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Introduction

1. In paper [8] we dealt with the interpolation of the ’type’ (0, 1, 3),
according to which we seek a polynomial g(x) of degree 3n—1 such that

for a given system of distinct points x,(»=1,2, ..., n) in [—1,1] and for
given values »., 2., n,° (v=1, 2, , n) the conditions
g(x.)=77m g' (x')=77:) g'"(x')='7:‘, ("= 1, 2, ) fl)

are satisfied. We proved that if » is odd and the x, form a symmetric
system then the solution is not unique. But when n is even and x, are the
zeros of (I1—x%) P _ (x) [Pn—y(x) being the (n—1) the Legendre polyno-
mial with P,_,(1)=1] then g(x) is uniquely determined. In the latter case
we have evaluated explicitly the fundamental polynomials of interpolation.
Based on these explicit formulae we investigated in [9] the convergence of
the interpolatory polynomials. Later on we solved in [10, 11] the same prob-
lems for the case (0, 1, 2, 4). Kis [6] has been able to solve the case (0, I,

2, , r—2,r; r=2) when x, are the points exp i%nv v=1,2,..., n).

In this paper we solve the problem of (0, 1, 3) -interpolation when
the x, are the zeros of (1—x?)P,—y(x) where P,_5(x) is the (n—1)th Le-
gendre polynomial with P,—4(1)=1. Actually we seek a polynomial R, (x) of
degree <3n—3 such that for given values

a, ag, y @3 Ba, Bs, Br—15 71y 72, y Yn
and
(1,1 =Xl X <L Xy < Xy =1
which are the zeros of the polynomial
(1.2) (1—x%) Pa_y (%),
R.(x,)=a,, v=1,2,..., n,
(1.3) R, (x,)=8,,v=2, 3,..., n—1,

R (x)=7,, »=1,2,..., .
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Since the x, in (1.2) form symmetric system, it follows from theorem
I in [8] that for n odd the solution is not unique. For n even, following
exactly the same lines of proof as for theorem II in [8], it can be proved
that R, (x) is uniquely determined by the values (1.3) and (I.1).!

The part A of this paper will be devoted to find explicitly the inter-
polatory polynomials when 7 is even.? In part B we shall discuss the con-
vergence behavior of the polynomials obtained in A.

Part A
Explicit Representation of Interpolatory Polynomials

2. For Ry, (x) we evidently have the form:

n n—1 n

(2.1) Ror (¥)= Ny, )+ 38,0, (0)+ v, (x)
v=:1 y=2 y=1

where u,(x), v, (x), and w, (x) are the fundamental polynomials of (0, 1, 3)-
interpolation. They are unique polynomials each of degree 3n-—3 determined
by the following requirements:

For v=1, 2, , N,

(2.2) u,(x,-):? for;i::(j:l, 2,..., n);u(x)=0(j=2,3, ..., n=1);
w'(x)=0(j=1,2..., n.
For »=2, 3,..., n—1,

0
1

v (%)=0 (j=1,2,...,n).

(23) o, (x)=0 (j=1,2,...,n); v, (x)= forji’,’,(j=2,a,...,n—1):

For »=1, 2,...,n,
(2.4) w,(x)=0(j=1,2,. ,n); @ (x)=0(j=2,3,. ,n—1);

0

! ()= |

j#r
for j:v(_]—- 1, 2,...,n).

In §§ 3—5 we shall explicitly determine the polynomials «,(x), v, (x)
and w, (x). To this we shall need the following results.

(@)
Let us denote
(25) o (1) =(1—28) P2_, (x)
which therefore gives
(2.6) w(x)=0,»=1,2, ..,n; o' (x)=0 v=23,...n—1;

] c. f. Saxena and Sharma [8], theorem III, p. 347.
2 Throughout this paper we shall take » to be even integer = 4.
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with the help of the differential equation

2.7 (1--x2) P!, (x)=2xP, _,(x)--(n—1)(n—2) Py—a(x)=0
satisfied by P, ,(x) we see that
(2.8) o (x,)=0,»=2,3,...,n—1.
From (2.7) we have for n even
’ 1 !
(2.9) P _, ()= 9 (n—1)(n—=2)=—P,_,(—1),
(2.10) Py, (1)=g n(n—1)(n=2)(1—3)=P_,(~ 1),

n—2

211 Pr,(1)= 8(n Nn(n—=1)(n-2)(n=3)(n—4)=—P", ( 1).

From (2.%) and (2.7) we can compute:

(2.12) o (1)=—2=—a'(—1),

(2.13) w’ (1)=—2—4(n—1) (n—2)=0"(—1),

(2.14) w”’(l)—-———(rz-—l)(n— 2)[3(n—1) (n—2)-4-2]=—""(—1)
and

(2.15) " (x,)=2(1-x) P2 ,(x,), »=2,3,..., n—1.

(b)

We denote by

— X2 n 2(x) y=9 3
*cz P’ () (x—x,)’ B

the fundamental polynomials (of degree n—1) of Lagrange interpolation based
on our x;-points for which

(2.16) /'.,(x)- coy n—1,

#, (j—l 2,..,nyv=2,3,..., n—1).

J

For these polynomials we have

Q17) ()= for

. , 1 4 —1
(2.18) il(x,)= ~*'}§” A (x,)= 3 [( x2)a+(n l)—(,’\; 2)]
() 4x,
(2.19) ;)= )
and 9
(2.20) A ()= A=) (=P, (x )
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(©)
We further denote by3
l—xz P2_,(x)

. e y=23,...n—-1,
(2.21) r, (x)= —xt (X=X P (x) v=2,3,...n

the fundamental polynomials (of degree 2n—4) of first kind of Hermite-Fejér
interpolation based on our x;-points satisfying the requirements:

'_1 Jj=v, . T . .
(2.22) r,(x,)—o for j#r(_/—l,Q,...,n), ri(x)=0 (j=2,...,n—1).

