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Abstract. We consider the time-homogeneous multi-state Markov
chain {Xn, n = 0} with states labaled as "0" (success) and
"™ (failure), io= i Let k& be fixed positive integer
and E be the event of a success run of length k in

0
the sequence X . *FX L, In this article, joint probability

generating funcotion] for  various statistics, related to
the event EO is derived. In particular cases the exact
distribution of the total number of successes Y, the total
number of failures F and the total number of trials N are
deduced.  The  distribution of N is defined as geometric
distribution of order k for time-homogeneous {0,1,2,...}-valued

Markov chain.
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1. Introduction

Let n and k be fixed positive integers such sthat. ..n = k.

Feller (1968) derived the probability generating function (pgf) of
the number of trials N until the occurance of kth consecutive
success in independent trials with success probability p, given by
(l-pt)pk!k
gN(l) T (1.1)
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Hahn and Gage (1983) obtained the following recurrence represen-

tation for the probability function of N:

0 (fan < ok i
pk if sp=2 k5 ‘
P(N . n] S| S Nk e Sl S e O
n -2k
(l—p)pk[l : }_ P(N = k+m-l)] P e D]
‘ el

Philippou et al. (1983) obtained the exact probability function

corresponding to (1.1)

n,o+ + n q 1 k
P[N = n] = E 1 ; pn[—] , n =k,
n n P
NN 2 SER
g2tk
where the summation is over all nonnegative integers My Moy By
such that
ny +a2nptt Lhek knjiossngn <ikssicand wag =ail -p
and called it geometric distribution of order k. In -the . same
paper they introduced the negative-binomial distribution of order k
and the Poisson distribution of order «%. Since then many authors
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gave their contl‘ibl;tion to the exact theory for so called discrete
distributions of brdcr k  which already can be called classical (el
Aki at al. (1984), Aki (1985), Charalambides (19806), Panarctos and
Xekalaki (1986), Philippou (1986, 1988), Ling (1988), Aki and
Hirano (1989), Sobel and Ebneshahrashoob (1992) and references
therein).

The statistical meaning of considering occurances of k conse-
cutive successes leads to further extention of the distributions
based on the independent trials to the dependent trials when the
probability of success may vary according to a well defined rule.

This enables one to single out some special cases that are in

practical importance on the reliability of the consecutive-k-out-of
n:F system introduced by Chaing and Niu (1981), on the start-up
demonstration tests introduced by Hahn and Gage (1983), on the
prevantive statistical process control (cf. Wetherill and Brown

(1991)), on the molecular biology, on the typical waiting time prob-
lems (cf. Aki (1985), Aki (1992), Ebneshahrashoob and Sobel (1990)).

The study of more general model caries interest in its own
right. Rajarshi (1974), Aki and Hirano (1993, 1994), Mohanty (1994)
and Hirano and Aki (1993) are derived discrete distributions ari-
sing out of success run of length k in a time-homogeneous two-state
Markov chain, which is useful model containing independent trials
and dependent stationary sequences as special cases. Some distribu-
tions are recently obtained by Viveros and Balakrishnan (1993) and
Balasubramanian at. al. (1994) as a generalization of a problem of

practical interest in Hahn and Gage (1983) in a Markovian fashion.

We consider the time-homogeneous multi-state Markov chain
{X, n =.0} with states labaled as "0" (success) and "i" (failure),
i = 12,.. We adopt the following classical way of counting of a
"success .run of length k" (cf. Feller (1968)): a sequence of n out-
comes of successes and failures contains as many runs of length k

as there are non-overlapping, uninterrupted successions of exactly

k zeros.



Let Eo be the event of a success run of length k in the

sequence XO’X1"-- defined by distribution of initial states of

the homogeneous Markov chain
P(X():l):pl’ 0<p0< l’ ]7~20» l a ])2""’ zp: l’

and transition probabilities

where

o
S p =0 L e e o] and {1 e o | §

1 if X0 =1,
S; i
: 0 ifier X iy, for i = 0,1,
and
Sij = {number of transitions of type i —— j in the Markov chain},

L5y = 0,100

In this paper we deal with the distribution of random vector

Stz S ats e sase ]

In Section 2 the joint pgf gS[’0’11"“”00”01""] is ob-
tained, and an example in terms of a random walk model is given. In
Section 3 are deduced the exact distributions of the following ran-

dom variables in E

0
Y = the total number of successes,
F = the total number of failures
and
Niei= Yk F —~ the total number of trials

until a success run of lenght k in the defined Markov chain occurs.



