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Abstract

Conditions for local integrability of a system of m smooth compler vector
fields on R™" awre discussed. One sufficient condition is the real analiticity of
the cocfficients of the vector ficlds on the " last” variable. This follows from a
theorem of A.Andreotti and C.D.1Ll. A diveet proof is provided. An example
shows that this condilion is nol a necessary onc. A partially converse of the
statement is proved. Namely, each locally integrable system of m smooth com-
plex vector ficlds on R is proved to have cocfficients which are boundary
values of functions, holomorphic on the "last” complexificd variable. Some
resulls for the used in the proofs abstract C'IR structures of hypersurface Lype

are also given.

1. PRELIMINARIES.

In this paper we shall consider e smooth complex-valued lincarly inde-

pendent vector ficlds

//|,I12,...,lz,,,, (l)

defined on a domain {7 in the m + l-dimensional real Cartesian space R !,
As we shall consider local properties, we may assume that the considered
vector lields are defined on a neighborhood (7 of the origin 0 in R+

Such systems are investigated for example in [CH], [Dj], [MT] (see also the
given there references), but in general for their solvability. Here we propose
some more about their local integrability.

The system (1) is called formally integrable it the commmtator of each
cuple ol vector fields [L;, Li] is a lincar combination of the whole vector
fields in the system on any open subset of the domain they are defined.



The system (1) is called locally integrable (in the origin), if there exists
a ncighborhood U7 of the origin 0 and a smooth lunction Z on U with a
non-zero differential dZ at 0 satisfying the system of equations

Lywu=0,Lyu=0,...,L,u=0. (2)

The vector fields of the system (1) span a vector subbundle Vool the complex
tangent bundle CT'U with a fiber dimension equal to 1. Note that the formal
integrability as well as the local integrability of the system (1) are properties
common for each system of vector fields, forming a base for the space of the
sections ol the vector bundle V. The first one means that the commutator
of any two scctions of the vector bundle Voover an open set. where they are
defined is a section of V', e the sections of the hbundle V' oforms a Lic alpehra.
The second one means that the annihilating for the bundle V' one-dimensional
vector subbundle 7" of the complex cotangent bundle CT*U admits as local
generator exact one-form.

It is cazy to sce that the hundle V' corresponding to the system (1) have

a base of the kind

L; = AoV + (1, ) [da for ) = 1,2, m, (3)

where @/ (1, 2) are smooth complex-valued functions on the neighborhood U

of the origin 0 in R™ with coordinates ' ... " . When the system is
locally integrable the functions a/ could be choosen so that «/(0) = 0.

[t can be directly checked that the system (1) is formally integrable ifl it

is fulfilled
/,.,u,’“ =Ll Tory, =000 m. (1)

2. ABSTRACT CR STRUCTURES OF HYPERSURFACE TYPE.
The systems of smooth complex vector fields under consideration are
closely related with one important notion in the complex analysis ol several
variables - the abstract ('8 structures of hypersurface type.
Let p € R+ with i > 1. Let Ly, Lz, .y Ly be smooth complex vector
fields defined near p. The system L;, j = 1,2.....m is called an abstract
CR structure of hypersurface Lype near pilitis [ulfilled

Ly, L o Ly Ly ooy Ly are lincarly independent-at p and (H)

Dy v N



Lyy Loy ooy Lyyis Tormally integrable. (6)

A Tunction 7 annihilated by the veetor lields of an abstract ("1 struetire
ol hypersurlace type is called a C'IR function.

The abstract C'R structure is called realizable, if it is locally integrable,
i.e. there exist smooth functions Z', Z2, ..., 7™ such that they are C'R
functions near p and dZ',dZ*, ... dZ"™*" are lincarly independent.
Lemma 1. Let is given a system of the kind (3), satislying the conditions
(4). Then the system ol smooth complex-valued veetor ficlds

I,_’j = ‘)(')/('}:" -+ uv-"(/,, )] for j=1,...,m (

~1
~—

forms an abstract ('R structure of hypersurface type near the origin.