From (2.21) using (2.6) and (2.8) we have

, 7 _ w” (x/) —
(223) D= P (x) (B
¢ 7] _ (ﬂ—l)(ﬂ—)) | 1
(2.24) rv (X,) = — ’3" [——‘]___73‘—‘—1'(1 —»c,?)l} .
For these polynomials we shall also need
[} / —____—.—2
(2.25) rv(l)"“ (I—x,)9(1 xQ)PQ 2(/\ )
2
r,(=1= (I+x2(1—x3) P2 (x,)
and M 8
. _ 1 w” 1 K
g (1)_(1—&)2[( —x) P2, (x) (1--x~)(1— H(X)}
(2.26) 1) g ;
" — 1 w" b — - .
w D=y [(1—x;~’)P'2 () TA TR =) P )]

(d)

The expression
(1=2%) Py ()= [(L =)+ (x=x,)] P, (%) 4 (%) _ gn(¥)

(227) o (x—x,)? T(x—x )2
is indeed a polynomial of degree n—2 and
. X 1 ) Sxf, ,
(2.28) xlgl (}-n—_(x?)ﬁ =—73 [n (n—3)— l__—_.ff’} P, (x).
We also have ’
¢ ] __(ﬂ—l)(n—Q) 4 . 2___
@2 == i T (1)

3 f. Egervary and Turan [4).
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(n—1)(n—2) 4 2
(1+x,)? +(1+x,)3—(1+x,)2(l—xf)'

(2:30) 7, (—=1)=—

(e) .

The expression

(1=x2P P, (x)—[(1—X1P+a, (x—x,)*+a, (x—X,)] 2, (x) P,_, (%)
(x—x)

hn+1
(x—x,)?

(2.31)

is a polynomial of degree n—2 when the values of a, a, are given
to be:

(2.32) ay=— j;—[ +(1=x}) (n—1) (n—2)},
(2.33) ay=—x, (1—X2).

We have 2

(2.34) l_ill ( (32, (]5 [“1}; {hats (*)}j\k

=_€1,)-x,{(n 1)(n—2)— 1‘) '}P,’,_,( o8

(233) 4, (1)=(ay+as+as) 4 (1)___2[3(1 x2) (ﬂ—l)(n 32)(1—)5) 1]’

(2.36) —1)=(a—agta) X (—1)
(n=1)(n—2)(1+x,)
—2 [3(1—;;2)“L 3 1]'

3. Computation of w,(x) (v=1, 2,...,n). The easiest to compute are
the polyromials w,(x) in (2.1). Since these polynomials are unique, it is
enough to verify the following expressions according to (2.4):

By (

1 1 X
(3.1 w, (x)= —-B-w(x){an_15n+12an—2 () dt
2

2
T =) (n—2) Br—917-8) } !

N I I 3
('32) Wy (X): —’6_(”(x) |:5ﬂ2—15n+12._/;P"_2 (t) dt

2
T=1)(n—2) (3nL9n+8J
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and for r=2,3,. n 1,

(33w (9= ”’(‘) { f Prs (’) dt+k, [ P, ,(t)dt kJ

) n 2 \')
where
3. __(n D 2)(3n°—9n 8) [ Pu o0 N
(3.4) Ry = 4(5,1-._15,1.1-1‘)) J t—x, at I—Xf
4 ’Y’IA___.
n?- 151412 (1--x2)2’
+1
"~ _ 1 Pn—".’() . 8
B3 =y ) e e 1)) B8 (1
10

(3rn2—9n+ 8) (1 —x?)

To verify the expression for w,(x) (r=2,3,...,n—1) in (3.3) we at
once see that it is a polynomial of degree 3n—3 and it obviously satisfies
the first two conditions of (2.4) because of (2.6). To see that it also satisfies
the third condition of (2.4) we differentiate (3.3) three times with respect
to x and owing to (1.2), (2.6) and (2.8) we have

@ (x)=0 (j#», j=2, 3,. .,n—1)
while

" (x,) lim Py (%) _ I

@, ) =T Py 1M Tk,

"

in consequence of (2.15). It remains to show that w!"”(+1)=0. This gives us
two linear equations to determine %, and 4, Thus we have:

" (I)U =10 dt—HzJ Iiw”(])[l ) 4/&.]4 ’3«)’(1)[ (1 lx 7

n—?( )

T—x)

+ky P, _ 2(])]
and
14-x,

. ’ l n_.2( ) )
| Jw(_l)[—("l—fk_)ﬁ T _._-}k?P (= 1)1
From these equations owing to (2.13), (2.12), (2.11) and (2.9) we have the
values for k£, and k, as quoted in (3.4) and (3.5) respectively. In the same
way we can verify the expressions for w; (x) and w,(x).

k;,(,,"'(—1)4-3w"(—1)L— 1 »+k2}
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4. Computation of v, (x) (»=2,3,..., n—1). As before we shall verify
the following expression for v,(x) (»=2,3,..., n—1) according to (2.3).
That it is a polynomial of degree 3n—3, follows from (2.24).

(1= Pug () o (x) F ()
D v W= ()"0 epps )Uu’x) at

Lk, L?LL“MH k, f P,. ,(t)dt—l-k]
where )
‘ _ 8  (n—=4)(n-1)
(4.2) hy=— (- 5
’"(l) +! (t) P (t)
. w —9
#3) k= 6 (5n2—15n-12) [ (t’- x,)? dt k"_l df]
4x, (n—4)(n+1) x,
+?3"(1 —xf2 3 1—x2
N 2x, [4(54-6x2)¢(n 4)(,1_”)}
"3(5n7—15n+12) (1—x2)3' (1—x2)2
1
1 ga(2) P— (®) 1
(44) hy=— [ Ty k] 525, dt} §(I—%)

2(n—1)(n—2) 18
(,,"'(1)(1—x2) (°°+1—__£3>

(34 3~ 191

w”’(l)(l x5 1 l—xf (1—x2)2]

and the r, (x) and ( tq”( ;Q are as explained in (2.21) and (2.24) respectively.
We at once see in (4.1) that the first of the conditions (2.3) is obviously

satisfied. For the second one, we have owing to (2.6), (1.2) and (2.22)

(1_x2) n..z(xl)
‘J(xl) (1 x2)p/ Q(X) ( )

Again from (2.22) it follows that v’(x)=0, j#» (j=2, 3,...,n—1) and
v (x,)=1.

