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1. Introduction

Let A(p) denote the class of functions of the form:
[e ]
(L.1) f(2) =22+ arp2*? (pe N ={1,2,..}),
' k=1

which are analytic and p-valent in the open unit disc U = {2z : 2z € C :
|z| < 1}. Let H(U) be the class of analytic functions in U and let H{a, p] be the
subclass of H(U) consisting of functions of the form:

f(2) = a+ap2? + ap412P* ... (a € C).
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For simplicity, let H[a] = H]|a,1]. Also, let A; = A(1) be the subclass of H(U)
consisting of functions of the form:

(1.2) f(z)=z+a2® + ...

If f, g € H(U), we say that f is subordinate to g, written f(z) < g(z)
if there exists a Schwarz function w(z), which (by definition) is analytic in U
with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z € U.
Furthermore, if the function g(z) is univalent in U, then we have the following
equivalence, (cf., e.g., [5], [8]; see also [9]):

f(z) <g(z)(z € U) & f(0) = g(0) and f(U) C g(U).

For p,h € H(U), let p(r,s,t;2) : C3 x U — C. If p and ¢(p(2), zp'(2),
22p"(2); z) are univalent and if p satisfies the second order superordination

(1.3) h(z) < @(p(2), 2P’ (2), 2°p" (2); 2),

then p is a solution of the differential superordination (1.3). Note that if f is
subordinate to g, then g is superordinate to f. An analytic function ¢ is called
a subordinant if g(z) < p(z) for all p satisfying (1.3). A univalent subordinant
g that satisfies ¢ < ¢ for all subordinants of (1.3) is called the best subordinant.
Recently Miller and Mocanu [10] obtained conditions on the functions k,q and
¢ for which the following implication holds:

(1.4) h(z) < (p(2), zp'(2), 2°p"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocanu [10], Bulboata [3] considered certain
classes of first order differential superordination as well as superordination-
preserving integral operators [4]. Ali et al. [1], have used the results of Bulboaca
[3] to obtain sufficient conditions for normalized analytic functions to satisfy:

@) < LTE <)

where ¢ and g2 are given univalent functions in U. Also, Tuneski [17] obtained
a sufficient condition for starlikeness of f in terms of the quantity L iz zf *.. Re-

cently, Shanmugam et al. [14] obtained sufficient conditions for the normalized
analytic function f to satisfy

ailz) = if((—)) < ga(2)
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and
22f!(z
ql(z) =< {f{zg )2 =< qg(z).

They [14] also obtained results for functions defined by using Carlson-Shaffer
operator.

Motivated essentially by Jung et al. [7], Shams et al. [13] introduced the
operator I : A(p) — A(p) as follows:

| (@) I f(z) = % Oz (log —i—)a_l f@®)dt(z€U; a>0; peN)
and
(1.5) (@) f(z) = f(z) (a=0;peN).

Note that the one-parameter family of integral operator I* = I{ was
defined by Jung et al. [7].
For f € A(p) given by (1.1), it was shown that (see [13] )

p+1

o7
S L e T k+p > 0:
k:+p+1) Qk4p2 (a>0; peN).

(16) ISfx)=2P+) (
k=1

Using the definition (1.6), it is easy to verify the identity (see [13] )
(1.7) 2(Ipf(2)) = (p+ V)7 f(2) = [ f(2).

In the present paper, we apply a method based on the differential sub-
ordination in order to obtain subordination results for a normalized analytic
function f defined by using I} operator and satisfy:

I7f(2)
2P

n
q1(z) < ( ) < g2(2) (z € U* = U\{0}),

where ¢; and g¢o are given univalent functions in U.

2. Definitions and preliminaries

In order to prove our subordination and superordination results, we need to the
following definition and lemmas.

Deinition 1. Denote by Q, the set of all functions f that are analytic
and injective on U \ E(f),
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B(f) = {€ € 0U slim f(2) = oo},
and are such that f/(£) # 0 for £ € U \ E(f).

Lemma 1 [9]. Let g(z) be univalent in the unit disk U and 6 and
¢ be analytic in a domain D containing q(U) with p(w) # 0 when w € q(U).
Set Q(z) = zq'(2)p(a(2)), h(z) = 6(q(2)) + Q(z) and suppose that

(i) Q@ is a starlike function in U,

(i1) Re%-’(%2 >0,z€eU.
If p is analytic in U with p(0) = ¢(0), p(U) € D and

(2.1) 0(p(2)) + zp'(2)p(p(2)) < 8(a(2)) + 24’ (2)p(a(2)),
then p < q, and q is the best dominant of (2.1).

