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1. INTRODUCTION

The author (3] has considered earlier a new interpolation process

lk,,(.\‘),

(1) A, )= S0+ = D+ 2o — {5 A0+ A=)
where )
@ =5 = ) (oM, + 205 =2 3, (1 =3 Jynlkim 9]

here
9 n—1
®) walt, )= ;27 2 Ul w)
k=1
and
3 —~kn
@) Ol = 1 - )
kn

(- =x2) U (x)
(5) lkn(x) = n+1 X=X

being the fundamental polynomials of Lagrange interpolation constructed on
the roots

. kn

(6) Xpn=€OS

of the CebySev polynomial U,(x) of second kind given by
_sin(n+1)e

(7) Un(X) =35 x=cos 6.

This process directly gives the proof of Jackson’s theorem on the approxi-
mation of continuous functions by algebraic polynomials, namely the
following :
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Let f(x) be a continuous function defined in [—1,1]; then, for the se-
quence of polynomials A,(f, x) in (1), we have

®) |4 f, )—=f2) | =Olw(f, )

uniformly in [—1, 1], where w(f, d) is the modulus of continuity of f(x).
The formula (1) is an improvement of the interpolation formula con-
sidered by G. Freud [1] in the sense that, with the help of (1), the inequal-
ity (8) is proved to hold for the whole interval [—1, 1]. Later P. Vértesi
[4] proved the inequality (8) by using the corresponding formula (1) built
on the roots of T,(x) — the Ceby3ev polynomials of first kind. As an im-
provement to his result, G. Freud and P. Vértesi [2] replaced (8) by

9) |20 ) =10 [=0[o{ £, =2) ol )]

Thus by proving (9), they were able to give a new proof of A. F. Timan’s

approximation theorem by interpolation method.
In the present work, the author shows that the same formula (1), con-

sidered in his earlier work [3], gives an improvement of inequality (8). In
this way we are able to give a new interpolatory approach to the proof of

the following theorem of A. F. Timan:
Theorem. Let f(x) be a continuous function defined in [—1,1];

then, for the sequence of polynomials in (1), we have

(10) |4, )1 () | <384 [, L) aff, 1)

in [—1,1], where «(f,d) is the modulus of continuity of f(x).
The inequality (10) follows by obtaining a more precise estimation of
the fundamental polynomials in (1) and the inequality

(11) | g(cos ))—g(cos ty)| = [2 sin—;— [ E—tk |+IJ“’(§, ‘ Si: ¢l )

+[2{nsin%| t—t |}’+1|a,(g, Leost]

which follows easily from the relation

(12) €S te—C0S £ =2 5in - (t—t5) sin 5 (¢-+1)

=2 sin—;— (¢—tk)|sin £ cos %(t—tk)—cos tsin —,1,—(!—- tk)l

(cf. [5]). The inequality (10) has earlier been proved by P. Vértegi and O.
kn

Kis [5] by an interpolation method constructed on the nodes cos 41
2. As mentioned in the introduction, for the proof of the theorem, we
need a more precise estimation of the fundamental polynomials 4,,(x) in (1).
For this we first simplify i4,(x) in a form convenient for the estimation.
For brevity we shall write xp for X, li(x) for lg(x) etc. Further, we
set xo=1, Xp4;=—1, x=cC0s 0, xx=cos0,, so that
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8,=0; e,=,f+—"1. E=1,2,...,1; Oy =n.
Putting x=cos8 and xx=cos6; in (3), (4) and (5), we can write (2)
using (7) as

sin{(n+1)8sin18, 3 cos 6, sin® 6, sin! (n+1)8
(13) 14(cos8)= (n+1)4cos 6—cos ;)8 (n+1)¥cos 8—cos ;)8

sind (n+1)0 sint 6,
+(— I)H'l\/l - xa‘p"(x“" x) (n4-1)cos 8—cos ka’_

where (3, p. 174]

FEm——r 0
(14) VT= oo, X) =gk

sin %(2n+1xe-ek) sin ——(2n+l) (e+ek)
+1)sin3 6,

sin %(e—ek) sin _(e+e,,

1
1 cos -..1,—(9— 0;) sin ) (2n+1)6— ﬁk) €oS & 2 (0+6,) sm (0-}-0‘,)
" 4(n+1)sin26, ‘

1
sin? (08 sin*; (6+6,)