To prove that the third of the conditions (2.3) is satisfied by the values
ks, k,, and k; as quoted above we have on diiferentiating (4.1) and applying
(2.6), (2.7, (2 8), (2.22), (2.24) for js#»
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3(1=x) P, 2(1) ) — 30" (X)) gua (%)
% =TT e, 6) TR PO, (x,) (r— )

B(1=x) P, (%) 0" (x))  3(1—x) P, ,(x) @ (x))
TP ()X — %P (1= (6) (X

From 7/"(x,)=0 we have

4 2
(4.5) —[( xx2)+(n~ 3n-L 6)}P’ L, () E3(1=x2) P, (x,) r! (x,)

—a(x)

—6| lim q,,()) k, P J—O.

| lim e I

Thus from (4.5), (2.24) and (2.28) we have for k, the value quoted in (4.2).
To determine the constants &, and &; in (4.1) we use the requirements

v (£1)=0. We therefore have the following two equations:

(U”’ 1 l B t
34P, ()27 (=67 ()= ,2,,132(”[ 0 ar
P.. g(t _ A7) ks
(4.6) ks fl dt+k5] () P2 (1) [1__x),+ k4]
3o’ (1) i q,’,(l)J P:,_g(l) ___/_iq N , _
(l—xz)P'22(x,)\ T (1—x,)? ks 1—x, (I—x,)? 'k‘P"‘?(l)} 0
and m( l)k
3[4P',2( 1)— Q]r(—l)J 6r"(—1) (1 x?)P,’f?(xy)
30" (1) k;, L 3(»’(-1) |‘qi,(—1)
R ()Y LN e (1= BT, (%) [(1- %)
n-- (—1) k
e ’i’f?x T(1--x,)? Thb (= )}

On adding the above two equations and simplifying with the help of
the formulae in § 2, we get the value of k, as given in (4.3) and on sub-
tracting the two we get the value of k.

5. Computation of u,(x) (v=1, 2,. ..,n) As before we shall now verify
the following expressions for u, (x) accordmg to (2.2).

n=| P9 ) 1P, (9] (9

(0 [ ky fp —a(?) dt+k:|

(5.1)



()= Prca (9= 3 (1= P, (9] 2.9
(.2)

+w (X) [kg fpu—2 (t)dt—}—k“]’
--1

where
_(r—=1)(n—2)[9(n— 1) (n—2) (n*—3n~+4)+-40]

(53) ko= 16 (5n2—15n4-12) T Ay

9(n—1)(n—2) (n*—3n+4)+16
8(3n?—9n+8)

(5.4) - —k,

and for 2<»r<n—1,

. 3x, w (X) nt1 (2)
u, (x)z"? (xH‘(”]__—x@ v, (x)— x2);p13 RED) [f(t +]x )3 dt
(5.5)
-k [P"J*Qdf+k11 fpn—2 (¢) dt-- ku] ,
where
(5.6) klo_é (5n2—15rz—l-16)+6(1 e
1
() ) P, (t) ]
k“—6(5n2—15n+12)[_1 l—x.) dt+k1°fl %,
1 5n2—15n-+12 4
(57)  3(5n*—15n+12) [3"' kw{ I—x2 (1—x3)2}
8 (56-1-14.x%) 4(n-—1)(n—2)(1+xf)]
(- (1—x2)2 ’
() Pi—s(t) 5n2—15n+12
———l: (ti dt-f*’hof dt]+u),,;(1)[3k1o{ —x2
(5.8)
9 4x,(29+-9x7) 8(n—1)(n—2)xy].
=22 [ a=x  (1—x%?

We first give the proof of (5.5). We observe that owing to (2.31) u, (x)
is a polynomial of degree 3n—3 and owing to (2.16), (2.3), (2.6) the first of
the conditions (2.2) is easily seen to be true. For the second condition we

have on differentiation
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u (xj) =342 (V/) (%)) ,Cg v (X))

=0, js#r  (use (2.17) and (2.3)),

u (x,)=34"(x,)+ |

3x,

A
y

0 (use (2.18)).

It remains to show that the third condition is also satisfied with the values
of ky, ki1, Be quoted above. We have on differentiating three times the
right hand side of (5.5) and using (2.17), (2.3)

" (x;)= 6273 (x;)--31" (x;) 22 (x;)-+184(x)) 4] (X)), (x))
o (x) nt1 (%)) Py 5 (x))
(1 X P3,(x) {(x:—x )“+ 0 xi—x, }

For j==r we have -
n
=, St 0 P at9)
n—2 i
( - 2);p'1 2(\/ »
(1 x‘-’\% P,'l”s , (5) (25— x,) )
' (x,)=- 613 (x,)+34" (x,)-+ 182" (x,) 2 (x,)

30" (x) T hng (%) P9 (X)
(1=x2F 3, 2(x,)[ lim "Xy +k10xl_‘_‘“ (x— )}

_ b 14y, L% (-D(B=2) 6
T od=xy (T—a2p (T—x2? (1—x2)2

=61 (x)

k]o_—_o,

when &,y is chosen to be (5.6).
For the determination of %,, and k,, we use the two requirements

u, (+1)=0. These give two linear equations which are:

1
By @ " (1) _n+__(,t) _Pi’ _2£Q J
AR )w's?(x)[f (e TR0 ) i R

_ 30" (1) 3o’ (1) Ry (1)
(1 el LI e oty
klO 1" 2( ) klO (l 1 )o Ikll n— 2(1)]
and
31— (=) 3w (=1) o
O L e (= R el
(5.7)
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. K10% (—- I)_ L { . hrll-}-l (:1_)_ b n—‘) (— ])
(=P PRy ()L (T4 70 1y
1
10(]—}*-/\?,) kllpl 2( ])]:O

Using (2.20), (2.35) and (2.36) we can rewrite them as

—k

1
36 " Iz,,ﬂ(t) P, >(1‘)
(1—x.) —a'" (1) [ )" dt--ky, J il dt+ ky,
(5.8)
o ko | 4 4 (n—1)(n—=2)
3w (I)[l—x, ! ku]' (l—xf)(l—x,) i (1_: X,)2
n— 2(]) k ’
6[/3]0 —x, (1 x) +kyy P, (])}:
and
36 m n | /
—(I—TJ&W_M ( Dkyp—30"(=1) _-1{1-%6_—{-16“]
(.9) )
4 A= (=2 F Pa(=])
(14 x,)(1—x2) (14x,)? L 1y,

b
i P )}:0.

