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Certain Classes of Functions with Positive and Missing
Coeflicients

Donka Pashkouleva

Abstract

In this paper we obtain coefficient bounds, distortion and closure theorems and radius of
convexity for the class Q*(a, 3, A, A, B).

1 Introduction o
(p

Let © be the class of functions of the form:

(1.1) J(2)= - + ianz"
n=1

z

which are analytic in U* = {2:0 < |z]| < 1}.
We denote by Q(p) a class, consisting of functions of the form

1 o0
(1.2) f(z) = z + Z ap+nzp*n; PEN.

n=0

Let Q*(p) be the class of functions of the form

1 o0
(13) f(Z) = _Z- + Z ap+ﬂ3p+n> ap+n Z 0) p € N

n=0

Clearly, we have a relationship
Q*(p)< Qp) C Q.

We set .
F2)= (1= Nf(2)+X:f(2), J(z)€Qp), 0<A<3,
that is
(1.4) F(z) = ! ;2/\ +- i L+ A(p+n-1)]apnzPt".
n=0

Given a (0 € a < 1), a function f € Q is said to be in the class of meromorphic starlike
functions of order a, denoted by Q*(a), if

(1.5) —Re{f}%l} >a, |zl<1.

Similarly, for o (0 € o < 1), a function f € Q is in the class of meromorphic convex function
of order «, denote by Qf (a) if

(1.6) ~Re {1 ot sz';f.))} >a, |z <1.
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Definition
A function f € Q(p) is said to be in the class Qa, B, A, A, B) if it satisfies the condition

z2F"(z

(1.7) N
B(l-}——i:,—('z')—) +[B+ (A~ B)(1 - a)]

+ 2

< B,

where F(z) defined in terms of f(2) (f € Q(p)) is given by (1.4) and

(1.8) 0<a<l, 0<pB<l, -1<A<B<1,0<B<L1.
Let us write

(1.9) 2 (a, B,\, A, B) = Q" (p) N Qa, B, )\, A, B).

We note that similar types of classes were studied rather extensively by Bajpai [1], Goel
and Sohi [2], Joshi et al. [3] and Srivastava et al. [4].

In the present paper, we obtain coefficient inequalities and a distortion theorem for the
class Q*(a, 3, A, A, B). Further, it is shown that Q*(a, 8, A, A, B) is closed under convex linear
combination. Also we obtain the radius of convexity. We employ techniques, similar to those
used by Uralegaddi and Ganigi [5].

2 Coefficient Inequalities
Theorem 2.1
Let the function f(z) defined by (1.2) be analytic in U*. If

oy DGR DY) B+ (5= Aot A ey
. n=0

< B(B - A)(1 - a)(1 -2)),
then f(z) € Q(a, B, A, A, B).

Proof.
Suppose that (2.1) holds true for all admissible values of a, 3, A, B and .
Consider the expression

(22) O(F, F') = |2F"(2) + 2F"(2)| - B|B{F'(z) + 2F"(2)} + (B + (A — B)(1 - a)] F'(2)|.

Replacing F' and F'by their expansion in(2.2), we have for 0 <|z| =r < 1,

O(F, F') = i {1+ (@+n-A}(p+n)(p+n+1)apeaz” ™| -
n=0
; l (1= ”)(Bz; A=) | $ 11 4 (p+n— )M} apin [Bp +7) + (B — A+ A] 2747

n=>0



or

oo

ro(F, F') < Z {1+@+n—-DA@+n)(p+n+1)apnz" -
n=0

{( A)(1-a) 1—2A)—Z[B (p+mn) + (B—A)a+A)](1+(p+n—1)A)(p+n)1a,,+,,|rv+ﬂ+l}

fﬁ L4+ AP +n=1)} (p+n+1)+B(B(p+n) + (B~ A)a+ A) (p+n) |apea| P+ -

,B(B —A)(1 —a)(1 —2))

Since the above inequality holds true for all » (0 < r < 1), letting  — 1, we have

O(F, F') < i{(1‘z+p+1)+,3[3(p+n)+(B—A)a+A]} {1+ Ap+n-1)}(p+n)|apin| -

n=0

B(B—A)(1-a)(1-2X) <0
by (2.1).

Hence, it follows that

g 2| <o (14 ) ip e (- B -l

so that f(z) € Q(«, ,6, A, A, B). This completes the proof of the theorem.

Theorem 2.2

Let the function f(z) defined by (1.8) be analytic in U*, then f(z) € Q*(a, B, A\, A, B) if and
only if (2.1) is satisfied.

