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Meromorphic functions on the two dimensional
complex torus with prescribed value on two
generating torus*!

L. N. Apostolova

Abstract

A system of partial differential equations with constant complex
coefficients on C? is considered. D’Alembert solution is given. Exis-
tence of meromorphic solutions on the two-dimentional complex torus
with prescribed value on two generating torus is proved. Some exam-
ples are given.

1 The problem

The following problem will be solved here: to find a meromorphic solu-
tion f(z,w) of a system of partial differential homogeneous equations with
constant coefficients on C? satisfying the conditions f(z,0) = ¢(z) and
f(0,w) = p(w), where ¢(z), ¥(w) are meromorphic functions on the par-
allelepipedon in C, on the streap in C, or on the whole complex plane C.
More precisely we will consider the following problem: to solve the system
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with conditions on the solution f(z,w) as follows
f(zv’w)l‘w=0 = (P(Z)a f(z"w)lz=0 = ¢(u’) on C2a (2)

* MSClassification: 32 W 50, 11 F 85, 32 H 04.
T Keywords and phrases: d’Alembert solution, meromorphic functions of two complex
variables, two-dimensional complex torus.



where ¢(z) and (w) are meromorphic functions on C.
The differential operators of second order with constant complex coeffi-
cients, called even and odd double-complex Laplace operators,
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arise naturally (see [1], [3]). In [1] is consider a function theory for such
operators, in some sense analogous to the function theory in [4].
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2 D’Alembert solution of the problem on C?

Theorem. For each two meromorphic functions ¢(z) and ¥ (w) the following
meromorphic in z and w function f(z,w) gives a solution of the system (1)
with conditions (2):

f(zw) 1414 z+1+z'w +1+i 2 1+iw
zZ,w) = —= - —
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This solution will be called a d’Alembert solution of the system (1) on the

complex space C?. This solution is a modification of the following funda-
mental for the operator A, d’Alembert type solution
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where g, 1, %o, ¥ are complex functions of complex variable. See for
instance [5].
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Proof: o
It is clear, that —¢" — i ( 17+-') ¢"=0and —¢" -1 (:t17+,§) Y =0, as
¢ and 1 are functions of one complex variable.
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3 Meromorphic solutions on the two-dimensi-
onal complex torus

Let us choose the function ¢(z) to be a double-periodic function with mean
periods 1 and 17‘5’ and 1(w) to be a double-periodic function with mean pe-

riods 1 and 1—}'2-’ Then the solution f(z,w) will be a double-periodic function
of the variables z and w with mean periods w) = (1, 17“2-'), w® = (1, 17“2-’)
In such a way the solution f(z,w) factorizes to a function F/(M, N) on the
factor torus T?/T; x Ty, obtained by factorization of T2 trough the lattice

1 1—1

a=wu? = (1 F ) (@
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in C2, det Q = v/2i. So we obtain a class of solutions on the two dimensional
complex torus, factorizing by the product of two one dimensional complex
torus with values on 7 and T equals to the elliptic functions ¢(z), ¥(w).

Following [2] we decompose the 2 x 2 matrix © as a sum of two 2 x 2
matrices as follows

I L 0 =
Q=(w(1),w(2))=(1 l‘/__f,->=<1 71§>+i<0 715>=2+1'T.
V2 V2 V2
4 Two examples

4.1 A class of meromorphic solutions on a complex
plane

Let us consider the boundary functions ¢(z), ¢ (w) and the holomorphic func-
tions of complex variables €*, n = 0,41,42,....

Every meromorphic two-periodic on the two-dimensional torus CxC/p, «r,
function F(z) generate a formal Fourier series

F(2) = i cne'™ (5)

with respect to the exponential functions. We have

Cn - /1r F(z)e ™ dz.
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The partial sums of the corresponding Fourier series gives a class of solutions
of the problem (1). For more information see [6].
On the one dimensional complex linear space

V2

all the obtained in (3) solutions f(z,w) will be double periodic meromorphic
functions.

Now let us consider the complex plane 23 (z £ 17%’10) = 2y+(uv2-vv2),
which is one-dimensional complex linear space in in C2. We obtain for L:

L:{(z,w)eC2:S‘<zi1+iw)=0} (6)

L:y=0,v=—-u.

SoL: {(z =xzw = wu(l —1)} is a complex one dimensional linear space
with complex coefficients in C?. Making the factor C?/L and bringing the
partial sums of the series (5) we obtain a class of meromorphic solutions on
the obtained in such a way complex plane. See Fig. 1.

4.2 The problem on C? with quadratic boundary data

Now we shall consider the particular solution of the problem with quadratic
boundary data. Let us take for the boundary data of the problem (1) the
following functions:

¢(2) = az* + a1z + a3 and ¥(w) = bw® + byw + bs.

Obviously, the constants a;,as, by, b can be chosen to be each complex
numbers. The functions az? and bw? are holomorphic functions. We must
to assure the validity of the first equation in the system (1). We check
(az?)" +i(bw?®)” = a +ib = 0. So the functions

a(2? —iw?) + a1z + byw +ap + by

will be solutions of the problem (1) for every choice of the constants (see also
3.
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