Considering the relation of w™ (1), " (1) and P, _,(1) with those of 0" (—1),
" (—1) and P _,(—1), we have on adding the above two equations

PRI o ‘fznﬂm Prsd ]
(e “)L i ’*Mf at

1

(5.10) —6w"(1)[ - kw.ku} 4{1-_ +(n—1)(n— 2)”(1 )

1 12x, [ 1 1
A N '
: (1+xr)2} a x2 n 2(1)k10 kal(l —x )3 (l.J_x')'Z“ 12k11P 2(1) 0
and on subtracting we get:
1 1 " huty (F) P (t
A “){ (tf’( ‘“"kwf 20‘”*”‘“’]

(5.11) —6w"(‘>1li(fx2'"4[(1—lx.)‘-’“(wlx:)?] Loyt (n-2)
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12 &y ' 1 : -
1 —-xl 1—x ——"Pn—~2 (1)_6 k1o [(1 —x,)? +(1 +X,)2 -J_O

Thus from (5.10) and (5.11) using the value of k,, from (5.6) and simpli-
fying with the help of (2.9), (2.13), (3. 6) and (2.14) we have for the con-
stants k,; and k&, the values (5.7) and (5.8

For the verification of the expressxons (6.1) and (5.2) for u,(x) and
1, (x) we need the following results:

’

(5.12) L(x)_ o (14-%) Pay(¥); /.n(x)—-— (1—x) Py—s (%).
With the help of (2.9), (2:10) and (2.11) we can easily calculate for even n’s:
(5.13) ;.;(1)::; [1+(n—1) (n—2)]=—2, (1)
. 1 '
(5.14) A (—1)= 9 =—4 (1),
(5.15) ;.;'(1)=-,i—[1-f- i n(n—B)] (n—1)(n—=2)=12, (1),
(5.16) A —1)=; (n—=1)(n—2)=4,(1),
III e :3 1 arrr

(5.17) o (1)=P, ()4 Py ()=—4(=1),
(5.18) —1).. o (—=1)==27"(1).

Now, obviously we observe in (5.1) that u, (1)=1, #, (x;)=0, (j=2, 3, . ),
and u) (x)=0 (j=2,3,...,n—1). To see that u"(x;)=0, j=1, 2,.

we have on dlfferentlatmg three times the right hand side of (5.1) and usmg
(2.6), (2.8) and the fact that Z,(x;)=0, j=2,3,...,n—1

w0 (xj)= =34, (x;) P, (X)) [(1 =) 2) (o) =24, (x))]
Now from (5.12) we have
1(x/)—_2 (l+xJ)P,1 Q(Xj)

and
arr 1 | ae '
()= 5 (1) Py (6) 1Py (x)
so that
(1—x2) 2, (x))—24; (x;)=0.
Thus

w'"(x)=0, j=2, 3,...,n—1.
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To have u}"(+1)=0, we shall make our choice for the constants %; and k.
For these we have as before the two linear equations:

(5.19) JU" (D) +kg 0™ (1)+3k; 0" (1)—6k; P, _,(1)=0
and

(5.20) JU (=D + kg0 (—1)+3k; 0" (—1)+6k; P,_, (—1)=0,
where

Ty (1)= b?(x){ Pa—s (x)— —(1~x2)’° 2—2(")}].:-1
(5.21) =6P,’

oo (1)F6P,_(1)+641 (1) 4] (1)+-122) (1) P, _, (1)

+1202(1) P, _, (1)+184 (1) P, (D64 (1) P, _,(1)
and

5 (1= 2@ Pty (19 PL(f
(6.22)
=64; (— 1)} (—1)
From (5.27) and (5.28) we at once have on using (2.12) and (2.13):
JIII(1)+JII'(__1)

(523) kli"_‘ 6[(1)"() QP'_Q(I)]’
and
6529 o SO=1 (=)

2(0", (1)

Thus on using (2.9) to (2.13) and (5.13) to (5.17) we have on simpli-
fying the values (5.3) and (5.4) for k; and k..
The verification of u,(x) runs similarly.

Part B

6. In this part we shall deal with the following problem of convergence:.
Let us consider the sequence of points

(6-1) l=X1n >Xon > > Xp—y,n > Xpn=—1

which stand for the zeros of (1—x?)P,_,(x). We form the interpolation
polynomials for each n=2k and write the fundamental polynomials as u,,(x),
V,, (x) and ,,(x). Let f(x) be a function defined in [—1, 1]; we shall con-
sider the following sequence of polynomials:

n

62)  R.(x,f)=_1) v Tf (Xyn) o (xH \ f (Xon) Ton () D 1m0, (%),

»=1 = y==1

with arbitrary numbers y,, and prove the following

75



Theorem. Let f(x) be differentiable in [—1,1] and f'(x) ¢ Lip«
(a> l) ) - Supposing that for arbitrary small >0 we have for n > n,(¢) and

r=1,2,...,n
(6.3) You T EN?

the sequence R, (x, f) converges to f(x) uniformly in [—1, 1].

The proof of this theorem depends mainly on the estimation of the
fundamental polynomials and a lemma on approximating polynomial. The
§§ 11—13 will be devoted to obtain such estimations. For this, we need to
evaluate certain integrals involved in the expressions of the fundamental
polynomials. These will help us to simplify the constants occuring in the
same expressions. With the help of these evaluations we shall write in § 8
some alternative forms of the fundamental polynomials which are best suited
for our estimation purposes. In § 9 we shall mention few well-known results
about Legendre polynomials which we shall repeatedly make use of. The § 10
will be devoted to estimate the absolute values of some integrals. We shall
further require a lemma on approximating polynomial which we shall give in
§ 14. Finally in § 15, we shall complete the proof of the theorem.

7. The evaluation of certain integrals. Lemma 7.1. (a) For »=2, 3,

nol,

‘Dn 7(\) ‘)
7.1 dt = P
.0 Ctex, YT (6

(b) For »r=2,3, .., n—1 and even n’s,
1

. au () B (” 1) (n- ) 2(1 -1 \2)

(7.2) —l—(ﬂ-{;'\:")? dt = (1__ 2’)p (x) _L( ,, Q(X)
] ni (2) n(n— 3) X, 4 X

(7:3) f(f_ W TTa P (k) T (1—RP (x)

The part (a) of the above lemma has been proved in our paper [12],
lemma 3.1. For the proof of part (b) we shall return elsewhere.

8. Some alternative forms of fundamental polynomials. We give here
some alternative forms of the polynomials u,(x), v,(x) and w, (x). These
forms, as we shall see, are most convenient for our estimation purposes.
(a) For the expressions w,(x) (»=2, 3, 4,...,n—1) in (3.3) we have

o () " P, (t)
uy(X) 6(l—x2)P’3 Q(V)[ -~ dt

(8.1)

Ry

Lk, [P,,,Ac_,(t)dt—f-kf_,] for x < x,< I,

"1
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and

(8.2)

The values
(7.1), give

(8.3)

and

(8.4)

The value

(85)

o) x) [ P, f)

w.(x)_(;(l_tg P73 2(’6‘,, t—x,

X
+ Ry an_g(t)(it+k2J for —1<x, < x.
—1
of k, and k, in (3.4) and (3.5) when simplified with the help of

p (1= (n—2)3n>- 9n-1-8) :
T 9(am—15n+12)  (1=x)P!_,(x.)

