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Certain Classes of Functions with Negative
Coeflicients

Donka Pashkouleva

Abstract

The aim of this paper is to obtain coefficient estimates, distortion
theorem, extreme points and radii of close-to-convexity, starlikeness
and convexity for functions belonging to the subclass T'S)(u, ., §) with
negative coefficients.

1 Introduction
Let S denote the class of functions of the form:
(o o]
(1.1) f()=z+ Z arz*
k=2
which are analytic and univalent in the open unit disk U = {2 : |z| <

1}. Let S* and C be subclasses of S that are, respectively, starlike
and convex.

A function
e z2f"(2) z2f"(2)
(1.2) f(z)echéR{1+ e }z e
Let Sy be a class of starlike functions related to C defined as
\ 27(2)) o |2£(2)
(1.3) f(2) eSp@éR{ &) } > ) 1‘, zeU.
Note that
(1.4) feC e zf'(z) €S



A function f of the form (1.1) is in S,(a) if it satisfies the analytic
characterization:

o (- -

The function f € C(e) if and only if zf'(z) € Sp().

By Cg, 0 < B < co we denote the class of all S-convex functions
introduced by Kanas and Wisniowska [1]. It is known that [1] that
fe Cg if and only if it satisfies the following condition:

@)\ | 2f()
(1.6) *{L*ﬂu>}>ﬁ.mn

We consider the class S5, 0 < 8 < oo, of B-starlike functions [2]
which are associated with the class 55 by the relation

(1.7) feCyezf'(2) € S;.

Thus, the class Sy is the subclass of S, consisting of functions that
satisfy

7—'1Sa<1,Z€U.

» 2€U, B20.

)

2F'(2) dw_
(18) §R{f(z)}”’ 7w !

For a function f € S, we define

DY f(2) = f(2)

D3 f(2) = (1= Nf(z) + A2f'(2) = Drf(2)
%f(2) = DA(D}Y'f(2))

A>0,neN={12,...}

This operator was introduced by Al-Oboudi [3], and when \ = 1,
we get the Salagean operator [4].
It can be easily seen that

,ZGU,,BZO.

(1.9)

(1.10) D¥f(z) =z + i[l +A(k = D"ax2k (n € No=NuU{0}).
2

Forp >0, -1 <a<1n€Nyand A > 0 we let Sy(n, o, B)
denote the subclass of S consisting of functions f of the form (1.1)
and satisfying the analytic condition

(1.11) %{z—(g%‘f‘%z;)—)-)——a} > f

z (D% (2))
D31 (2)

_4
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We denote by T the subclass of S consisting of functions of the
form

(1.12) f(z)=2- Z axz*, a > 0.
k=2

Further, we define the class T'S\(n, a, 8) by

(1.13) TSi(n, o, B) = Sa(n, o, B)NT.

We note that T'Si(n, ¢, ﬂ)~ = TS(n, o, B) [5], TSo(0, @, 1) =
TS%a, 1) and TS1(1, @, 1) = C(a) (0 < a < 1) [6].

2 Coefficient estimates

Theorem 1 A necessary and sufficient condition for the function
f(2) of the form (1.12) to be in the class T'S)(n, o, () is that

@21)  SkQ+8) - (a+AL+Ak -l <1-a
k=2
where =1 <a<1,8>0,A>0andn € Np.

Proof. Let (2.1) holds true, then we have

(DM@ | o f2 (D3 2 (D3f()
dis o, %{ 6 1}3(1”) DY) S
(L+8) 3k = {1+ Ak - 1)]"ax]
< k=i° <1l-a.
1= 3[4+ Ak = 1)]"a
k=2

Then f(z) € TS\(n, , B).
Conversely, let f(z) € TS\(n, a, B) and 2z be real, then

1- f: k[l + A(k — 1)]"axz*1

k=2
) ~a2

1- S [+ A(k - 1)]"az
k=2
o0

Z(k —1)[1 + Ak = 1)]"arz*?
> f|E—=
1= [1+ Mk — D) a2"
k=2




Letting 2 — 17 along the real axis, we obtain the desired inequality
o0
Y kA+8) = (@+ AL+ Ak - D"ep <1-a.
k=2

Remark 1 If f(z) € Sx(n, o, B) the condition (2.1) is only suffi-
cient.

Corollary 1 Let the function f(z) defined by (1.12) be in the class
TSx(n, a, B). Then

l—-«o
22w T A GrAnTaG=D F2?

The result is sharp for the function

l—-a
23)  flz)=2- k(1+a)—(a+ B+ Ak —1)" %

3 Growth and distortion theorem

Theorem 2 Let the function f(z) defined by (1.12) be in the class
TSx\(n, a, B). Then

l—«a

(3.1) [Dir@)| 21 - e a Tt
and

i l—«a
(3.1) D@ < e+ o ma T

for z € U, where 0 < i < n. The equalities in (3.1) and (3.2) are
attained for the function f(z) given by

l-«a

(3.3) f2) =2 - (2_a+ﬁ)(1“)n22 (z € D).

