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In this paper we have defined a new class of double numerical sequences. If the
coefficients of a double cosine or sine trigonometric series belong to the such classes, then it
is verified that they are Fourier series or equivalently their sums are integrable functions. In
addition, we obtain an estimate for the mixed modulus of smoothness of a double sine Fourier

series whose coefficients belong to the new class of sequences mention above.
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1. Known results on single trigonometric series

Let us consider the trigonometric series
o, ¢]
Z ay cos kx (1)
k=1

and -
Z by, sin kx, (2)
k=1

whose coefficients tend to zero, in other words

lim ap = lim b, = 0.
k—o00 k—o00

An interesting topic that concerns with above series is the so-called

Fourier Series Problem and Integrability Problem, which are equivalent prob-

lems. These problems consist of finding the properties of the coefficients ay, by
such that the above series are Fourier series.
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In most cases cosine series (1) is more prickly than sine series (2). For
instance, when by | 0 then (2) is a Fourier series if and only if

Zk
k

Nk

< 00,

B
Il

1

but for the series (1) with ay | 0, the condition

o)
> <
k
k=1
is only sufficient one.
Another well-known sufficient condition due to W. H. Young is that a; —
0 and {ay} is quasi-convex. Regarding to the necessity condition we can mention
the result of R. Salem (see [1], Vol. 1, page 237) that

(ag — agy1)loghk — 0

when ag | 0. Also, it is well-known that when coefficients of the series (1)
and (2) tend to zero and are of bounded variation, then they are Fourier series
if and only if they represent integrable functions. On the other hand, S. A.
Telyakovskii [5] has verified that when b, — 0 and {b;} is quasi-convex, then
(2) represents an integrable function if and only if

[e.9]
>l <
k
k=1
Later, on one hand T. Kano [3] has proved the following theorem.

Theorem 1.1. If {ci}, (cx = ax or by) is a null sequence such that
SR ’AQ (%)] < +o00, 3)
k=1

then (1) and (2) are Fourier series, or equivalently, they represent integrable
functions.

On the other hand B. Ram and S. Kumari [4] have used the class of null
sequences that satisfy condition (3) (we denote it by R) in order to estimate the
integral modulus of continuity of a function in terms of its Fourier coefficients.
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Let G € LP (1 < p < o0) be a 2r—periodic function. The integral modulus of
continuity of order m of G in LP is defined by

W (h:G) = sup [|APG()]|1e,

o<|t|<h
where .
a6t = Yo (7)o + a),
a=0

and ||(-)||z» denotes the norm in LP.

Estimating the integral modulus of continuity of a function in terms of
its Fourier coefficients has a ”long history”. For example, M. Izumi and S. Izumi
have proved an estimate of the integral modulus of continuity of order 1 of a
function whose Fourier coefficients are quasi-convex (see [2]). An improvement
of their result is given by S. A. Telyakovskii [5], and another studying in this
topic is one interesting result of B. Ram and S. Kumari [4] formulated below.

o)

Our aim in this paper is to extend Theorem 1.1 and Theorem 1.2 from
single to double Fourier series. In order to prove the main results we need the
following auxiliary statement [4].

Theorem 1.2. Let {ar} € R be a null-sequence. Then

1 A & b S
P=ig) <=2 R+ )™ A (2 )|+ An D (k+1)°
wy <”7g)_nmk:1( +1) (k>‘+ (k+1)

k=n+1
where g(x) is the sum function of the series (2).

)

Lemma 1.3. Let 0 <t < 1/n, (n = 1,2,...), and let m be a natural
number. If K, (z) denotes the Fejér’s kernel, then

™ Aptmym™tt for v=1,2,...,n
R < m y &y 3
lz;‘ﬁﬂtk;<x)hh7—'{_Amy be V::172w"'

Throughout this paper O—symbol contain positive constants, generally
speaking, different in different estimates.
2. New results on double trigonometric series

Let us consider the trigonometric series

(o cIENe o]

Z Z A, COS MT COSNY (4)

m=1n=1
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and

oo oo
Z Z by, sSin ma sin ny, (5)

m=1n=1

whose coefficients satisfy condition

Umpn, bmp —0 as m-+n— oo.