1 1
Mn+1 cos?(2n+l)(9-ﬁk) cos 7(2n+1)(9+6,,)
+4(n+1)sin2 0 + T

sin %— (6—6y) sin %(e-;-ek)
Now
(15) sm——(2n+1)(6t6,,)—sm n—}-l)(Bj:Gk)cos 5 (016)
—cos (n-4-1)(6:t6) sin —2— (06,)
=(—1)* snn(n+l)0cos (9:}:8,,)—cos(n+l)esm (0:1:9,)
(since sin(n+1)8,=0 and cos(n-+1)8,=(—1)*). Similarly,
(16) cos 5 (2n-+1)(0:£0) = (—1)~[cos(n+1)ecos (66,)

+sin(n+1)0sin 5 (B;tﬁk)l

so that

PR —1)*sin(n+41 ]
(A7) JT=XByy(xe, %)= ’;(f,_‘;‘,",smf;“ k | cotg 4 (0—8r)— cotg—(e+e,,)]

— 1
+6 l); :ic:ls’(:: = [Cotg % (0—04)+cotgw (9+u,)]

(=1*+1sin(n+41)0 1o o1
=31 sinv e, [cosec?-i-(ﬁ B) -+ cosec 2(6+0,,)]

by
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+(_,)ksin(n+l)0_ (—l)"+1sin(n+l)6cos6k+ (=1*+1cos (n+1)8sin 6
sin26,  (n+1)sin26y(cos 8—cos 6;) sinZ0(cos 6 —cos 6)
sin(n+1)0

— 1)kt sin (n4-1)0 1 1
A e 00 o 080 -1

From this and (13) we have

(18) Ar(cos B)=12,(cos 0)--4,"(cos 0),
where
s __sin(n4-1)30 cos (n+41)8sin%6, sin 8
(19) "k(cos b)= (n+1)3(cos 8—cos 8,)3
and
v __sint(n4-1)8sint 6, 2 sind(n+-1)0 sin* 0, cos 0,
(20) 2y (08 0) = N cos 0—cos 6)i ™ (1)’ (cos —cos B,F

sint (n+1)0sin®0, |, sini(n41)0sin?0, 1 10 2 ]

We shall need the following lemmas.
Lemma 1. For 0:=20-==n

(23) 21 4(cos 8) |20,
A=1
(22) 1 13(cos 8) || cos 8—cos 6, [< 12 222,
R=1
Lemma 2. For 0<6<=x
n
(23) 2|4 (cosB) | 156,
k=1
“ 1 92
(24) D145 (cos 8) | sin - (8—8,) <2,
A=l
- 1 49
(25) é | 2 (cos 6) | sin? (6—B)<;-

The proofs of these lemmas will be given in the next section. Besides
these results we shall use the following facts already proved [3, lemma

3.2, p. 170].

(26) ,1 — D (x)|<3,
R==1
(27) VI=3 | 1= i< 2,
' Ao ]
—1_.x<1.
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3. THE PROOF OF THE THEOREM
We shall now prove the inequality (10). In [3, p. 182] we obtained

[ fiw) —fml[l— kgl’zk(x)]

(28) lf(x)—An(f’ X)l=

+1—§—x [flx)—A(— l)][l— ,é: Ak(x)] + ;};[ F(X)—f(x)|Ax(x) l .
Using (26) and (27) we have

(29) l’—;i[f(x)—fa)l I—Zw] =5 ol —1|>‘1—5:zk(x)

! “2 Ax(x)

. . l n
w(im e)l \ l (x)!+n(l+,.r)(l-—x)w(sn’119) |1 Zlk(x)

n sin@
k—l

2 sin 6

§_+ MES 1|] (sme)

w(5129)§6w sin )

+n\/i—x211 —-Zlk(x)
&

Similarly, we have

(30)

U@ —f-1) [1 —szm] <60 (22).
k=1

We now estimate the remaining term

@1) l PAVERTENNE

in (28). Using (18), we have

.Zlf(x)—f(xk)llk(x) 's Zw (| cos 8—cos 0 ) | 44(cos 6) |

< 3 2 w(jcosB—cosb’)|4y(cos0), ‘I-Z w(jcos 0 —cos Bx|)|4;"(cos )| = 2 M2

k—l

As to the part ', we have
(32) 3= ‘S (| cos B=—cos B [) | 4;(cos B) |
k=1
. 0 in 6]
:S;_):l'll +Si -1 €050 —cos B | ][J.k(cosﬂ)[w(s'" ) s )Z[Ik(cose)
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o

sin 8
n

sin 6 ) cos §— cosekf|1(cose)|\32w(s’29)

n
k—l

because of (21) and (22).
For the part

N= ym( cos8—cos B, ()| 4, (cos ),
k==1
using (11), (23), (24) and (25), we have
} n
| A — fle) i “(cos b)) ) [(-zn sifl o §— e..+1)m( 09

k=1

(33)