Proof,

In view of Theorem 2.1, let us assume that function f(z) defined by (1.3) is in the class
O*(a, B,A, A, B). Then

ZF”(z)
7(2) +2 3
F”(Z)
B (1 + ~};“I( )') = [B.:i‘-‘ (A = B)(l = Oz)]
T Z(P'*‘ Tl)(p-i-n +1)apen {1+ (»p.{. n+1)A} 2Ptn-1
n=>0 ey <,B(Z€U*).
(B - A)(1 -2a)(1 —2)\) _ ST [B(p+n)+ (B — A)a+ A] (p+ n)apinz? "

z

n=0

By the fact that Re z < |z| for all z, we thus have

(2.3)
Re (p+n)(p+n+)apn {l+ (p+n—1)A} 227! 5
(B—A)(1-a)(1-2)) & o
) - > [B(n+p)+ (B — A)a+ Al (p +n)apin2’
n=0



2F"(2)

Now choose the values of z on the real axis so that (1 -+

) is real, clearing denominator

e
in (2.3) and letting z — 1 through real values, we obtain
S (40 + (p+a) {1+ @+ 1)} appn <
n=0
sﬁ{(B—A)(l-a)(1—2/\)— i{B(n+p)+(B—A>a+A1(p+n)},
n=0
S (p+n+1)+BIB(-+p) + (B = A)a-+ Al (p+ 1) {1+ (0 +p ~ DA} apin <
n=0

(B—A)(1 —a)(1 —2X),
which proves Theorem 2.2.

Corollary 1
Let function f(z) defined by (1.3) be in the class Q* (o, 8,\, A, B). Then

(B—A)B(1 - a)(1 —2)) _ptn
n+p){(n+tp+1)+8[Bn+p)+(B—A)a+A}{1+(p+n-1)A}"

where equality holds for the function

lan+p| <

P2 an

fon(2) = = + (B - A)B(1 - a)(1 - 2))
(2.4) Jptn z (m+p){(n+p+1)+8[Bn+p)+(B—Aa+ A} {1+ (p+n—1)A}

3 A Distortion Theorem

Theorem 3.1

Let the function f(z) defined by (1.8) be in the class Q*(a, 8, ), A, B).
Then for 0 < |z| =r < 1

1 (B~ A)B(1 — a)(1 —2)\)r? P
r p{lp+1)+B[Bp+ A+ (B- A} {1+ (p—1)A}

1 (B~ A)B1L — a)(1 = 2))r?
SV < o T D T B+ AT (B = Aal} L+ =DV’

where equality holds for the function

(3.1)

S (B = A)B(1 - a)(1 - 2))
(3.2) Fp(z) = - G DT BB+ (B=Aa+ A {1+ (= m}zp
and
1 B(B - A)(1 - a)(1 - 2)) i
P e e R s S O

) _}__ B(B = A)(1 - a)(1 —2}) Pl
WO G T - DN (G D) T BBr T B-Aat A}

where equality holds for the function fy(z) given by (8.2) at z = L.
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Proof.
In view of Theorem 2.2 we have

(B—A)B(1 - a)(1-2N)

G Dl S S T BB+ (B At A (17 (- DA

Thus, for 0 < |z] =r < 1

F@ € 2+ Y [apenl
n=0
< % +rP Z lap4n| <
n=0 '
o L (B~ A)B(1 — a)(1 - 2))
= TG D+ BB+ A+ (B- Nal} (1+ (G- DAL
@) 2 =Y lapeal
n=0
PG 2 ==Y lapial
1" (B - A)B(1L-a)(1-2))

r p{p+1)+B[Bp+A+(B—Aef}{l+(p-1)A}
which together yield (3.1).
It follows from Theorem 2.2 that

B(B - A)1 - a)(l—2))

,2("“’ el < TGO (G + 1)+ BBr+ (B= Aa+ A}’
Hence,

IO ip%—n)lap.,,n]r”’*"“lg

< l—i—r” 1Z(p+n)|a,,+n|<

§ | " BB - A1 - a)(1 — 22)!

=S PP AT G-+ D) + BB+ (B-Aa+ A
SO 2 - >°_'jo(p+n)|ap+|rp+"*

> ;%—rp-lzp+n)|ap+n|

1 BB = A)1 - a)(1 - 2))rP !

2 BT AT G-DN{e+) +ABp+(B-Aa+ A}

which together yield (3.3).
It can be easily seen that the function f,(z) defined by (3.2) is extremal for Theorem 3.1.



4 A Pair of Closure Theorems

Theorem 4.1
The class Q*(a, B, A\, A, B) is closed under convex linear combinations.