[Here are-used the complex variables 7 = t/4is?, s = (s',...,s™) € R™

and the complex derivatives d/dz! = 1[2(J]017 +10]ds7). Let us recall also
that 9/d=" = 1/2Q]17 — id]ds).
Proof. Indeed, tlie'vector fields<Li™, ‘L vty Ll L BAY 50, L. are
linearly independent near the origin hecanse such are the complex derivatives
A]0=", 002, ..., d]d=",0[0=",0]0=*, ... d]0=" and the vector field 9/ da.
The formal integrability of the system follows by the equalities (4). Indeed,
[rom (4) and the definition of the veetor fields L7y = 1,2,... .. lollows

/,;(/"' = Ly’ for jok=1.2.....m (8)

which enshure the formal integrability ol the system (7). The lemma s
proved.
Lemma 2. The system (3) is locally integrable il and only i the abstract
C'R structure of hypersurface type (7) is realizable.
Proof. Let the system (3) be locally integrable and the [unction Z(1,2) be
a solution of the system of equations (2) on a neighborhood of the origin
in R with non-zero differential at the origin. Then the functions 7' =
Pis', 722 = 124082, ..., 7 = 1" is™, 27 = Z (1 x) will annihilate the vector
ficlds (7) on a neighborhood of the origin in R*"* as it can be checked.
Also it can be verilied divectly that their differentials are lincarly inde-
pendent on some neighborhood of this origin. This prove the realizability of

the system (7) in this case.



Let now the abstract C'I2 structure of hypersurface type is realizable and
Z\t,s,x), 21, 8,2),..., 2™ (L, s,2) are C'R functions with lincarly inde-
pendent diflerentials near the origin.

We will find a function Z(4,2) with non-zero diflerential at the origin which
annihilate the vector fields (3) of the kind

ZLEPZIZR . Y

where I is a holomorphic function of m 4 1 variables. As we ask Z to satisly
(2), we consider the system ol equations

(')I,'(Zl. Z‘Z‘ S an+| )/(').\'k —

m+1 : A
=Dl 027 |0sF01 1077 = 0 for k= 1,2,...,m. (9)
=1

The cocllicients 927 /0s* are C'IR Tunctions, as the differential operators
d/9s* commute with the complex vector fields in (7). Hence they can be
represented as a composition of holomorphic finctions of m + 1 variables
with the given C'R functions Z' 722 000 72" iles there exist holomorphic
functions (/. such that

()Z’/()SL = ("J[:(Zl. Z'I‘ Tysvane Z"l+| )

The system (9) becomes

m+41 ;
G2 2% ZNOF[0Z7 = 0,k = 1,2, m,
J=1

This is a system ol m first order partial dillerential equations with holo-
morphic coellicients for a holomorphic function /7ol -+ 1 variables. Then
we can apply Cauchy - Kowalewskaya theorem. It follows that there exists a
holomorphic solution I, of the system (9) with non-zero differential.

The asked for the local integrability function Z (4, ) may be choosen to be
the function F,(Z', Z%, ..., Z"™*"). Indeed, this function doesn’t depend on
the variables s', s%,. .., s+ and annihilate the vector fields (3). Morcover,
its dilferential is non-zero at the origin, as this of 7, is so. This prove the
local integrability of the system (3).



3. SUFFICIENT CONDITION FOR LOCAL INTEGRABILITY.

A Andreotti and C.D.ILI have proved in [All] a theorem for local in-
tegrability of formally integrable systems of [ smooth complex vector fields
in normal form like in (3) on n dimensional real Cartesian space. In the
particular case when L=y n b 1 this theoremis the following one
Theorem 1. ach formally integrable system ol the kind (3) with smooth
complex valued functions @ (t,2) for j = 1,...,m which are really analytic
on the variable . is locally integrable.