The distribution of N is defined as geometric distribution of order
k for time-homogeneous {0,1,2,...}-valued Markov chain. An inter-
pretation in terms of an urn model is given. At the end the joint
pgf gY’F(t,s) is obtained. . P i s !
For the two-state homogeneous Markov chain the distribution of

N was outlined by Aki and Hirano (1993), and the distributions of‘ Y

and F was obtained stylish in various way by Aki and Hirano (1994).

2. The joint pgf of S

Under the given notations the following lemma is true.

LEMMA 2.1. The joint pgf of S = [SO, Sl‘ Ly TR SOO’ SO]‘

is given by

S S  S._S

b I R IR 1}
g ’o"1"""00"01“"} - [E[I” BB ]
k-1 o ©
P 1-(Pyotoo)
= 15
(Poton)” 1Polo | W § Boitoifl. E Rk (2.1)

Poo’00 i ey
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where |t.| =1 and |l Sbaints = 0l,...  and

k-1 =
g L= (Poolo) i ]
By = Piglio| =s Z Paskiy © (b Piotio Z Poito; |+ (2:2)
. Poo 00 .
J=] J:]
i = 12,.. -
PROOF. Let X, = 0 and the first success is followed by k-1

0
consecutive successes. Then the contribution to the joint  pgf ‘QS(.)

: _ k-1
Is ¥, Poto(Poyl o)



Let X = 0 —and the first success is followed by no more than

0
k-2  consecutive successes before the first .failure. The second
failure in the event EO (if it exists) may be precided by no more
than k-1 consecutive successes followed the first failure. This

process will be repeated till the last failure in the event EO

which is followed by exactly k consecutive successes. The number
of failures r in the event EO may vary from |1 to o From the
Markov property of the sequences we have the following

contribution to the joint pgf gs(o):

where

«© o4} 0

koD
= +
1T p0t0|:j§]p0j[()j poo’oojflpoj’m ot (Pyglop) ,z]”oj"oj']'
= — J:

[e0] 00 [e3]
) 4 ' 4 ' + +
e jf]’ij’ij /’io’iojilp()j’oj ”io’io/’oo’ooji]”oj"()j oo
r-1
[o4]
k-2 k-1
+ Pioti0(Poolon) jflpoj't()j ® PiotiolPoolo0)
After some algebra, we obtain
k-1 o
S = (Pyoloo)
Vo= Pylo(Pyglog) TITTY PoiloiPy
Poo’oo )
where ”\i is given by (2.2).
Let Xo = | for i = 1,2,.. Then the distribution of the
sequence just after the first failure s the same as the

distribution after the first failure in the above case, i.e. the

contribution to the joint pgf ggle) in this case is
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B k-1
Foo= (Pyyly) Z”i’i”\i'

i=1

At the end the joint pgf gS(o) is obtained by

= +
gg 10,tl,...,100,10|,...] ¥ot Yot

This completes the proof. g

Example 2.1 (Random walk model). Let wus consider the mo-
tion of a particle which moves in discrete jumps with certain
probabilities from point to point. We imagine the particle starting
at the point x =/ (with probability p,) on the ~x-axis -at time
t = 0, and for each subsecuent time [ = l2 it moves one unit

to the right, one wunit to the left or remais where it is with

probabilities Py Py OF P respectively where
P; is1 + P; i top. = B i = 1,2,...
If the particle starts at the point x =0 (with probaility
[)0), it moves at the time t = | only one unit to the right or re-
mains where it is with probabilities Poy OF Py > 0, respectively
where
Roo =t Roteg ¥

