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DEFORMATIONS OF NEUTRAL ALMOST KAHLER MANIFOLDS ! 2

L. N. APOSTOLOVA and K. P. PETROV

Abstract

Common deformations for neutral pseudoriemann manifolds with compatible almost complex
structure and closed fundamental two-form are considered. An example of nontrivial common
deformation on the cylindrical Heisenberg group with invariant almost complex structure and
neutral pseudometric is given.

1 Preliminaries

Let M be a C*®-smooth paracompact 2m-dimensional manifold and J be an antiinvolutive
automorphism of the tangent bundle on M. Then for every point p € M the restriction Jj,
of J on the fibre T, M acts as an antiinvolutive automorphism too, i.e. Jp : T,M — T,M
and J? = —Id. The couple (M, J) is called an almost complez manifold and J is called
an almost complex structure on M.

Let w be a closed nondegenerate differential two-form on M. Then the couple (M, w)
is called a symplectic manifold and the two-form w is called a symplectic form on the
manifold M.

Let g be a pseudoriemannian metric on M of signature (m,m) and let h be defined
by the equality h(X,Y) = 1/2(g(X,JY )+ g(JX,Y)) for each two vector fields X, Y
defined on an open set in M. Then k is called a neutral almost hermitian metric on
the almost complex manifold (M,J) and (M, J,h) is called a neutral almost hermitian
manifold. The two-form {2 on a neutral almost hermitian manifold (M, J,h) defined by
the equality Q(X,Y) = h(JX,Y) where X, Y are vector fields defined on an open set
in M is called a fundamental form of the neutral almost hermitian manifold. A neutral
almost hermitian manifold is called a neutral almost Kahler manifold, if the fundamental
form Q is a closed two-form, i.e. if dQ2 = 0. Then Q will be a symplectic form on M and
(M, Q) will be a symplectic manifold too. So each neutral almost Kéhler manifold is a
symplectic one.

Let us note that every almost complex manifold (M, J) and every almost symplectic
manifold (M, w) is an even dimensional orientable smooth differentiable manifold. Also the
nondegenerate 2m-form w™ coinside with the volume form of the differentiable manifold
M up to multiplication with a constant.

Let G be a linear Lie group, i.e. G C GL(n,R), where GL(n,R) is the principal
real linear group (the group of nondegenerate n X n matrix with real coefficients). A G-
structure on the real manifold M is called a reduction of the structure group GL(n,R.) of
the principle tangent bundle of M to the subgroup G. Geometrically this reduction gives
a principle vector bundle G —+ Bg — M, where B¢ consist of all G-frames on M.
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The almost complex structure (M, J) is an example of a G-structure on M with G
equals to the principle complex linear group AH(m) of all m X m matrices with complex
coefficients, considered as a subgroup of the group GL(2m, R)) by means of the embedding

(A+iB) —» ( —AB i) This group would be considered as a group G C GL(2m, R) of

. . . * 0 N
matrices commuting with the ” matrix of the standard complex structure” S = ( E OE) .

Here E is the m x m unity matrix.
Other example of G-structure is that of neutral pseudoriemanian manifold (M, g). Here
the group G is the group of all matrices commuting with the matrix 2m X 2m matrix

N = (f)}' —OE)’ where E is a m X m unity matrix, (m,m) is the signature of the

pseudoriemannian metric. In fact, this is the subgroup G = Oy, X Oy, of the orthogonal

; g) where A, B € Op.

Let us denote by Sp(m,m) the group of symplectic 2m X 2m matrices with index m.
The following proposition is fulfilled /see [Dm] for a closed result/.
Proposition. The following equalities holds AH(m)NO(2m, m) = O(2m, m)NSp(m,m) =
Sp(m,m) N AH(m).

Let M be a manifold with a G structure on it. Let {(Uj; .'z:}, e d ,z;-‘)}jeA be an atlas on
M and {o;} be a reper for the principal bundle G = Bg — M of the given G structure.
Then on the intersection U; N Uy it is fulfilled o = 0;g;x for some matrix gjx in the group

G. Let in the natural frame of the chart 5‘3—], = (£T, oehis —a%) the reper o; is represented
] J

J

group Oo,,, consisting of matrices (

as oj = 5%& with some n x n matrix &.

Let us denote the unit disc in R by D and let us consider for the smooth manifold A
the product M =M x D. -

Definition 1. [Gr] Deformation of G-structure on the smooth manifold M is called a
diffeomorphism ¢; x 1 : U; x D — U; x D (with inverse diffeomorphism ¢; x 1) which
satisfies one of the following two equivalent conditions:

(&) 05s(p,)0;(p,0) = 0505 (p, 1), )o;(p, 1), 9;(t) €G, PET; teD.