We will state a new more simple proof of this theorem, based on the result
for realizability of the considered abstract ("R structures of hypersurface
Lype.

Lemma 3. I the complex valued functions o/ (1, 2) in the system (3) sabis-
Iying the condition (1) are really analytic on the variable a, then the corre-
sponding abstract ("7 structure of hypersurface type (7) is realizable.
Proof. Let us prolonged the complex valued real-analytic functions a/(1, @)
as holomorphic functions A/(1, =) of the complex variable = = & + 1y lor
(t,x) € Uy—c < y < ¢ lor some ¢ > 0, r.e. we construct holomorphic
functions A’(4, z) of = such that

A(Lx) = @' (L, 2) for (Lx) € U. (10)

We shall consider the system of smooth complex vector fields

L =20[03 + AL, 2)0/dx for j = 1,...,m, (11)
L'=0/)z

on the domain (7" = {({,s,x +y): (L,r) el s e R" y € R,—¢c <y < ¢}in
R+ This system consist of A 1 lincarly independent smooth complex
vector lields. They commute cach other hecanse of the holomorphicity of the
functions A;(Z, z) of the variable = and as the condition (8) holds also for the
holomorphic prolongations A;(f, =) of the functions a;(f,0). Such a system
ol vector fields forms an integrable almost complex stracture on the domain
U'. The important theorem of integrability of Newlander-Nirenberg [NN] for
integrable almost. complex structures assure that on the set (77 there exist
complex coordinates Z', 722, ... 72" These are smooth complex valued
functions which annihilate the vector fields (11) and have lincarly indepen-
dent differentials. Then the functions Z' (4 s o), Z3(1os,o), oo 20 (1 s r)

~



provide the needed functions for the realizability of the abstract ('R struc-
ture of hypersurface type (7). Indeed; they annihilate the vector fields
(7) and their differentials are alzo lincarly independent as for them holds
D77 |dx = =077 dy. The lemma is proved.
Proof of theorem 1. First we constrrnet for the system (3), satislying the
equalities (4) the correspondind abstract C'[t structure of hypersurface type
(7) according Lemma 1. Then we apply the Lemma 3 to the structure (7)
and obtaine its realizability. FFinally according the Lemma 2 we obtain the
local integrability of the given system (3). The theorem is proved.

Now we will give the following example, which shows that this suflicient
condition for local integrability is not a necessary one.

Example. Let us consider the system of i smooth (complex) vector

ficlds

Mj(t,e) = dfoL— (12)

’J‘( =424t a?) !
— - ; () ()l || T “ i”l(l
C+2+.. +2 127 / 4

M;(t,0) =aJdt; lor j = 1,2,...,m

This is formally integrable system of smooth complex vector lields with co-
eflicients - functions which anniuhilate with all derivatives in the origin, i.c.
flat in the origin functions. Hence for this system can not be found a coor-
dinate system in R where they would he analyvtic functions of one of the
variables.

In spite of this, the system is locally integrable, as the function

Z(l,w) = ¢ Ut )T e gy 0 Z(0) = 0

is a simooth function which annihilate the veetor fields ol this system on cach
neighborhood of the origin.,

4. NECESSARY CONDITION FOR LOCAL INTEGRABILITY.

The example above shows that the condition in Theorem 1 is not a nece
essary one. Nevertheless the following partially converse statement ol the
Theorem 1 is true.