The considered random walk model can be described by homogeneous

Markov chain with the following transition probability matrix

Poo Py 0 0 0

P10 7 Py 0 0

() /)7] /)22 /)23 (0

0 0 V3, L ki £ YRR




It is seen that p,. = p., = 0 for i = 23,.. Then the joint

pgf gs(o) given by (2.1) in the considered case has the following

representation:
RW
s t0’11’100”013’10’t11”12] 7
’ :
k-1
1-(Pyq £ go)
Pyt (CEm Po1to1710'10 T P14 Prot o
k-1 Py0%00
= (Poolee)  |Pofo t = o i(2.3)
1-(Pgot00)
S SRS 2T T ) Prot 10P0r o1
i Pootoo

Let us note that the joint pgf ggw(o) from (2.3) is unaffected

by the values pij’ i = 23, and =534

3. Exact Distribution of Y, F, N and (Y,F) in E

3.1. Number of successes

The total number of successes Y may be represented as follows

THEOREM 3.1. The distribution of Y is defined by pgf

k-1, k
(1-Pgy! )Py !

g lt) = PrE (3.1)
I =it (l-poo)poé t

PROOF. The relation (3.1) is obtained from (2.1) by substitu-

tution



0 i0
and
p=" 1, Pttt 12,0 B LR S0 LR T 120
The presentation (3.1) is ' pgf of. the ’'shifted geometric' distri-
bution of order k-l so that its support begins with k. The exact

distribution of Y is given by

where the summation is over all nonnegative-integers My Moy
such that
- = - -+ = i
n + 2;12 + ... + (k l)nk_l n -k | and 900 1 Pyy

It is somewhat surprising to note from (3.1) that the distribu-

tion of Y depends only on and it is unaffected by the values p,
1

Py
and pij’ i = 0/1,.. and j = 12,... Hense we can treat homogeneous
multi-state Markov chain as the independent and identically distri-
buted sequence. This conclusion  was obtained in a different way by

Aki and Hirano (1994) for the (0,1)-valued homogeneous Markov chain

(cf. their THEOREM 3.2, p. 199).

3.2. Number of failures

The total number of failures F may be represented as follows

(o]
F = b Si 3 i > IR SR
i=1 i=0 j=1 '



THEOREM 3.2.  The distribution of F is defined by pgf

k-1 k-1

[e4]
- 1=(pyq) PioPoo !
l-poo 1 - l-))k'll
i=1 230”00
PROOF. The relation (3.2) is obtained from (2.1) by substitu-
tution
10 = ’io =1, i =01,
and
— — p—v —4 —3 7
tl t, i 1,253 tij RS 0:l= and:s~y 1,2,... @

COROLLARY 3.1. The exact distribution of F is given by

k-1
P{F = 0] = PPy

[e4]

Il

1]

S
o

~
o

k-1 k-1)""
P[F n] , —l——_--—— + Pi1P:0Po0 [l = PPy ] R Y0
Pyo

PrRoOOF: From (3.2) it is seen that

00]
k-1 K
Z PioPoo [l 1 /’iof’oo] L m

k-1
o [l ) /’io[’oo]’ n=1

k- 1
PioPoo !

Let us denote by Ge(p) the regular geometric distribution with

parameter p e (0,1).

COROLLARY 3.2. The conditional distribution of F

. . . . k-1 )
(1) given that XO = | is Ge(piopoo ], v 127 S ASH

(ii) given that X, =10 is the mixture /)86100 0

k-1

00 )G,
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where o, means the distribution functionof S, and G means the

[o4]

distribution function of the mixture

Po; k-1
: Ge(/’io”oo ]

i=1

Proor: It follows directly from THEOREM 3.2 by considering the

“ Py

conditional pgf gF|‘< _i(t), i = 1,2,... and respectively. g
4 0—'

“F|x0=o(’)¢

Remark 3.1. The last result was obtained in a different way by
Aki and Hirano (1994) for the (0,1)-valued homogeneous Markov chain

(cf. their THEOREM 3.1, p. 199).