(B) &i(yj»t) = 6(v4,0)9;(yj,t), 9i(p,t) €G, y;=wj(p), t€D.

Now we can consider two kind of coordinates on M, namely {U; x D; :z:}, 2, 1}]1,E "
and {U; x D;yjl-;. -+»Y7:1}jea, where (yjl-,.. YF) = d)j(x} x1,...,27 x 1), (a:;, . 2} =
<pj(y]1-, --,y7,t)}. The first one is called Euler type coordinates and the second one -
Lagrangue type coordinates.

Recall ' noivthe notion of the equivalence of deformations. Let o(t), ¢t € D, and o' (?),
t € D be two two deformations of a G structure. They are called equivalent if there exist
a family of bi-maps 9 : M x D — M and 1 : D — D', such that

¥()sp0(8)(p) = o' (P() (¥ (p:1))-

The deformation o = {0} is called trivial, if it is equivalent to the constant deformation
aj(t) = 7;(0). :
We need one more definition to formulate the main result.

Definition 2. [DP] Common deformation of some (Ga)aca-structures on the smooth
manifold M is called a diffeomorphism ¢; x 1: Uj X D —+ U; x D (with inverse diffeomor-



phism ¢; X 1) which satisfies one of the conditions (A) or (B) with g;(p,t) € G, for each
a € A

2 Common deformation on almost pseudo-Kihler manifold

Here we follows the cheme of the paper [DP].

The common deformation of the almost pseudo-Kahler manifolds are deformations with
G structures O, X Op, and AHap,. The coordinates y; are the same for each of theses
two G structures. Let us denote by I'g, for a = 1,2, G, = Op, X Oy, and G = AHyy,
the sheaf of transition functions {fi;} of the coordinates y;. It has a 1-cochain {f;; €
C'({Ui}, T, [t]), which belong to Z'({U;}T4[t]) for @ = 1,2. It determine an element
of Ng=12HY(M,T¢,[t]). If {fij = 0}, then each deformation is trivial and conversally, if
vij € Z*({U;},Tq,) for a = 1,2, then in (y)-coordinates setting fi;(y;,t) = @ij(p,t) it is
obtaned a common deformation of the G; and G5 structures.
Proposition 1 (see [DP]). If M is compact manifold, we have a bijective map between the
set of common deformations of {0,} and the intersection N H'(M,T4[t]). In other word,
the germes of common deformations may be identified with the element of the intersection
written above.

Let us denote by r the sheaf morphism I'g_[t] — 6g, which send the germs of
f(t) into the germs defined by df(t)/dt|;—o. This morphism induces the the map f :
HY(M,T¢,[t]) - HY(M,0g,). If {9} € H(M,Tg,[t]) is a one-cochain of deformation,
then {r,} € H}(M, 6¢,) is an infinitesimal common deformation corresponding to .

Thus the following proposition of the paper [DP] is obtained:

Proposition 2 (see [DP]). If M is compact, we have that

{rfi;} € Na=12H*(M, 6¢,)

is an infenithesimal common deformation determined by the transition functions {fi;} of
the (y;)-coordinates of the common deformations o4, a = 1,2.
Remark. Each element of H'(M,T'[t]) N H'(M,T:[t]) is a germ of common deformation
of the almost pseudo-Kahler structure on the compact manifold M, but not this the case for
Na=1,2H'(M,0¢,). In [DP] is posed the following question: If H*(M,0;)NH%(M, 6,) = 0,
does every element of Ng=1,2H(M, 0, ) define a germ of common deformation on M?
Let @ : M x D — D be a deformation of the given almost pseudo-Kahler manifold
as almost complex and pseudoriemanian structure. Then a family (Mg, g, J;) is given,
t € D, and a family of fundamental two-forms Q(X,Y) = g:(J; X,Y’) appears. If there
exist deformation of the considered type, then by the condition (B) is obtained

Q;(yj,t) = Q;(y;,0) on each chart U; C M.

That means that each common deformation of an almost pseudo-Kéahler manifold is an
almost pseudo-Kahler manifold. So we obtain the following resulting proposition.

Proposition 3. The fundamental forms of the common deformation manifolds of a given
almost pseudo-Kahler manifold as pseudoriemanian ((On—2 X Og)-structure) and almost
complez (AH-structure) i.e. as almost complez and pseudoriemanian manifold are closed
and the common resulting deformation is an almost pseudo-Kahler manifold.



