Q (Dg, () (X)) = Da(ly—A"A)"' Dy (X),
Q (Dg,(ay- (X)) = Da-(1y — AA*) "' Dy (X)

are unitaries.
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2. 0g,(a) and 04 are connected by the relation

Q*Qq)/\(A) (Zl, 2’2) = 9,4 (‘I’)\ (Zl, 22)) Q.
It can be shown that:
(4.3) (1p — AN ™" = (1 — 7 A — 3 As) 1,

(44) (L —ANA) ' =

(13 — MA; — )\_2A2)_1 (13 — A2A2)  A2A1. (1 — MA; — )\_2142)_1

A Ag. (1 — MAr — )\_2142)_1 (13 — A\ A1 — )\_2142)_1 (13 — A 4)
(45) Dy=—yr
IA1]7 =+ [ A2

el + P 1= e = P e (1= el — I 1)

X
ks (1 Pl = B = 1) R el /1= Pl P

Using (4.3), one can show that

(4.6) Py (4) = (B1(A), B2 (A))

Bi(N) = Audw— /1= el = I (Lr = M Ay — Agds) ™!

Y {A1 (w Pyl - w)
+ M AAs <\/1 — \)\2!2 — !)\1|2 — 1> } ,

By = dadi— 1= Dol = NP (1n = NAr - Nads)

X {)\_1A2A1 (\/1 — |A2‘2 — ‘A1’2 — 1)
+ g (Il + al® 1= el = I ) .

1
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Formulas (4.3), (4.4), and (4.5) allow us to find the explicit forms of
operators @) (A), Q and Q.. On the other hand, from (4.2) follows that if D 4«
is one to one, then Dg, (4)+ is also one to one. Using Theorem 1, one can obtain
the following caracterization for Taylor spectrum of @ (A) in terms of solutions
of equations

0a(21,22) Da(X)=0 and (04 (21,22))" Da+(y) =0.

Proposition 5. @) (21,22) € 05}) (®x(A)) if and only if equation
04 (21,22) Da (X) = 0 admits at least two nontrivial solutions X1 and Xy such
that,

X1=<1H—A*A>10A(g), X2=<1H—A*A>1DA<2), yen.

Proof. According to Proposition 3, ®) (21,22) € ngl) (@) (A)) if and
only if there exists a nonnul vector y € H such that,

(1) 7 ()

O, (a) (PA (21,22)) Do, (a) (Y) = 0.

are solutions of equation

Using Theorema 1 and the fact that &) is involutive, it is equivalent to the
existence of a nonnul vector y € H such that,

() e ()

Q104 (21, 22) D, (a) (V) = 0104 (21, 29) Da (1 = A*4) 7 Dy (V) =0

are solutions of equation

which is equivalent to the equation

0.4 (21,2) DA ((1H — A*A) ' Dy (Y)) = 0.
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Corollary 1. Let (z1,29) € C2. Then, (21,22) € O'é«l) (A) and ®) (21, 22)
€ Ué}) (P (A)) if and only if there exists two nonnul vectors x and y in H such

that vectors:
T 0
X1_<0), X2—<$),

Vi = (15 — A*A) "' Dy ( g ) and  Ys = (13 — A*A) "' Dy < 2 )

are both solutions of equation

9A (21,22) DA (X) = O

Proposition 6. Let (21, z2) €C% Assume that equation (0.4 (21, 22))*Dax(y)
= 0 admits at least one non trivial solution. Then,

D) (21, 22) € o) (D (A)).

Proof. Note at first that operator D~ is invertible. Since ® is involu-
tive then, according Theorem 1,

(04 (21,22))" Das (y) =0

& (04(2A(Pr(21,22)))) Da= (y) =0

& (g, (a) (Pr(21,22) Q) Dy (y) =0
& Q(0p, 4P (21,22)) Q' Da- (y) =0

& (03,4)Pxr (21,22)) Q' Das (y) =0

&
&

N N N

)
)" Do, a4y (D3} (1 — AA*) y) =0
) (

(
Dg, (ay- (X) =0,

i3

where
X =Dy} (1y — AAY) y.

Since y is nonnul then, X = DX*I (1g — AA*)y is also nonnul and according
Proposition 3, it follows that

D) (21, 22) € 03 (D (A1, Ag)) .
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(2

Proposition 7. &) (z1,22) € O'T) (A1, A2) if and only if the equation

04 (21,22) Da (X) =0 admits at least one solution X such that

Bi (A\) h — wi.h
X%(B;()\)h—w;h)’ vheH

where (wy,wz) = Py (21, 22).

Proof. It follows immeditely from Proposition 2. O

REFERENCES

W. ARVESON. Subalgebras of C*—algebras. III. Multivariable operator
theory. Acta Math. 181 (1998), 159-228.

C. BENHIDA, D. TiMOTIN. Characteristic functions for multicontractions
and automorphisms of the unit ball, Preprint.

T. BHATTACHARYYA, J. ESCHMEIER, J. SARKAR. Characteristic function
of a pure contractive tuple. Integral Equations Operator theory 53, 1 (2005),
23-32.

T. BHATTACHARYYA, J. ESCHMEIER, J. SARKAR. On completely non coiso-
metric tuples and their characteristic functions, Preprint.

R. E. CurTO, G. C. HERNANDEZ. Ajoint spectral caracterisation of prime-
ness for C*—algebras. Proc. Amer. Math. Soc. 125, 11 (1997), 3299-3301.

R. CurTO. Application of several complex variables to multiparameter spec-
tral theory (Eds J. B. Conway and B. B.Morell) Surveys of Some recent
Results in Operator Theory, Vol. II, Longman Publ. co., London (1988),
25-90.

J. GIMENEZ. Joint spectrum of subnormal n-tuples of composition operators.
Proc. Amer. Math. Soc. 130, 7 (1669), 2015-2023.

W. RUDIN. Function Theory in the unit ball of C™. Springer-Verlag, New
York-Berlin,1980.



556 Berrabah Bendoukha

[9] B. Sz. Nacy, C. Foias. Harmonic analysis of operators on Hilbert sace.
North-Hollan, 1970.

[10] J. L. TAYLOR. A joint spectrum for several commuting operators. J. Funct.
Anal. 6 (1970) 72-191.

University of Mostaganem

Department of Mathematics

B.O. 227, Mostaganem (27000)

Algeria

e-mail: bbendoukha@gmail . com Received December 23, 2006