Lemma 2 [6]. Let h be convez (univalent) function in U with h(0) = 1.

Also let
p(z) =1+ am 2™ + amy1 2™ + .,

be analytic in U. If

(2.2) p(e) + 227/(2) <h(z) (v € € Re(y) 205 z € V),
then
(2.3) p(z) < q(2) = L= / tm—Lh(t)dt.

mzm o

Lemma 3 [3]. Let q be a univalent function in the unit disc U and let
6 and ¢ be analytic in a domain D containing ¢(U). Suppose that

(i) Re{%'éggg}} >0 forzeU,
(i) h(z) = z2q'(2)p(q(2)) is starlike in U.
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If p € H[q(0),1] N Q with p(U) C D, 0(p(2)) + 2p'(2)¢(p(2)) is univalent in U,
and

(2.4) 0(q(2)) + zq'(2)p(q(2)) < 8(p(2)) + 20" (2)p(p(2)),

then q(z) < p(z), and q is the best subordinant of (2.5).

- Lemma 4 [12]. The function q(z) = (1 — 2)72% is univalent in U if
and only if |2ab — 1| <1 or |2ab+ 1| < 1.

3. Subordination results for analytic functions

Unless otherwise mentioned, we shall assume in the reminder of this
paper that, « > 0, p € N, 0,0, € C and v, u € C* = C\{0} and the powers
are understood as principle values.

Theorem 1. Let q(z) be analytic and univalent in U such that q(z) # 0.
Suppose that %S—Z is starlike univalent in U. Let

(3.1) Re {1 + %Q(z) + (e())? - ZZ(S) * zj’léz;) } =4

and
o K a 24
M(f,a,p,u,g,é,v)=n+5(lzzvf¥> +Q(Ipi‘£z))

51 f(z) "
(3.2) +ou(p+ 1) (m - 1) (z € UY).

If q satisfies the following subordination:

z2q'(2)

(33) Ad(f! Q, P, [y O, 6) U) <n+ 6(](2) + Q(Q(z))2 + 'Uq_(z')—,

then

(RL2) <4 e )
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and q is the best dominant of (3.3).

P r o o f. Let the function p(z) be defined by

£ 1]
(3.4) (=)= (i’%—)) (= € UY),

then, differentiating (3.4) logarithmically with respect to z, we deduce that

&5 #(2) _ (z(f;:f(z))' -1).

p(z) I3 f(2)

Using the identity (1.7) in (3.5), a simple computation shows that

zp'(z) _ I;,"’lf(Z) _
(=) ‘“(p“)( 157 () 1)'

In order to prove our result we will use Lemma 1 with

f(w) =n+dw+ pw? and p(w) =2
Then @ is analytic in C and ¢(w) # 0 is analytic in C*. Also, if we let

Q) = 2 @)ola) = v,

and
h(z) = 0(q(z)) + Q(2) = n + dq(z) + p(q(2))* + Uzg(S)’

we find that Q is a starlike univalent in U and
zh'(2) } { ¢ 2p 2 _ 24(2) | 2q"(2) }
Red ———= > =Req 1+ —q(z) + —(q(2))° — - > 0,
{6 I+ N Sy T
then, by using Lemma 1, we deduce that the subordination (3.3) implies

(!%,SZ))“ < q(z) (z € U*), and the function g is the best dominant of (3.3).
mXVC

Putting a = 0 in Theorem 1, then we obtain the following corollary:

Corollary 1. Let f € A(p) and
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(3.6) S(f,pym, 0,9, v)—n+5(f(z)) +p(%)2u+vu(-z{;—(;)—)—p)-

If q satisfies the following subordination:

2q'(2)
q(z)’

3.7) S(f,p, 1, p,6,v) <+ 68q(z) + p(a(2))* +v

then
(f—(-pl)“ <q(z) (z€ U

and q 1is the best dominant of (8.7).

Putting @« = 0 and p = 1 in Theorem 1 (or p = 1 in Corollary 1), we
obtain the following corollary which corrects the result obtained by Shanmugarn
et al. [15, Theorem 1, for a = c = 1].

Corollary 2. Let f € A, (3.1) holds true and

(f,u,9,5v)—n+6(f(z)) (@)2#“)#(%%2—1).