3 Example - a common deformation of the cylindrical Heisen-
berg group with neutral pseudometric and invariant al-
most complex structure

3.1 Cylindrical Heisenberg group
Let H be the Heisenberg group, i.e. the group of matrices

1 iz 2
mzy=10 1 9/,
0 0 1

where z, y and z are real numbers. This group is a closed subgroup of the Lie group
GL(3,R). Having in mind the coordinate system mg, , — (z,y, 2) € R3, we obtain that
H can be considered as R? equipped with the following ”multiplication”

(21,91, 21) (22, Y2, 22) = (21 + T2, Y1 + Y2, 21 + 22 + T1Y2).
Let us denote by H; the subgroup of H defined by the equalities y = z = 0, i.e.
(zlv 0: 0)(1:21 01 0) = (271 + T, 0? 0)

We have also (z,0,0)"! = (—z,0,0), which means that H, is isomorphic to the additive
group of real numbers R. Similarly, the subgroup Hy, (z = z = 0) is defined as follows:

(01 y1,0)(0, y270) = (01 -+ y2,0)v (Os Yy 0)_1 e (01 -y, O)

A cylindrical Heisenberg group is by definition the cartesian product of the Heisenberg
group H and the circle S, i.e. H x S'. As a matrix group it is the group of the following
matrices

I 220
0 1

ma:,y,z = 0 0 :;/_ 0 ,a:,y,z,t € R.
0 0 0 e21rit

So this is a closed subgroup of GL(4, C).
On the other hand we have that H x S' can be represented as R? x S* equipped with
the following ”multiplication”

(21,91, 21, t1) - (T2, Y2, 22, t2) = (%1 + T2, 91 + Y2, 21 + 22 + Tay, t1 + ta(modl)).
The cartesian product H, x S! is a subgroup of H x S* isomorphic to the cylinder R x S

and so is Hy x S*.

3.2 Left invariant vector fields and invariant almost complex structure
on the cylindrical Heisenberg group

The cylindrical Heisenberg group has an atlas of two charts (local coordinate systems):
for instance

So(mzyzt) = (:L', Y, 2, tl)v where T,Y,2 € R, "1/2 < t, < 1/2, t, = t(mod 1),
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Y(mgyt) = (z,9,2,t"), where z,y,2€ R, 0<t" <1, t =t(mod 1),

Here mgy,; is an element of H x S* (sometimes we will write m instead of myy;;).

Recall that a left invariant vector field X on the Lie group G is by definition a vector
field X on G such that for each m € G the equality de,, o X = X o ey, is verified, e, is
a left translation by step m on G and de,, - the differential of e,,. It is not difficult to
calculate deey,, (the differential at the unit e of H x S') when G = H x S§'. Let us denote
by A(m) the Jacobian of o e, 0 7L, ie.

1000
010 0
Am)=|g 510}
000 1

where z = ¢!(m). Then
deem : (8/0p,0/0¢%,8/0¢°,8/0¢")m — (8/0¢*, 8/8¢*,8/8¢°, 0/ 0" )m - A(m),

if we use a matrix notations.
Now let us denote by Y (G) the Lie algebra of all left invariant vector fields on G.
Proposition. The following vector fields

er = 8/0¢", ea = 8/0p® + x8/3¢p%, e3 = 8/dp°, eq = 8/0p*

form a base of Y(H x S*) as a vector space.
P r o o f. We have by definition d.e, - X(e) = X (e (e€)), i.e. deep, - X(e) = X(m), for
every m € H x S'. Then

(8/0¢,0/0¢",8/0¢%,8/0¢p")m - A(m) - X(e) = X (m),

where
X(e) = (8/8¢",8/045°,0/04°,8/0p*). - X(e).
Since
(61 (m), €2 (m)1 63(m)7 64(m)) = (3/6<p1, 3/6502’ a/&pa’ 6/6904)7" 2 A(m)
we obtain

(e1(m), e2(m), e3(m), e4(m)) - X(m) = X (m),

which means that (e, ez, e3, e4) is a base of Y (H x S1).

Otherwise, we could take as the Lie algebra Y (G) the tangent space TG at the identity
supplied with Lie algebra structure induced by requiring that the vector space isomorphism
of Y(G) with T, G to be an isomorphism between Lie algebras. With this in mind we have
that all left invariant almost complex structures on the even-dimensional Lie group G
can be obtained from complex structures on 7.G. However we prefer to formulate the
following definition.

Definition 3 (see [ADP]). The almost complex structure J on the Lie group G is a left
invariant almost complex structure on G if and only if each left invariant translation e,
m € G is an almost holomorphic map from G to G.



That means that for every m € G we have deep, 0 Jo = Ji, 0 deep,. As corollary we
have that J,, is obtained by J, as follows

Jm = deem 0 Jp 0 (deem) L.