3.3. Number of trials

The total number of trials N can be represented as follows

Nea= VY -+ Fostfs S+ 3

THEOREM 3.3. The distribution of N is defined by pgf

k-1k
glt) = PpyPgy U
® k-1 23 5
"y /’o["(/’oot) ]/’oi”io’ * (=P )PP o
" pk- tZ 5 (3.3)
00 A 2 5 k-1,k+1
. ]| = (Pogt1-Pip)t + (Pog Pyt + (=P )PPyt
l=
PROOF. The relation (3.3) is obtained from (2.1) by substitu-
tution
’I = [IJ = I, l,_/ = 0,], | ]

1

COROLLARY 3.3. The expected number of trials in Iio is given by
| - p p.(1 pk' ) P
#if ot Yoo 0i
E(N] St 1 [Z e ]

T iy
1 =Py (17 Poo!Poo

I



Definition. The disrtibution with pgf given by (3.3) we coin
the geometric distribution of order k for homogeneous multi-state

Markov chain.

COROLLARY 3.4.  The exact distribution of N is given by

P[N = k] = popgal,
oo k

P(N = n] = Z P, E_p'(’)‘(')poiﬂ’i[N = n-m) + pilPi[N > n—l] o sk
i=1 m=_2-

where for fixed a = 1,2,..k and i = 1,2,....

I N B n.
lP.[N =n-a] = > g & (l-p.o] o
! i :
kia

N i, iyaet g N
lia’v: > akia

+ +.4n .+ (ke :
1 “2ia+"' n Ny Nt Ny (k 2)nkia+k 1
Pyo 0 Py

and the summation is over all nonnegative integers e b "
{ld

such that

n.. + 2n,. sk ks L K
Example 3.1 (Urn model). Suppose that there are urns numbered
by 0,1,2,... Each urn contains the balls numbered by 0,1,2,..: - The

content of each wurn remains constant (ecach sampled Dball is rcturnced

to the urn). Let p. denote the probability that the initial drawing
1
[29]
will be from the urn with number i, @ = 0,1,2,... i M PRl RGNS U |

p.. be the probability that a ball bearing the number j is drawn
ij

from the ith urn ;p,, = 1. Then the next ball will be drawn from
b . lJ
j=0
the urn numbered by J, j = 0,1,2,... This process continues until

k consecutive times the drawing is made from the urn numbered by 0.

12
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If N denote the number of drawn balls, then N has geometric dis-
tribution of order k for the homogeneous multi-state Markov chain,

defined by COROLLARY 3.4.

Remark 3.2. For two-state Markov chain the exact distribution
of N and its pgf was outlined and by Aki and Hirano (1993) where it

is understood that Xo is not counted in measuring the length of the

run (cf. their COROLLARY on p. 469).

COROLLARY 3.5. Let us consider the random walk model given in

Example 2.1. Then the distribution of N is defined by pgf

k-1,k 2
Pop ! {1’0 ¥ [plo(poﬂ’l)'/’o"’o/’oo]’ T Pog [/’0'/’10(/’0+/’1)]’ }

RW

gy () = (3.4)

2 - )
L= (pygtl=-pig)t + (PogP i)t + (1=py)P 4Py LS5

and by following recursion

PN=n] = 0 for n <k
\
B B k-1
PLN = k} = PyPyo
PIN = k+1| = (I-p)p, p!
L 0’10700
= _ 2 k-1
E[N= k+2] - [/’0/’01 s Bt /’10)}/’10/’00’
l’\N = u] = (p00+l-p]0)l’[N = n-l] = (poo-plo)l’(N = ;1-2] -
- p klpIN = n-k-1 n o= k+3
01”10”00 ’ :
PROOF. The relation (3.4) is obtained from (2.3) by substitu-
tution all arguments equal to t. After equating the coefficients
of (" on both sides in (3.4) yields the recorded recursion for

P[N = n], n=01." g

13



3.4. The joint pgf 8y F(t,s)

By substituting

and

in (2.1) we obtain the following

THEOREM 3.4. The joint distribution (Y,F) is defined by pgf

Iz (1)00
gy F(t,s) = (poot)k‘1 I 1 + lsZpop B.| + tsZp P, -
’ L= Pyyt
i=1 i=1
where
k-1 |
L= (pgyet)
B, = L= (I-p,p)s - (1-py,) Pts|, 1=z L
" Pyt
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