(Qn sin? (0 Hy) | l)m( C:s : )] 4 (cosh)

n
(sin 6 ( (] )
= lu) (SI: )-—f—m (' c:z ))IZ l;'(COS f) .
k=1

-§-2nm(§i_:.9)25in ; | B—by 14;%(cos ), +2n9()( ) )—'sm’ -—((i—(’iﬂﬂ;‘(cos B)

o5} 5] 1005t

+92540 (l cosf ||

This completes the proof of the theorem.

4. PROOF OF THE INEQUALITIES (21)—(25)
Let

(34) Ey= sin(n+1)0

(n+1) sin %(9-—9,,)

Then, we can prove that, for 6¢[6;, 6;4,),
(i—k)"m, 1<k<isn;
(k—i—=1)-"m 0<i<n—2, i42<k<n;

35 En<
(35) * om, k=i, 1<i<n;
2m, k=14, 0<<i<n—I.
In fact, for 1<k<ign, we have 0;—0,<0—0,<n,
so that
.1 .1 . i—R i—-k
sin —2—(6-—9.) gsm—z—(B,—O.)=sm 2;n+1)">n+l



while, for 0<isn—2, i+2<k<n, we have 6,—0;,,<6,—6<n
and

k—I—- l.

n+1

These inequalities prove the first two parts of (35). The last two parts fol-
low from the fact that

| sin (n+1)8|=|sin (n+1)0—sin (n+ 1), |
=]2sini(n+ 1)(0—0;) cos4 (n+1 )(e+9,)|

sin + 5 (O — B)>sm = (0e—0:41)>

Ism(n+l) (B 6,)|§2(n+l)sm |6—6; |.

From (35) we have

(36) ZEm— Z(z—k)-m+2m+2m+ 2 (k—i—1)"

h={+2

g?Zk—m+2m+1<4+2m+l itm=23,...

k=1

We shall now obtain proofs of inequalities (21)—(25) with the help of (36).
Since

sin 0. sin Oy—+-sin 6=25in - (04-0s) cos - (8—04)< 2 sin -3 (9-+6s)
and
sin 65 sin 0+ sin Be=25in - (9-+64),

therefore, from (19), we have

37) | Z(cos 0) |- — 22+ __ 3
(n+1)sin3 2(9 ek)l

and

(38) | cos 0—cos B¢ | | 23(cos 6) | =201 E2

Hence, from (36), (37) and (38), inequalities (21) and (22) follow.
Similarly, from (20),

sind (n+ 1)6 4 sind(n+1)0
) 1 1
(n+1)l sm'—i(o 0) (n+1)sin —2—(0+6,,)sln5I 5|9-9,,|

+ sin‘(n+l)6 + sm‘(n-}-l)e 1 + 1 .
(ni—l):"sm'«’ (0—0) (n+1)sin? 5 (O—Bk)[sinz—;-(e—e,,) sina-;—(0+9,,)]

| 43°(cos 0) | <

But
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therefore
_ sin! (_rl_t‘l_)_ﬂ 4 sint (n4-1) 0

(n-+1) sin! 0—;—@‘ (n41p sin‘-'—;—(()—uk)

iy (cost) =4

Thus
(39) i:(cos b) | < 4E: 20V "j;;”  E2<4Ei+E2

. .1 4 1)0 in® 1)o E:
(40) 43°(cosb) sin =l 1= _s'",(f_—'r)fd _s?ﬂn_fgt)_ Ef/‘n+1(453‘+ E?)
and

. . o | - 4sin® (n+1] 6 , sml(n+l)0
(41) lk (COSG) St ?(B—Ok) —WEE: - (Il+])3 = ("+‘])_ [4524-11

Hence, from (39), (40) and (41), on using (36), we get inequalities (23),
(24), and (295).
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AMPOKCUMHPAHE HA HEMNPEKBCHATH ®YHKLIMH
C UHTEPIIOJIALIMOHHH TTOJIMHOMH