0



Theorem 2. If the formally integrable system of the kind (3) is locally
integrable, then there exist smooth complex valued fanetions Aty y) Tor
J = L,...,m delined on U x (—&,¢) with properties

DA’ [0z =0 on U x (0,¢) (13)

where z = a + 1y and

At 2,0) = (1, 2) for (t,r)e U. (14)

i.e. the coellicients @(4,0) in the system (3) are boundary values on the
boundary = = 0 of functions A on 7 x (0.) holomorphic with respeet the
variable z.
To prove this we need the following result, proved by N. Hanges and 11,
Jacobowitz.
Theorem 3. [IlJ] Let e > 1. Assume that Ly, Ly, ..., L] geonerate an
abstract C'R structure near p € R***!. I[ the structure is realizable, then
there exists a real change of coordinates such that the transformed structure
is generated by vector fields of the form (7) satislying (8), (13) and (141).
We give the proofl of this theorem for completeness and hecause of its
constructive character who illuminate the situation.
Proofl of theorem 3. [IL)] Irom the realizability of the given abstract (1
structure ol hypersurface type follows that there exist real coordinates

(Il,lz,....I,"',s',.sz,.....s"”,;r)

near 0 € R*"*H such that the structure is generated by

//3 = J)03 + U (L, s,2)0[Dx Tor j=1,....m

=148t ) = 1,2, 00 mewith coellicients b, smooth complex-valued fune-
tions, delined near 0 with b,(0) = 0. It may be choosen for ('I? functions
with Tincarly independent differentials of this strocture the funetions

A S A ST (o) oy 1 WP iy )

v =+ 1p(l,s,x)

with ¢ real smooth function, ¢(0) = 0 and d¢(0) = 0.
Then this could be extended to an almost complex structure.
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Let (4, s,x,y) be coordinates near 0 € R , and introduce the vector

field

L'=0[0x + (i — ¢,)0/y.
Then the vector fields Ly, Ly, ..., L;,, L' give an almost complex structure.
The functions z', 22, ... 2™ and w = a+1(P(1, s, 2)+y) are holomorphic func-
tions for this almost complex structure. This means that the almost complex
structure is integrable, moreover it is a complex structure with complex co-
ordinates stiz® ..o o2™ o
It may be assumed that this almost complex structure is delined on a

small ball 3 containing 0 € R*"*2. Let us define

B(t,s)t ={(z,y) € R?: (t,s,2.y) € B and y > 0}

for each(s,t). Let O(t,s)* € C be the image of B(L,s)* under the map
w(t,s,.,.). Since O, s)t is simply connected there exists a map = = z(1, s,.)
mapping O(/, s)* into the complex plane such that:
.z is conformal for cach (1, s)
2. lmz > 0o0n O, s)t
3.:dmz(t, 8, 50(t, s, 2,0) = 0for all(Z, ;)
4. z is smooth in all arguments
5. 0z /0w(0,0,0) 5 0.

In particular the map (4, soa) = (1, s, 2(4, s, 0) ds acreal diffecomorphism.,
Alter the change of coordinates

(t,s,2,y) = (1,8, Rez, Imz)
l,ll(‘.' i\,h]l()ﬁt ('()I]ll)l('.‘( structure I)(‘('()l]l(‘S
/', = (')/(}.:'i +- /,j.:'(')/():_' + L;:i)/i): Y P R R 1
l=22£0/0%.

It follows from the integrability conditions [or the almost complex structure
that L;-: is holomorphic in z for Imz > 0 and j = 1,2,...,m. The lact that

L g = 1,2,...,m are tangent to Imz=0 shows that for j = 1,2,...,m
we have Lz = LRez when Imz = 0. IHence the ('R structure induced on
Imz = 0 is generated by

L, = 0[0z + L'Rezd[/ORez for j =1,2,...,m

8



and (13) and (14) follow with A; = Lz. This completes the proof.

Proof of theorem 2. I'irst we need to coinstruet the corresponding sys-
tem (7) for the given system ol smooth complex vector fields (3). As the
system (3) is locally integrable from Lemma 2 follows that the system (7)
is realizable. Then we could to apply the Theorem 3 and to construct the
functions A;((, s,x,y), 0 = 1,2,...,m. The rest is to restrict the functions
Aj(tys,ayy), g = 1,2,....m to the intersection of the domain they are defined
with the planehiR2 8 sli= ), sh =0, 5= 0
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