. S
l—x " a2 15n 12 (1—x2P

1 10

hy- + —x?)(3n2—9n-+8)

2T T (1— X P!, (%)

8
F(n—1) (n—2) (3n2—9nT8) (1= x2)?

of ky in (8.2) is given by

1 10

B (P () T =) G- 8)

8
1) (n—2) Bn—9n L) (1= x2)2

(b) For v,(x) (»=2, 3,...,n—1) in (4.1) we have

v, (x)=

(8.6)

and

v, (X)= (1 V2)P,_2(JC) vy (X) — x2) p'a 3,(x, )‘: (t—x,)?

(1 ’C)Pn— (x) . _(1)(_X) . [ ’ (],,(t)
(I x2) 2(x’) fr(x) ( x2)2p13 (x) -/;(lf X)A dt

+ &y f—'g’i_"—i@dt-%-m fP,,_g(t)dH-kﬁ] for x<<x. <1
=1 v -1
—x%) Py (%)

™ (X) qn () At

7



(8.7)

Ikdfp" =20 gy 4 p, an.v-e(t)dHEn} for —1<x,<x.
1 —1

The values of %, and k; in (4.3) and (4.4), when simplified with the help of
(7.1) and (7.2), give

o 20" (1) [ 1 . (r=1)(n—2)

f9Gr=16n 12)[(1 -¥E P, (x,) T (1=2) P, (%)
(8.8
(4__) 2x, {N 4 (n=7)(n+4)], [ 4 (n—=49Y(ni 1)}
' 3(5n2—15n4-12) | (1 —x2)3 E (1—x2? | 3 [(1—x2)2 1—x2
and

_2[ (D=2 1 !
O B e R e S s R
4 50 , 18

89) +3(3n~ -9n4-8) {l—x"(i—xf)?}

o 16 3 . 3 N 19 ]
3(n—1)(n—2) (3n2-—9n--8) [1—x2 O e (I &
The value of k; in (8.7) is given by
Fo_ 2 { (n—1)(n—2) - I } B

3LI—) P, (6) T(1—xPP L, (x)] 9(1-x)
4 50 18
(8.10) +3(3n- Qrz—l-S)\:l—x2 ?_(l—xf?]
16 3., 3 19 ]
~3(n—1)(n—2) (3n2—9n - 8)[(1—x2 (1—x2)9 (1-x:)3 '

{c) The alternative forms of u,(x) (r=2, 3,...,n 1) in (5.5) are

(=50 o O z(x)[f “op
@&11)

-!-km 8"33(—0— dt-+-ky, fP,,_o ) dt-l—klo} for x<<x, <1
and

0 W=\ (9 x2)‘(l§) (x)[ }(Zt"“ft))* dt
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(8.12)

Y _’_’tn_—ex(‘) dt4-ky, jp,,_g(z)dpr?m] for —1.< X, <%,
4 -1

o
where v,(x) in (8.11) is given by (8.6) and v,(x) in (8.12) is given by (8.7).
The values of constants £,, and k,, are simplified as before. Thus we have
o 20"(1)x, [ 2—1)(n=2) 1
T 9(6n2—15n+12) [(1=xH) P, _,(x,)  (1=x22P, ,(x,)
i 1 B 1@_8»__+8n2—24n—104_4n2—12n+16
3(5n2—15n+12)|(1—x2)? (1—x%? 1—x2

kll

Xr5n2—15n4-16 4
s
and
poe 2, [ 2(n—1)(n—2) 1 ]
BT =P, (x) (1—x22P_ (x)
(8.14)

I _(5n9—15/z-l—12)(5n2—-15n+16)
“ (1) 3 (1—x)
L 1em—36n+68 160 .
o(—x2F  (3-x)
The value of k,, in (8.12) is given by
2 [ 2(n—1)(n—-2) 1 J

(1—=x) P ,(x) (1—x)2P!_,(x)

n—2

k]? _— 3‘ x,-

(8.15)

X 1212—36n4-68 160
' (0”'(])

To(-w) T ea—xy T(—xy J
9. Some well-known results about Legendre polynomials. We shall
later make use of the following well-known results about Legendre poly-

nomials.
For —1<x1 we have!

Xy [(5}2‘{—__15/1—} 12)(5n—15n--16) |

o) 1= P, =4y 2
4
92) Pa(¥)=Prpa (W<
and \/n \/’H— I
(9.3 (1= P, () <;/~2; Jr.

! Sansone [13), p. 199.
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We shall also need for 1-<x 21,

(9.4) P,(x) <1,
and

~ , _m(m--1)
(9.5) P (x) < 5

The following inequality plays an important role in our estimation work®.

(9.6) Prig(X);2 \1 "'x 2 1Py (X)) X%,

14

valid for -1 =x<1 and v=2, 3,..., n—1. Further let

(9.7) O<U <03< * ” 1<.Tl
be the zeros of P, ,(cos0), then we have"
1 . ra n

) — -Zf) < b IS JENR )
(9:8) <’ 2)/2 2 )'“"n—l’ =23 ’[2}
and*

_ 3
(9.9) P ,(cos0,) ~»r *(n—2)% 00, << 2.
From (9.8) we have
. 4 2

g — N =1- 2() —= 2 2~ .
(9.10) (1—x2)=1-cos?(,=sin U,>n,_, 02 > (n—2)?

10. The estimation of some integrals. We shall need the
Lemma 10.1

(@)
(10.1) fpn 0t 5" 2 R
(b)
(103) fpn_O(t) Jn(n4_2553 x— 1x, for —l<x,<x;
(©)
I (t) 1 1 8yn—2
(10.4) f( VS s ey T \/nx_x),x<x,<l,

s Eger?ary and Turdn [4], p. 265, formula (7.2).
6 Szegt [14], p. 121, formula (6. 21.7).
© Szeg6 [14], p. 236, formula (8. 9. 2).
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F ) 1 8yn2
(10.5) f(ﬁ , dt < \/27\/12— CEa R e S AT

@ \,
B (0 (1 %) (1—x) Puy(®) | 2Vn
(106) 1 (f—x,)ﬂ dt < 3 ()C \').3 i (\,__x)Q
L 20N m=x) 2
S oxX,—x | x—x 11X

I—x2 (1 —x2)|Py_y (%) In 20
(10) f i < TP "

n?(1--x2) 9
*

Tox—x, 1=

Proof. (a) Since
(10.8) P (x)—P (x)=(2n—3) Py_5(x),

we have on integration
(Qll —‘3) fp -9 (t) dt-‘:P —1 (t)—Pn—a (I‘) ,
~1

whence by (9.2)