Proof.
Let each of the functions

Nl'—‘

o0
| fp+i(2) Z lanipi 22T (5 =1,2)

be in the class Q*(a, 8, A, A, B). It is sufficient to prove that the function defined by

Mz) = (1= mh(z) +nfa(z) 0<p<)

is also in the class Q*(a, 3, A, A, B).
Since
1 o]
h(Z) = _Z— + Z [(1 . ll) |ap+n,1| + “Iap+n,2ll zp+n, 0<p<l,
n=0

using Theorem 2.2, we have

i(p+n){1+(p+n—I)A}{(P+n+1)+ﬂ[(p+n)B+(B—A)a+A]}x

n=0

{1 = 1) lapinal + plapin2l}

= (l—u)‘i(p+n){1+(p+n—I)A}{(p+n+1)+ﬂ[(p+n)3+(B—A)a+A]}lap+n,1I+

tu i(zﬂrn){l +(p+n—-1)AH{{p+n+1)+B[(p+n)B + (B~ A)a+ Al} |apin2|
n=0
< (1= (B~ A)B(1 - a)(1 = 2)) + u(B ~ A)B(1 - a)(1 —2)) = (B — A)(1 - a)(1 - 213,

which indicates that h(z) € Q*(a, 3, ), A, B).
This completes the proof of Theorem 4.1.

Theorem 4.2
Let

fo(z) = -

f (z)_}_ B(B -~ A)(l—a)(l—%\) pin
Pl = T I 1+ rn-DA {(p+n+1)+B8[(p+n)B+ (B-AB+ A}

Then f(z) € Q* (o, B, \, A, B) if and only if f(z) can be expressed in the form

JeYaS o)

n=0
where -
Z Hn = 1) Hn —>- 0
n=0

and pp =0 forn=1,2,...,pifp=>2 (p <n).



Proof.
Suppose that

f(z) = Z pnfa(z) =
n=0

1 & B(B ~ A)(1 - a)(1 - 2)) e
= L (GT TG TR DN G a1+ Al T M T BT AN )

n=0

Since

i (n+p){(n+p——1)+ﬂ[(p+n)B+(B—A)a+A]}{l+(n+p—-I)A}#nx

(B=A)1-a)(1-2))8
B(B - A)(1 — a)(1—2))
p+n){1+(p+n—-)AH{(p+n+1)+B[(p+n)B+ (B - Aa+ Al}

[ee]
(41) = pa=1-p<1,
n=1

which shows that f(z) € Q*(a, 8, )\, A, B) with reference to Theorem 2.2.
Conversely, suppose that the function f(z) defined by (1.3) belongs to the class Q*(«, 3, A, A, B),
then
(B-A)(1 —a)(1-2))8
(m+p){1+(m+p—DAH(n+p+1)+B[(n+p)B+ (B - A)a+ A}

by Corollary 1. Setting

laptn| <

_(tp) {1+ (+p-A {(n+p+1)+B[(n+p)B+(B—Aa+A]} lay ol
o = (B - A)B( = a)(l - 21 Gtnls

oo
pi=0(j=1,2...,p—1)ifp>2and po=1~ Y pn > 0.
n=0

It follows that

78 = SO 1 (55,

n=0

This completes the proof of Theorem 4.2.

Theorem 4.3 (Radius of Convexity)
If f(z) given by (1.9) is in the class Q*(a, B, A\, A, B) then f(z) is convex in the disk

0<|z|=r=1r(a,,\,A,B) =

inf un+p+n+ﬂwm+prB—Am+Anuwwn+p-Q§)ﬁ%f
‘2( T (BB -a)p+n+2)(1-2)) :

The result is sharp for the function given by (2.4).



Proof.
It is sufficient to prove the n € {0, N}

2f"(2)
f'(z)

+ 2' <1for 0 < |2| < r(a, B, A A, B).

We have

2f"(2) _ 2@ +2f()|
i) 2‘ = f(z) .
i(” +n)(P+n—1apn? ™2 + i 2(p + n)ap4nzFt" !

n=0 n=0

1 g
—= + ) (p+n)apn2?

n=0

o0

Z(p + n)(p +n - l)ap+nzp+n—l

n=0

1 S -
—at Y (p+ n)appnPt™!

n=0

oo
Y @An)(p+n 1) apppePtn!

n=0

]

1- 3 (p+n)apnz"™?

n=0

[o¢]

= Y (p+n)p+n+2apnr <1

n=>0

by Theorem 2.2.

=~ (n+p){(n+p+1)+B[B(n+p)+(B-A)a+ A} {1+ (n+p-1)A}
Z B(1 "‘a)(l —2)\)(B - A) anip < 1.

n=0

But (4.1) holds if and only if

i(p +n)(p+n+2)zPTH <

n=0

M+@+n-DANMR+p){(n+p+1)+B(B(n+p)+(B- A)a+A]}
(B—A)(1 - a)(1 - 203

et < (P4 1)+ B{B(n+p) + (B Ao+ A} [1+ (p+n—1))
(p+n+2)(B-A)1-a)1-2))p :

2| < ([(n+P+1)+ﬂ{B(n+p)+(B—A)a+A}][1+(p+n—1))\])ﬁ?‘rﬁ
. P+n+2)(1—-a)l-2N(B- AP :

This completes the proof of Theorem 4.3.
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