If q satisfies the following subordination:

2q'(2)

(3.8) N(f, 1, p,6,0) <1+ 8q(2) + p(g(2))* + v=—55 )

then

(£2)" <4 e

and q is the best dominant of (3.8).

Taking ¢(z) = }—j&f—;ﬁ (-1 < A< B <1)inTheorem 1, the condition (3.1)
reduces to
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(3.9)
2
Re{1+%1+Az+2g(1+Az) (A- B)z 2Bz })0,

1+Bz v \1+Bz) (1+A4z)(1+Bz) 1+B:z

hence, we obtain the next result:

Corollary 3 . Assume that (3.9) holds true, f € A(p), -1 < A

<B<1 and
14 Az

1+ Bz

1+ Az\?2 vz(A — B)
(3.10) +9(1+Bz) Y a¥A)(+ B2

M(f,o,p,p,0,0,v) <n+46

where M (f,a,p, u, 0,0,v) is defined in (3.2), then
(I;‘,’f(z))“ y 1+ Az

2P 1+ Bz el

and 142 is the best dominant of (3.10).

Taking ¢(z) = (1—*5)0, 0 < 0 <1 in Theorem 1, the condition (3.1)

1-2
reduces to

§ (14+2\° 20 (1+2z\% 222
(3.11) R,e{l'f-;(l_z) +_v_<1—z) “1—22 > 0,

hence, we have the following corollary:

Corollary 4. Assume that (8.11) holds true, f € A(p), 0 <o <1 and

1+ 2\ 1+2\% 2voz
12 M
(3 ) (f,a,p,ﬂ7975,v)‘<77+5(1__z> +g(1__z) +1__Z2’

where M (f,a,p, 1, 0,6,v) is defined in (3.2), then

(B4 (2 com




On Sandwich Theorem of Analytic Functions... 23
and (if—z)a is the best dominant of (8.12).

Taking ¢(z) = e*4%, |uA| < 7 in Theorem 1, it is easy to check that the
assumption (3.1) holds, hence we obtain the next result.

Corollary 5. Let f € A(p), |nA| < ™ and

(3.13) M(f, e, p, 1, 0,8,v) <0+ 6e#4* + e 4 + vp Az,

where M(f,a,p, i, 0,6,v) is defined in (3.2), then

(BLOY <ot e

2P
and e*4% is the best dominant of (8.13).

Puttingn = 1, a = 6 = p = 0, v = % (a,b € C*), p = a, and
q(z) = (1 — z)~28 in Theorem 1, it is easy to check that the assumption (3.1)
holds, hence combining this together with Lemma 4 we obtain the next result.

Corollary 6. Let f € A(p),a,b € C* such that |2ab—1| < 1 or
12ab+ 1| < 1. If

1 (2f'(2) 1+ 2
(3.14) 1+3('T(;)——P)-<1_z,

then

(—Jj;(;:—)-> <(1—2z)"% (zeU"
and (1 — 2)72% is the best dominant of (3.14).

Remark 1. (i) For p = 1, Corollary 6 reduces to the result obtained
by Obradovié et al. [11, Theorem 1J;
(i) For p = a = 1, Corollary 6 reduces to the recent result of Srivastava and
Lashin [16, Theorem 3] and the recent result of Shanmugam et al. [15, Corollary
3.6).

Puttinga = =p=0,n=1, v = % and q(z) = (1 + Bz) 5
(b e C*, —1<B< A<1, B#0) in Theorem 1, it is easy to check that the
assumption (3.1) holds, hence we get the next corollary:
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Corollary 7 . Let f € A(p), p € C*, -1 < B< A< 1, with B#0,
and suppose that A%Z - 1| <1or IﬂA—B_El + 1‘ <1l If

zf'(2) 1+ Az

(3.15) 1+ 7(2) p= 1+ B2

then

2P

I a
(-@) <(1+B)* %2 (uecC* zeUY)
and (1 + Bz) Ea is the best dominant of (3.15).

Remark 2. For p = 1, Corollary 7 reduces to the result obtained by
Shanmugam et al. [15 , Corollary 3.7].

Remark 3. Puttingn=p=1,a=80d=p=0,v = EFC;\? (a,b €
C5 A <3), p=aandq(z)=(1- z)~2abcosAe™* i Theorem 1, we obtain
the result obtained by Aouf et al. [2, Theorem 1].