4 2
f Pros O <4 on a1 < a2y

(b) For the proof of the part (b) we find it sufficient to prove (10.2).
By (10.8) we have

(2n—3) j Pl g f 1 O @)
—1 —1

t—x,

Py 1(x fpn L (6)— P_’(t)dt,

x-—x, o (f—x)?

which owing to (9.2) gives
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P,,gt) 4 s [ at

“ ‘ \/—\/’l—l(x —-x) \/;\[,7;1*00(:;‘;;)2

(2n— 3) [

8 1
<\/,—'{\/n—1 X,—X

and this proves (10.2).
(¢) On simplifying (2.27) with the help of (2.16) we can write

¥

gx (t) F(1—13) Pia® (1—#)P,_ 2(t)
.fa S = £ T-xy T:Ef P

_fﬂ_ﬁfﬂmm

Integrating by parts we have

_4n(?) (=) Py(x) 1 (I=X)P (%) f
J sy =" Yy 2 xmx 1oyp) PO

.___(n_l) fl 2)[ n— 2(t) dt+1+x2f Pn o(t) df

Now from (10,1) and (10.2) we have

X

_‘ln_(t)__ (=5 Poy(x) | A=2IP, (1 2

J (=x 2(x—x,f " 2(6,—X)  Jax(n-2P2(1— —x?)

yfa=De=2) 27 4 1 _ _ 8 .

[ 2 Tl_x 2 [\a (n—2)32 x-—x<\/n(n—2)3/2(1—xf)(x,—x)
(=% Piy(x)  (1=5%) P, ,(x) 2 2(n—1)
L 2(x—x,)2 2(x,-x) \/n(n 932 (1—x3) | Jayn—2(x,—x)
and by (9.1) and (9.3) and (9.10)

’ f qn(t) 1 n 5yn—2 i 12yn—2

(t— 91\/71 —2(x—x)2 a(x,—x) Jar(x,—x)
1 1 8 Jn—2

I Py e iy
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This proves (10.4). Similarly we can prove (10.5) by using (10.1) and (10.3).
d) We now prove the part (d) of the above lemma. From (2.31), (2.32),
(2.33) and (2.16) we have

 nes () (1— t2)P_,(t) 1=80P,,0
A f +f1 %)

(1—22)Pa—y(?) 1 (1—2%) Pn_y(?)
_x,L/; i )39 dt_]—g(l”—xf)-_[l i x)22 dt

(n—1)(n—2) l—t’)P,, (¥
R oy

On integrating by parts the first three integrals on the right of the above
equation and simplifying among themselves we get

X

Rt i (8) 40 l”xz[(l—@)P_‘,(x) (1=x3) P, _,(x)—2x Pry(x)

A G x,)° 3 (x—x,)? 2(x—x,)?

1 1 (1=x2P,_,(x)+x,(1—x%) Py—a(x)

_(1—x,)2J_ 2(x—x,)?
N9 [ 1—x2 ftP (D) 4-Poesl(t
G 1)6(” 2 ii’; Pry (t) di+ va """éix 2 2O 4
J t—x, J, ,
HI=B) P, () x, ((1=1P, ()
- e-xy M) ey @
tP,,_q(t) 1 (l —12)Pp_q(f)
=0 ) ey Y=l ey *
We write
(1— t)P,,_,, 0  Pasy (8 ! ttx,
1—\)f (t—x,) di= (t_2 dt— 1—x3)J i—x, na(f) di

1 [ Pay(®) an—a (t) 1 f
=5 2 di—g (1_x2) dt — 1—x3)_lp"‘2 (t) dt.
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Hence owing to (9.3), (9.4), (9.5) and (9.1) we have

/" i () g %) (1=0) Pia(9) | 240n 2
._vl(\f x,)

3 (x, x)? eox) 1 X

X X

1 E . 9 Pn—q {
(ﬂ 6_l ‘/‘P'l"‘l(t) at —,“(ﬂ 1)' f -Z—A.}C(’)A dt

1 1

S ) 2l f -(t-ﬁ;-’)?,

which by (10.1) and (10.2) at once gives
[ 1t TR () Piy(y) | 24n 20n

(—xy @53 (b=xf  eex)? T (,x)

1
9 n2(l  x?)
1 X2 (x,—x)

Similarly we can prove (10.3). This completes the proof of Lemma 10.1.
11. Estimation of the polynomials w, (x). In this § we shall prove the

following
Lemma 11.1. For n=4,6,8, ...,
(a) w, (x) <(n-2)"%2, w,(x) <(n- 2);9f‘
(b) ©, (x)' < v? n_gp for 2<r< ; n,
—9(2
W, (X) < ¢y (n—r)?n f0r~2— n4-1-<pr<n—1,
(c) _,_Y W, (%) | =con 32,

y==:1

hold uniformly in —1 < x<"1, where ¢, and ¢, ® are positive numerical
constants.

Proof. The part (a) easily follows from (3.1) on using (10.1) and (9.1)
while (c) is a consequence of (a) and (b). We thus prove the part (b) for
which we find it sufficient to prove the first assertion.

Let first be x<Zx,<C1.In this case we use the form (8.1) and write

(1L.1) w, (X)=J,4-Jo- - T,
For
(X
Jy= g"l—--g‘(p);g Ry,
( —x,) n—2 (x')
¥ From now onward ¢,, ¢,, ¢, will be used to denote positive numerica) constants.
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we have owing to (8.4) and (9.1)

5o 16 1 160 1

B (n=2) (P P, () 9n(n—2p (1 2R [P, (%)

128 1
97 (n—2)" (1 xHIP2,(x,)]

Then by (9.9) and (9.10) we have
(11.2) PN
For

w(x) f
Je= 6(1—x2)P:3. (xi)_lp na () di

we have irom (10.1) and (9.1)

I < 1 ky
2 T 3a(n 2P (1—x2) P3,(x)

which owing to (8.3), (9.9) and (9.10) yields

J, = 11 11 1

(11.3)

9

11 -5
T 3a(n—2P2(1—x2p P3,(x,) <Lcgr’n
Lastly for

w (X) Py (X)
h=gi=® P, (xf Rarall

X,
we use (10.2), (9.6), (9.1), (9.9), (9.10) and have
3 2(1—x?) P2 _,(x)
/ T3(n—2P2(1—x) [ PR ,(x,) 'x—x,:

(11.4)

8 1 72
=32y JI—x2P2_ (x,) <G

Hence irom (11.1), (11.2), (11.3) and (11.4) we have for x<Zx, <1

9

(11.5) w,(X) <cp?on ’
For —1<x,<Zx, we can prove the same inequality (11.5). But in this

S D (1R Pl (x) 3 (=27 (T=x0 P23 ,(x,)

case we
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shall use the form (8.2) for w, (x) and the estimation (10.3) for fF;—:—“’—@d{’
At x=x,, (11.5) is obvious.