If
J. : (8)0¢,8/09%,8/0¢%,8/0p*) — (80, 8/8p2, 8]0, 8/8p%). - LA,
where A = || Ajn|l, A? = —E4 (*A is the transposed matrix of the matrix A), we obtain
immediately the matrix representation of J,
J(m) = I (m)|| =
A1 A21 — Ag1T A3 41
_ A12 A2z — Az As2 Ag2
A3+ A2z Aoz + (o2 — Aga)z — As22®  Asz+ Agpz Mg + Agaz |
Al4 A24 — AT A34 Agq

(here z = '(m)). Thus we have

Im : (8/0¢",8/04%,0/8¢%,8/05%)m — (8/8¢",8/8¢%,8/0¢%,8/8¢0*)md (m)
and

I : ((e1(m), e2(m), e3(m), e4(m)) = ((e1(m), e2(m), e3(m), e4(m)) - *A(m),

which means that in the base (ej, es, e3,e4) the operator J has a constant matrix. This
property can be used as a definition of the left invariant almost complex structure too.

3.3 Neutral pseudometric on the cylindrical Heisenberg group and fun-
damental two-form

Let us consider the pseudoriemannian metric defined in base (e!, e?, €%, e*) as follows:

1 0 0 O

. 01 0 0
(g'ij)ijzl = 0 0 -1 0
00 0 -1

This is a left invariant metric on the cylindrical Heisenberg group - its matrix in the
orthogonal base of one-forms (e!,e?,e3,e*) for the left invariant base of vector fields
(e1, €2, €3, €4) has constant coefficients. So it is fulfilled g = (e!)? + (e2)? — (%) — (e*)2.
This is neutral metric for the cylindrical Heisenberg group. In coordinates z,y,z,t this
metric has the following matrix representation: g = dz? + (dy + zdz)? — d2? — dt2 =
dz? + dy? + z(dydz + dzdy) + 22d2? — d2? — dt? = da® + dy? + 2adydz + (22 — 1)dz® — di?,
i.e. the matrix of the metric g in coordinates (z,y, z,t) is the following one:

1 z 0 0

4 e e Asc 0 0
(.9:'.1‘):',.1:1 P ) B R, Sy e ||
0 0 0 -1

(=)



Now let us consider the fundamental two-form of the neutral cylindrical Heisenberg group
endowed with the almost complex structure J defined by Je; = eq, Jea = —e; Jez = ey,
Jesy = —e3. First of all we must see that the metric g is an hermitian one, i.e. the
equalities g(JX,JY) = ¢(X,Y) holds for all vector fields X,Y on H x S!. Indeed,
9(J X, JY)(X,Y) = ((e})*+(e?)° = (%) = (e*)*)(JX, JY) = ((J*e')*+(J*e*)* - (J*e’)? ~
()X, Y) = ((¢')? + (—e2)? — (%) — (—e))X,Y) = ((¢')? + (®)2— (%) -
(e)?)(X,Y) = g(X,Y). Then the fundamental two-form is defined by the equality
B(X,Y)=g(JX,Y) =Tl Ael + J*e2 A2 —J*SS Ned — T*et Aet = 2(—el Ae2 + e’ Aet)
for all vector fields X,Y on the manifold. In coordenate (z,y, z,t) the two-form ® is the
following one ® = —el Ae?+e3Ae? = deA(dy+edz)+dzAdt = deAdy+zdzAdz+dzAdt.
Let us compute its diferential d®, d® = d?z A dy — dz A d%y + dz A dz Adz + zd®z Adz +
zdz A d*z + d®z A dt — dz A d*t = 0. So the fundamental form is a nondegenerate closed
two form and so the cylindrical Heisenberg group with almost complex structure J and
neutral metric g is an almost pseudo-Kéhler manifold.

3.4 Nontrivial common deformation of the neutral almost Kahler cylin-
drical Heisenberg group

Now let us consider the following mapping on the H x S* x D (D is the unit disc in R )
on the chart (Uj,m},x;‘?,z?,x?,t), j=1,20f Hx 8! x D (see §1) by the formula

F:tl(mly T2, T3, .'B4,t) - (:B; F t:L‘_?, (1 -t ilx?’ (1 Y t)ilm?:m?’t) = (y}a y?’y.?’y;)t)'
This is an invertible mapping, so it is a nondegenerate one and it inverse is given by the
similar formula (with sign - instead of +).

It would be checked that this is a well defined mapping on H x S' x D and it fulfilled
the conditions of Definition 1. So this is a nontrivial deformation of the neutral almost
pseudo-Kéhler manifold H x S' endowed with the almost complex structure J and with
pseudo-Kéahler metric g. According to Proposition 3 this deformation is an almost pseudo-
Kéhler manifold all times (for every ¢ € U). As the mapping F is non-degenerate this give
an example of a non-trivial almost pseudo-Kahler deformation of the cylindrical Heisenberg
group.
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