Proof. Note that f(z) € TSx(n, , §) if and only if Dif €
TS\(n, o, B) and that

(3.4) Sf()=2z—- Z[l + A(k — 1)]*ax2*
k=2



Using Theorem 1, we know that

(3.5) 2-a+/A+1)"" i[l + Ak -1ar <1-a
k=2
that is, that
o p l-a
(3.6) k;[l + Ak —Dl'ax < Bt AT
It follows from (3.4) and (3.6) that
IDLF(E)] 2 12l — [ 301+ ACk - 1)fag >
@) k=2
> || - e e
= 2-a+p)(1+A)r
and
IDif(2)] < |2l + |21 D_[1+ Ak — 1)]*ax <
(3.8) iy e
< 2l + Elk

2—a+pB) 1+

Finally, we note that the bounds in (3.1) are attained for the func-
tion f(z) defined by

i i it l-«a
(3.9) (2 =2 (2—a+,6)(1+)\)"""22’ zeU.

This completes the proof of Theorem 2.

Corollary 2 Let the function f(z) defined by (1.12) be in the class
TS\(n, a, B). Then

11—«

2-a+p)(1+A)

1-—
< l+gGz a+ﬁ)(1+,\)

|2 < 1£(2)|

|z —
(3.10)

|=f2.

The equalities in (3.10) are attained for the function f(z) given by
(3.3).

Proof. Taking i = 0 in Theorem 2, we immediately obtain (3.10).
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4 Extreme points

From Theorem 1, we see that T'Si(n, e, B) is closed under convex
linear combination which enables us to determine the extreme points
for this class.

Theorem 3 Let
(4.1) fiz) ==

and

l—-a

fr(z) =2z~ k(1 +8) = (a+ Bl +A(k—1)"

Then f(z) € TS\(n, a, B) if and only if it can be expressed in the
form

(4.2) 2* k>2.

(43) £ =3 adele)
k=1

(o)
where pi >0 (k> 1) and Zuk =1,
k=1

Proof. Suppose that

ORI D)
(4.4) k=t

ol l1-a

. Icz=:2 kA +B) - (@ + AL + Ak — D+

Then it follows that

(4.5)
2 [k +8) — (a+ AL+ AR =D
kX:; 1 i )
T+ B) — (a+ B+ AG— 1 Yomk=1-m<L

k=2

Therefore, by Theorem 1, f(2) € TS\(n, o, B).
Conversely, assume that the function f(z) defined by (1.12) belongs
to the class T'Sx(n, a, 3). Then

1_.
& k> 9.

(46 &< TR -+ A+ M E-DF 2
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Setting
(k(1+8) — (a+B)1+A(k—1)"

" = >
and
o0
(4.8) pr=1-) px
k=2

we see that f(z) can be expressed in the form (4.3). This completes
the proof of Theorem 3.

Corollary 3 The extreme points of the class TS\(n, o, B) are the
functions fi(z) = z and

l—-a

=2z - Zk .
LS A vy ey sy oy R

5 Radii of close-to-convexity, starlike-
ness and convexity

A function f(z) € T is said to be close-to-convex of order p if it satisfies
(5.1) Rf(z)>p, 0<p<1, zeU.

Theorem 4 Let the function f(z) defined by (1.12) be in the class
TSy\(n, a, B). Then f(z) is close-to-convez of order p (0 < p < 1) in
|z| < ry where

ri =ri(nYa; BN p) = :
{(1 = p)k(1+B8) = (a+ A1+ Ak -D)" }m
k(1 -a) y

62
k

The result is sharp, with extremal f(z) given by (2.3).
Proof. We must show that
|f'(2) =1| < 1= pfor [z| <ri(n, @, B, A, p)

where r1(n, a, 8, A, p) is given by (5.2). Indeed we find from (1.12)
that

If'(z) =1 < Z kag|z|*1.

k=2

T



Thus
If'(z) -1 <1-p

if
—1
(5.3) k§=32 ( £ p) a2l < 1.

But, by Theorem 1, (5.3) will be true if

(12 o ML (L M=
p Q

that is, if

(5.4) |z < {(l_p)[k(Hﬂ) ;((lafaﬂ)][l _'\(k_l)"}m, k>2.

Theorem 4 follows easily from (5.4).

Theorem 5 Let the function f(z) defined by (1.12) be in the class
TSx(n, a, B). Then the function f(z) is starlike of order p (0 < p < 1)
in |z| < rp, where

ro =ro(n, a, B, A, p)
_ (= p)E(1+B) — (a+ AL+ Ak — D] | 7T
9 =i (k=) -a) P

k>2.

The result is sharp, with the extreme function f(z) given by (2.8).

Proof. It is sufficient to show that
zf'(z)
f(2)

where r3(n, a, 8, A, p) is given by (5.5). Indeed we find again from
(1.12) that

—1’ Sl-—pfor IZI <T2(n,,a, ﬂ’ A) p)

3 (k — Daglel*!

zf'(z) 1| < =2
f(2) | it iakzk—l
k=2




Thus
zf'(2)

i 1’ =
@) 1
if
—~ (k—p k-1
<5
(5.6) k}_: (1_p) a1 <1
=741

But, by Theorem 1, (5.6) will be true if

(E22) s < BB = Al 31
l—p l-a

that is, if

(L= k(1L +8) = (@ +B)I[L+ Ak = " }r“
(k—p)(1-0) '

Theorem 5 follows easily from (5.7).

67 k<]

Corollary 4 Let the function f(z) defined by (1.12) be in the class
TSx(n, a, B). Then f(z) is convez of order p (0 < p < 1) in |z| < r3,
where

53 = 7'3(1’1., «, IB’ A) p)

. {1=P)k(1+B) = (a+ Bl + Ak =D 7T
A k= p)(1-a) i

(5.8)
k>2.

The result is sharp with extremal function f(z) given by (2.3).
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