12. Estimation of the polynomials v, (x). For the estimation of @, (x)
we prove the following.
lLemma 12.1. For n=4,6,8,... and —1 < x<<1 the following hold.

_L _L
(@) v

1
V(%) <ep(n) PAcn t, 2= 5
1 _1y

v, (%) < cg(n=») *n P eun ?, 9 n--1<r<n—1,

n--1

2o (x) S esn.

y=2

(b)

Proof. The part (b) is immediate from (a). We therefore prove (a). It
is sufficient to prove the first assertion.

Let first be x<Zx,< 1. Then using the form (8.6) for

(=), P (%) 1 (0 <1— ") 2,00 | [ gu(x)
R Y- T sl (g Q(x). t—xp 4

(x) we have

(1— %) P2 (x) oy k P, Q(t) (1— ) (%) k;.
T—x)] pf N [ at - s

B ) fl Pa_s (¢) dt
(12.1)

1—\:" P" (x

As to estimate

(=X P}, (x) [ k5

n—2
TO—x? P (%)

we have from (8.9), (9.10)

k_,<z[ (n-1)(n=2) .
o 3 (1 —-Xf)[P' 2(x )I (1 _x2) n— 2(x ) J
1 N 272 1 400 1

91— IR (1 9 (=2 (T
/3 (n 2)* 13(n— 2) n2
=9 lP (k)|

< 6 ="
1‘ J,;
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Hence from (9.9), (9.10) and (9.1)

(12.2)

(l—xi')P2 o (X) n2

Jsgc

ZRRPT, (%)

Now from (8.8) and (2.14)

(n—1)(n—2)

(n—1)2(n—2)? n

3

(n—4) (n+1)

B TR P () =) P, | 2 (=% 3(1—x)
1
88 2,
Ty <%
Hence for
(=P, (9 k] fP
T (=x221P (%)
we have owing to (10.1)
3 .
I 1‘5 n’ 1 -7
(12.3) S \/ (]_v'z)z' L )3("0’1
As to
(1—x2)] n—a(x)llkal 0 |
Jy= d
(=[P, (=)[* |, =x © )
we have from (10.2), (4.2) and (9.6),
25 J1—x2|Ppy(%)| j—
(124 "S5V 'd_x%)s)z A Gy V2 <
For

(1=P2,(x) [ g.00)

Jy= :
(I=xXP PR, (k)] J (E—x)

we have owing to (10.4), (9.7)

dtx

1 (1—x%) PZ_,(x)
P myn—2 (1= xDP|P,_,(x)F(x—x)°
 8yn—2 (1—=x%) P2_,(x)
T m A=xPTPE L (x)[[x—x, ]
1 1 8yn—2 \1—x

SJoain— (1—xD|P_x)

| Py (x)l

TR 0P
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then from (9.1), (9.9) and (9.10) we at once have

3 I (n—2p? 322 (n-2)p cl
12.5 ‘/n< 9D (v 7 !
( ) \/271 r P Q(t)’ T 3P7122( )
For the last sum
(I %) Pup(x)
Ji= (1--x%) P, ,(x,)" 7o (%)
we have from (2.21) and (9.6)

(l—,x2)-' - .,(x) 3 _(1—x?)] P,, q(\)

(1“ 2)2 ,l, 2( ()C x) (1‘—\’2) n- 2(X)

and from (9.1), (9.9) and (9.10) we have

Jy=

3

: 42 (2 Co
12,6 S< ) , <"
(126) l Ja PP (%) T
Hence from (12.1) to (12.6) we have for x<x,<1

l 1

(12.7) v, (x) < c”(mr) +cn
For —1<x,<x, we can prove (12.7) but starting from (8.7) and using (10.3)
and (10.5). For x=x, the inequality is certainly true.

13. Estimation of the polynomials u«, (x), In this § we shall prove the
following

Lemma 13.1. For even n’s >4

(a) u,(x) <5m2,  u,(x) <ond?;
n n n
(b) ll,. (x _../\. C.):‘ c o ) 2/_;,' t:_—_;
2 24 9
» »- Z
n n 1
u,(x) < cy 4 n 1 <r<n—I1

(c) )’1 u,(x) <coyn’?

a—
r=1

hold uniformly in —1 < x<1.
Proof. (a) From (5.1) and (5.12) we have on using (9.4)

() S 1= Py y(6) (=) P2y () k[ PaaOdt ke
1
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But from (5.3) and (5.4) we have for %; and k. the estimations
4

' kg ig and | k; _.;%n‘-’.

Therefore by (9.1), (9.3) and (10.1) we haVe
L 24m 320 a
N 7"1\4\/:rt(n 9)2

The same follows for u,(x).

We now prove the part (b) of the above lemima. As before it is suffi-
cient to prove the first assertion. Let first be x<C.x, <{1, then using the
form (8.11) for u, (x) we have

u, (x) 3 n‘-’]<5n33.

Ry

_is 4 3 , o (X) g (1)
2 el X S . ; _ n41\
B e R e S I
(13.1)
m(xX) k! R~- (t) o (x) ky {
sy paye) ) tox A e g S PO

o (X)| ks

(1 _x2)3 | pfa  , (\ )'”“sz‘i.‘Jl-)'J.‘jll"‘jl-z‘f"Jm ju-

The estimation of these J's is similar to that in the § 12. We shall not give
the details of the working and only write the results. Thus

- o) (X) kl" n

(132) jH - (I x2)3 !, (X ) =0 »2
. o(x) Ry f . e
(13.3) .,13 (1_'\£).) P; '\, ) 1 PII-—- t) dt B Cll 1,2

7 F“(*)__"‘l_o__ f‘?« 2 (¢)
137 (1—x% P

n"

(1—x?) PZ_,(x)

(13.4) =0 \/”(1 —x2) i P2, (x,) X—X,)
l
1 —X° Pa X n
<€ \/ 2)5,2IP/2 22(%) <€y K
For
o (x) hn—'—l (?) dt

M= BT xy
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we have from (10.6) and (9.6),
(1= Piy(®) ) 2Yrn(l=x)Pis(x)