The following notations will be used throughout the paper. For an arbi-
trary numerical sequence u,,, we denote

Aloull,u = Uppu — Up41,u, AOluu,,u = Uy, — Up,p+1,
Alluu,u = Ay (Aowu,u) ) AZluu,u = Ao (Anuu,u) )
A12“1/,;1 = A01 (Alluu,u) s A22uu7u = A~11 (Allumu) .

Now we are able to give the following definition.

Definition 2.1. We say that {um .} belongs to the class R? if tpyn — 0
as m+n — oo, and

5= St (22| <.

m=1n=1

First, we prove the following result.

Theorem 2.2. If {¢yn} € R? (where Cmn 1S Qmp OT by, p), then the
series (4) and (5) are Fourier series, or equivalently, they represent integrable
functions.

Proof. We shall prove the theorem only for the series (5) since for the
series (4) it can be proved in a very same way. Applying the summation by
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parts we have

m n

S (T,y) = Z Z by ¢ sin kx sin Ly

n—1
bké ’ bkn /
A ~ D —D
01 ( kﬁ) o (y) + n n(Y)

e+ 80 (%) Ki0)

bk,n—l / bk,n /
+nlo1 </<:(n — 1)> Ko a(y) + o Dy (y)
Z(€+1)K/( )i Em A O cos kx
. o 2270 ke

0 S bk,nfl 0 Ui bk,n )
+”K;@—1(y)% Z Doy (k:(n — > coskx + D;(y)% ; o €O kx

57
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m—2

> (ke 1) () Fifa)

k=1

+Dy,(y) [

b — bmn
+mdbig (M) Fr(2) + o D;n(x)]

3

22 bre\ /
= S S0 naw (%) Hw)

[y

]

i
S =
|~

+

(k-4 Dt (28 ) R0 )

1T
Ll

_l’_

(-4 D (2) FL@ D40

n

Slpr
LI

+
(]

(e + Dse (228 ) P @) Ki)

S
[l
N -

bmé / /
+ (L+1)A =~ | D, (x)K,(y)
Z 02 ( mé) \Y

=

+mn/li; <m> m—1(2) K}, _1(y)

o () L @D

ndor <ni’@_1)) Dl (@)K (9)

bm

+D (@)D} ()

m

where K,(v) denotes the Fejér’s kernel defined by the equality

Using the estimation |Dj,(v)| = O(p) we obtain

K, (0)] = O(p),
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therefore we have

m—2

> (k+1n

k=1

B (=t \|F;;<x>|K;L1<y>|

and

3 (3 e

as n — oo uniformly in m.
Similarly,

S e+ 1>'Au (=) ]rF;M(x)HKﬂyn -0

m
(=1

and

§<f+ 1>]Aoz <ﬁ;§j> ]rD;n<x>|Kz<y>| ~0



60 Xh. Z. Krasniqi

as m — oo uniformly in n.
Also, we have

tu (et ) [ @l

mn

=0< i f: (kt)?

k=m—14=n—1

and in a similar way we have obtained

e (=)

bnun—l
sor <m<n 1)

| Era ()1, ()] = 0,

n

|G

as m+n — o0.
Finally, using the estimate | Dy, (v)| = O(p) we get

@nm

mn

D, (x)Dl(y) =0 as m+n— o0,

therefore

o) = XD (4 D+ Do () L))

k=1 (=1

exists, and it is integrable since

o o0 b
(+ 0+ 0| (%) @I
k=1 ¢=1
=0 ( Y (M)Q ADY) (ka) D < 00.
ke
k=1 ¢=1

The proof is completed. u

Let f(z,y) be a bivariate function, 27-periodic in each variable. We say
that the function f(z,y) belongs to the class L,, 1 < p < oo, if f is measurable

and
T T 1/p
= { [ [ ipasa} < o
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We use the notation wg, k,(f,t1,t2), for the mixed modulus of smoothness in
L, of order k1 in z and ko in y of the function f € L,, i.e.

Wiy ke (1, t2)p = sup HAlellféf(Jf,y)Hp,
|h1]<t1,|ha|<t2
where
kik o k k
A2 f(,y) ZZ kﬁkz“V<Ml><y2>f($+uh1,y+vh2)-

p=1v=1

Now and below the letter Cj, 1, with or without subscripts denotes a constant
having different values in different contexts and depending upon subscripts.
We establish the following result.