Theorem 2. Let h € H(U), h(0) = 1,h'(0) # 0 which satisfy the
inequality

2h"(2)
h'(2)

If f € A(p) satisfies the differential subordination

Re{1+ }>—% (2 € U).

Iaf(z) <h(z) (z€UY),
then
(3.16) LTiE) <9(2) (z€U"),
2P
where

(3.17) g(z) = 2 +1 /h(t)tg%l_ldt (z € U),
0
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and g(z) is the best dominant of (3.16).

P r o o f. Let the function p(z) be defined by

a+l (.
(3.18) po =2 ewy,

then, ;differentiating (3.18) logarithmically with respect to z, we deduce that

() _ 2 (LHFE)

Using the identity (1.7) in (3.19), a simple computation shows that

) (B )

p(?) gt f(2)
and hence
zp'(z) _ Ipf(z) .
3. p(z) + = z .
(3.20) p(z) 4 | o (= € UY)
From (3.20) and using Lemma 2, we get the desired result. |

4. Superordination results for analytic functions

Next, by using Lemma 3, we obtain to following theorem.

Theorem 3. Let q(z) be analytic and univalent in U such that q(z) # 0.
Suppose that %IT%) is starlike univalent in U. Let

(4.1) Re{ (q(z))2 + — q(z)} > 0.

If f € A(p), 0 # ([ f(z)) € H[q(0),1]NQ, and M(f, o, p, p, 0, 9,v) is univalent
in U, then
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(4.2) n+ 6q(z) + o(q(2))* + UZTQES—) < M(f,a,p,p, 0,6,v)

where M (f,a,p, i, 0,0,v) is defined in (8.2), then

(4.3) q(z) < (I_géi’(_zl) (z € UY)

and q is the best subordinant of (4.2).
P r oo f. By setting
/

6(w) = n + dw + pw? and p(w) = v%,

it is easy observed that (w) is analytic in C, ¢(w) is analytic in C* and ¢(w) #
0, w € C*. Since ¢ is convex and univalent function, it follows that

0’((1(2))} {20 2, 9 }

4.4 Re =Re< —(q(2))* + —q(z) p > 0,

(4.4) { e 2 (g(2))? + 2a(2)

and then, by using Lemma 3 we deduce that the subordination (4.2), implies
q(z) < (E{':T(Z)-)l (z € U*), and q is the best subordinant of (4.2). =

Putting o = 0 in Theorem 3, it is easy to check that the assumption (4.1)
holds, then we obtain the following corollary:

Corollary 8. Let f € A(p) and q satisfies the following subordination

(45) 1+80(2) + ola(2))? + 032 < S pan0,,0),

where S(f,p, 1, 0,0,v) defined by (3.6) then

q(z) < (ii;;;))# (€ U")

and q is the best subordinant of (4.5).
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5. Sandwich results

Combining Theorem 1 with Theorem 3, we get the following sandwich
theorem:

Theorem 4. Let q1, gs be convex univalent in U. Suppose g1 and g2 satis-
o #
fies (4.1) and (8.1), respectively. If f € A(p), (%) € H[q(0),1] N Q and

M(f,a,p,u,0,6,v) is univalent in U, where M(f,a,p,u, o,d,v) is defined in
(3.2), then

0+ 6q1(2) + e(@(2))? + v B < M(f, 0,0, 1, 0,6,)
q1(2)
(5.1) <1+ 6q2(2) + 0(g2(2))? +v qz((z))
mmplies
a (. H
(5.2) a(z) < (W) <aa(2) (z € UY)

and q,, qa are respectively the best subordinant and best dominant of (5.1).
Putting @ = 0 in Theorem 4, then we obtain the following corollary:

Corollary 9. Let q1,q2 be convex univalent in U. Suppose ¢ and g
satisfies (4.1) and (3.1), respectively. If f € A(p), ( = ) € Hlq(0),1]NnQ and
S(f,p, 1, 0,6, v) is univalent in U, where S(f,p, i1, 0, 6, v) is defined in (8.6), then

n+6q1(z) + o(a1(2))® + vzqqlll(iz)) < S(f,p, 1, 0,6,v)

(53) <n+ 6(12(;5) + Q((]Q(Z))2 + Uzqqf((‘:;)’
tmplies
(5.4) @ (2) < (f( )> < g2(2) (z € T

and ¢, g2 are respectively the best subordinant and best dominant of (5.3).
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