= 3(1—x22 P! -'Q(x)‘ﬁ'x —x,)3 (=X PB,(x,) [ (x—x,)
" 20\/n(1— x?) P 2(x) L+ n?(1—x*) P2_ z(x)_____
(lﬁxz) ,, 2(x) X— x) ( “‘xf)g ,,_Q(xr)! - xv)
21 xﬂ’)P2 ) _ 1, 2\/n

U e P, ) ayi-x (0 )P, 0)
L 20(n1 2Py (%) mT—X2 | Py y(x) 9(1—)‘2)’)2 2 (%)

(1--xD2P2 (x,) (1—xP2P2,(x) (1 22 P ,(x)B
Hence from (9.1), (9.9) and (9.10) we get

(13.5) T = e nt-co _:z_
For
Jo= 3 o (0
10.—(1’-.%'?‘) »
we have from the first part of (a) of lemma 12.1, the inequality
) n3;’2
(13.6) jw<"22‘;§‘

Curious is the estimation of
Jg= ‘/..,, (X) '3.
We write owing to (2.16)
(1—=x22P}_, (%)
i3(x)= ;
(l—x?) P3 (x,)(x—x.)

n—2
(=2 P (%) (1—=x22 P, _, () (x+x,)
T =X P, () (r—x, ) (T—xP P2, () (i)

Hence

23 (x) = (1—x%)2 | Py (x) 3 (1”‘ q)“ w2 (X)]| X+X,

TP (k)| x-x, - —x Py () B (v—x,)

and by (9.6) etc. we have

M—xt 2(1—x?) P,_y(x n ve -
137 A= ’*—"xﬁ El_x;ﬁ(J(C))’_<+c”

Thus from (13.1), (13.2),...,(13.7) we have for x<{x, < 1 the estimation

7372
(13.8) i, (%) < Cx ;,"‘}" 2y
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For —1 < x, <<x, we start with (8.12) for u, (x) and using the estimations
(10.3) and (10.7) instead of (10.2) and (10.6). At x=x,, (13.8) is obvious
owing to the property of u, (x).

To prove (c) we have from (a) and (b)

n n|2 n—1
. |
4‘.«'” (%) [ = 10772 4 coy 2“" /Sn
r=1 y=n|241
l 11/2’13/2 n—1 n3/2 ]
+ oy { _»27+ ): (=)
= y=nj2+1

which by Schwarz’s inequality gives

2 u, x) /600,13’9

y=1

14. The approximating polynomial o,(x). We shall need the following

Lemma 14.1. If a function f(x) is differentiable in [—1,1] and
f(x)eLipa(0<a<C1) then there is a polynomial g, (x) of degree at most
n possessing the following properties:

(a) f(x)_(’n (X) ?§C26 nl-a {(‘/l _x2)“+1+n-—1—a} ’
(b) f1(0) e} (x)|< ez n={(VT—x2)*+- 2}

and

(c) &, (%) S g

uniformly in —1<x<I.

The parts (a) and (b) of the above lemma have been proved in lemma
9.1 of our paper [12] while (c) is a consequence of (a). We shall in the fol-
lowing prove the part (c). We shall follow the same method of proof as for
the lemma 9.1 in [12].

We put?

npy=n n,= l:—go] ye o ey Ilj+1=|:g]:] yees np=1,

logn
[log QJ +
Then we have
r—1
(14.1) on (X)= > lon, (X)—0n,, ()14 05 ().

J=1

¥ G. Freud, [3].
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From (a) we have

¢ _ Cy ettt 1
A O G I (R A
Now using the inequality of Dzyadik'® we have from (14.2),
(14.3) Q,Il/’ (,\’)—Q/’I " (x)5_<CHO IZ;" (\/] __xg)u_IL_ nj—u]
,Z .‘(4.1
1':-“30 (2/) [(\/l ) (2/) ’
Hence from (4.1)
r—1
" ’ PN
& x) —/- ‘an(x) 0"/+1 ()C)

J o
<cyno “[(\/1 32 “]«:;c*2ﬂzz*".

From (c) on using Bernstein’s inequality we have for —1 <7 x <1,

9

s N . on®
(d) o, (X) ~Cyo l——x‘d’
while Markov’s inequality gives

(e) o' (£ 1)} = cani-

15. The main proof of the theorem. We follow the usual technique of
proofs {2, 9, 11]. There holds the relation:

Rn (%, f) =1 (%)= Re (%, f—0n)+0n (%) — f (%)

which owing to (6.2) gives

Ri(5f)~f(x) = f(x)=ea(x) +,_2']”[f<x,.n>—gn (X)) tym ()

n—1 n i

“!"Zj[ f’ (x.,.,,) ""0,,, (xrn)] Uyn (x)’L ‘/_\'7[";'/1 —“9:,” (X,.,,)] Wyn (X)j
v 2

y=1

H

= f@)—en(®) +2) Uyn (%) _max . f(u)—en(u)

y=1 a1
n—1 n n
Y n"n A
2 V() mmax ,f @) —0, @) +em2 Y w0, %)+ Y e (Xun) W ()
y=2 =1 v= 1

Owing to the part (a) of lemma 14.1 and the part (c) of lemma 13.1,
the first two terms in (15.1) tend to zero uniformly for -1<x=<1; so does
the third term in consequence of the part (b) of lemma 14.1 and the part

Rl Dzyadyk, V. K., [3].
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(b) of lemma 12.1. The fourth term similarly tends to zero owing to part
(c) of lenmma 11.1. We now estimate the last sum in (15.1)

(17

n

.2) ‘:7' 0;1” (xrrz) ' Wyn (x) = S

ye=l

We write owing to (6.1)

- 01'1“ (1) Win ('\‘) - f Q,I,” - ]) Whn (,\‘)

(15.3)

have for the first two terms in (15.3) the upper bound c,, n?

n—1

5
+ : Q,, - rn)' W, (,\’)
y 2

From the part (d) of lemma 1!4.1 and the part (a) of lemma 11.1 we
!

To estimate the remaining sum

n—1

(154) S, VY " (Xen)  Wn(X)

a— QII
y==2

we use the part (b) of lemma 14.1 and the part (b) of lemma 11.1. These

give:
n—1 n—1
,2 2 -
P n ) _ \’ ) . 9
SISl T O 2
( 5 ) =2 ““yn y=2 12/
15.5
n—1 1 1
P ‘1 — g @ -2-—14
= C;}_‘ ,- ’1 _<.Cd"”l
-2

Thus (15.1) to (15.5) complete the proof of the theorem.
This work is part of the Research-programme of National Research Fellow-

ship awarded to the author by the Government of India.
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