P. b. CakceHna
(Pcirome)
CbraacHo kaacuyeckata Teopusi Ha JI)KeKCOH 3a BCAKA HeNpeKbCcHAaTa B

[—1,1] dyukums f(x) c MOAYyn HaHenpeKbCHATOCT wy(d) CHIUECTBYBA MOMH-
HoM P(x) Haii-MHOro OT cTeneH 7, 3a KOHTO

max| f(x)—P(x) | =0 (er(7))
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B enna npeauwsa csos pa6ora [4] aBTOpBT JHOKa3Ba ropHata TeopeMa
Ha JIXeKCOH ¢ eJHH eKCIUIHLMTHO MOCTPOEH HHTEPNOJAlLHOHEH MOJHHOM.

B paGorure Ha C. M. Hukoabckuit 1 A. &. Tuman ce nosBuxa nopo6pe-
HH Ha Teopemarta Ha [[>)K€KCOH, OT KOMTO Ce€ BHXAa, 4e NPHOJHKABAILUST
NOJHHOM MOXe fla ce M30epe Taka, Ye B KpaHllara Ha HHTepBana aa ocblie-
CTBBa n0-100po npHOJHXEHHWe NpPH 3anasBaHe Ha MNOPAAbKa Ha 0G6IIOTO
paBHOMepHO NpPHOMHXKEHHE.

B Tasu pabora aBTOpPBT n40Ka3Ba, Ye MNOCTPOEHHAT OT HEro B CIOMEHa-
TaTa My npeaHillHa pa6oTa HHTEPNOJAUHOHEH MNOJHHOM A,(f; X) yLOBIETBO-
psBa 3a BcAka HenpekbcHaTa ¢yHKUMA f(x) M HHTepBana [—I1, 1] HepaBeH-
CTBOTO

J) =3 )12 384 [V g 1))

To3u pesyarar npeacTaBnsBa HOBO J10Ka3aTeNCTBO Ha TeopeMaTta Ha A.
®. Tuman upe3 H3NO/M3BaHe HA HHTEPMNOJALHMOHEH MONHHOM.

MMPUBJIMKEHUE HEINPEPBIBHBIX ®YHKLHUA
HUHTEPIOJAUWOHHBIMHM MHOI'OY/IEHAMH

P. b. CakceHna
(Pe3tw.ue)

CornacHo kaaccuyeckoit Teopuu Jlxekcona Anst Ji060H HenpepbiBHOH B
[—1, 1] dyskuuu f(x) ¢ MomysneM HeNnpephLIBHOCTH /() CYIIeCTBYET MHOrO-
uned P(x), creneHd He GoJblle 7, AJAs KOTOPOTO

max 1)~ P(x) [ = 0 (ar (7))

B oxHOii H3 npenblAyIMHX CBOMX Pa6oT [4] aBTOp l0Ka3biBaeT BhbllleyKa-
3aHHYl0 TeopeMy J[XKeKcOHAa C NOMOILLUBIO IBHO MOCTPOCHHOTO HHTEPMNOJASAIHOH-
HOrO MHOTOYJIEHa.

B pa6orax C. M. Hukosnbckoro u A. &. TumaHa NOSBUJAHMCH YJyuyllleHHs
TeopeMb!l JIXEKCOHa, H3 KOTOPBIX BHIHO, YTO NPHONHNKAIOIIHI MHOrOYJEH
MOXHO noao6parh Tak, YTO B KOHLAX HHTepBala OCYLIeCTBJAETCS Jayuyllee
NpHONHXKEeHHe NPH COXPAHEHHH MOPsiiKa OO6LIero PaBHOMEPHOTO MPHOAHKEHHS.

B 3T0it paboTe aBTOpP AOKAa3LIBAET, YTO NOCTPOEHHHIH HM B YNOMAHYTOMH
ero paboTe HHTEPNONAUHOHHBIA MHOrouneH A,(f; X) YIAOBJETBOpSET 1A
no60# HenpepbiBHOM (yHKkuuu f(x) B HHTepBane [—1, 1] HepaBeHCTBY

f(X)—A,(f; x) 1< 384 [w,("/—l;.—-zg).;.wf('%})l .

Sror pe3yJbTaT NpeAcTaBAfSe€T HOBOEC JO0OKa3aTEJbCTBO TeOpPEMbI Tumana ¢
NOMOIIbH HCMNOJB30OBAHHA HHTEPNONALHOHHOIO MHOIOYJECHA.
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