Theorem 2.3. Let {byn} € R%. Then the following estimate holds:

1 1
Wkiko \ 95 — m n
1

< Chy ks {m_kln_kQ

n

b
k?+1 k1+2(€+1 k2+2‘A22< k’@) ‘

Ms

k=1 /=1 kﬁ
mh Z Z (k+ 1M 2(0+1)% Ay (b’f"> |
k—lf—n+1 kz
Z Z (b + 1)2(C + 1) k2+2‘A22 (bk,€> ‘
k=m+41 (=1 ke
+ Z Z (k+1)2%(+1) )Am(b”))}.
k=m+1/¢=n+1

Proof. Theorem 2.2 implies that the function g(x,y) is integrable. Also,
we have seen that

o0

= b
=50 e+ D () Rl )

k=1 (=1

The symmetry of the function f implies the equalities
kik kik
| A ()| = [AZE,, f2,y);

A2 f (2, —y)| = | A2, f(a, ),
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and
|AfR2 f(—a, —y)| = | AR, F(a,y)]-

Therefore we can write

/ / Aillfé (x,y)|dzdy
/ / ]Ak1k2 1, 9(T,Y) dxdy-i—/ / |Ak1}lffh2 z,y)|dzdy
/ / |Ak1k2h2 (z,y |d:L‘dy—|—/ / |A]flllk52 (x,y)|dzxdy.

Thus, to prove the theorem, it is sufficient to estimate
T —/ / ‘Aftlf]:f,ihg z,y)ldedy for 0<hy <1/m, 0<hy <1/n.

Next, we write

- [ [ ilfiimiiwﬂxﬁmm(b,’;;>F,;<x>K2<y>)dmy

k=1 (=1

(k14+1)/m  p(k2+1)/n (k1+1)/m pm T (k2+1)/n
- e e

0 0 0 (k2+1)/n (k1+1)/m JO

™ ™ 4
A
(k14+1)/m J (k2+1)/n Z

s=1

First for Z; we have

< (Erer ey y ey

k=1/¢=1 k=m+1/¢=1 k=14=n+1 k=m-+1fl=n+1

X‘A22 <bk€> ‘/kﬁ_l " ‘A]f:lh Fi(x ‘dw/ i ‘A Kg ‘dy]

= il{d).

d=1

(k+1)(¢+1)

Using Lemma 1.3 we obtain

m n b
Ifl) < Ck1 koM _kQ ZZ k - 1 b £+ 1)k2+2‘A ( :Z)
k=1 ¢=1

)



On the Mixed Modulus of Smoothness ... 63

I£2) < Chrmn” Z Zk+1 (0+1) k2+2)A <b]§€€>)
k=m+1 (=1
I < Gy pm ’“Z Z (k+1)M1+2(0 4 1) )An(b]:;))

k=1/{=n+1

I < Cuw D DA 17]00 (b,’j)]-

k=m+1/{=n+1

and therefore

3

Ty < Chy iy {m_kln_'”

m
mt )

by
(k4 DR324 12| 2 < k;> |

ol

b
k4 1)M+200 41 ‘Am( “)‘

k/
1/4=n+1
Z Zk—i—l E—F 2 ‘AQQ ? ‘
k=m+1 ¢=1
bu
FYOS k02 ‘AQQ (6)
k=m+1f=n+1

In a very similar way, using Lemma 1.3, it is verified that

b e N by, ¢
T, T3, T4 < Ckl,;w{m Min TR NN (k)M + 1)’”“’&2 ( 7 ) ’

k=1 (=1

—l—m-kl f: io: (kj—}- 1)k1+2(€+ 1)2‘A22 <bk,£) ‘
k=1/=n-+1 ke

b]ﬁ ) ‘
14

" i i(k+1)2(5+1)k2+2‘ﬂz2<
k=m+1 (=1
+ i i (k+1)2(€+1)2)A22<b]§Z>)

k=m+1/{=n+1
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Finally, combining (7) and (8), it follows that

/ / |A’,2222 (z,y)|dxdy

< Chy by {mknk PR SR (A 1)’f2+2‘A22 (b]fj) ‘

k=1 (=1

mk i i (k+1)M+2 (0 4 1)2‘A22 (b&f) ‘

k=1{= n+1

Z Zk+1 €+1k2+2‘A22< )‘
k=m+1 (=1
+ Y Y (k+1)2(£+1)2)A22

k=m+1/{¢=n+1

This completes the proof of the theorem. |
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