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The Crump-Mode-Jagers branching process is used to model the popula-

tions of Bulgaria, Greece, Ireland, Italy, Portugal and Spain, which were

influenced greatly by the economic crisis, started in 2008. The social effects

were felt shortly after 2008 with different delay for each country. The un-

employment rate in some of these countries was very high and constituted

mainly of young people around 25 years old. This paper reviews the de-

mographic changes that were experienced during the crisis and its effect on

population growth. It also reviews the current retirement policy in these

countries and extrapolates the needed changes in order to keep the current

percentage of working people constant.
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1. Introduction

In this paper we study the demographic effects of economic crisis on the most

affected European countries. The unemployment rate in Greece, Italy, Portugal

and Spain is the highest in EU and constitutes mainly of young people in their

twenties. This typically results in postponing of having children, which decreases

the net fertility rate and affects directly the demographic condition of the nation.

It is a common tendency for most European countries that the population count

is declining for many years and the fewer births during this crisis may even

deepen the problem. Having insufficient number of children and at the same

time a constant increase of the life length leads to ageing population. In turn

this leads to smaller percentage of working people and often requires the countries

to do pension reforms. We study the differences and the common trends in the

countries specified above and forecast their population structure. In addition we

provide a possible retirement strategy that will keep the percentage of working

people at current level (around 63%) for the next 10 years.

The results in this paper are derived using the Crump-Mode-Jagers Branching

Process to model the population. We use this model because of its generality and

flexibility (see Jagers [6]). It provides a model for population where each woman

gives random number of births in random intervals of time and has a random

life length according to specified stochastic laws. This generality allows us to use

real data (see [3]) and produce a realistic model of human population (see [14]).

Section 2 reviews the theory on which the model is based on. In Section 3 we

discuss the empirical results of the model. The software used for calculations is

R [9] with some additional packages – demography [5] and gam [4].

2. A brief theory review and preliminary results

The Crump-Mode-Jagers branching process is also called General Branching Pro-

cess and we will refer to it as GBP. The notation used in this paper follows Jagers

[6]. We denote ξ to be the point process defined on R+ and µ(A) = E(ξ(A)),

where A is a Borel set in R+. Let I be the set of all n-tuples of nonnegative

integers for all n. This is an index set for individuals in the population. In the

GBP model presented in Jagers [6] it is assumed the process starts from a single

individual denoted by (0). The woman (0) is assumed to have age 0 and her birth

was at time t = 0. The n-th child of x ∈ I is denoted by (x, n). The individual

(x, n) ∈ I exists if ξx(∞) ≥ n. Let λx be a random variable that models the

life length of the individual x and ξx be a point process of a woman x. For each
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x ∈ I is defined a couple (λx, ξx) and these couples are assumed to be indepen-

dent and identically distributed. This means the distributions of ξ and λ are time

invariant. Let τx(k) = inf{t : ξx(t) ≥ k} is the age of birth of child (x, k). Let

σx = τ0(j1)+ τj1(j2)+ · · ·+ τ(j1,...,jn−1)
(jn), where x = (j1, . . . , jn). We have that

σ0 = 0.

An indicator variable zat (x) is defined for the individual x to be alive and

younger than a > 0 at time t > 0 as follows

zat (x) =

{

1, when t− a < σx ≤ t < σx + λx

0, otherwise.

The GBP is defined as

zat =
∑

x∈I

zat (x).

Let zt = zat , for all a > t. At time t the oldest individual is of age less than

t, so the definition is correct. So zt is the total number of individuals in the

population. Let µ(t) = µ([0, t]) for t > 0.

Theorem 1. (see Jagers [6]) If µ(0) < 1 and µ(t) < ∞ for some t, then

P(zt < ∞,∀t) = 1.

Let us denote f(s) = E(sξ(∞)), |s| ≤ 1, L(t) = P(λx ≤ t), µ̂ is the Laplace-

Stieltjes transformation of µ and S(t) = 1− L(t).

Theorem 2. (see Jagers [6]) If f(s) < ∞, |s| ≤ 1, then mt = E(zt) < ∞,∀t

and ma
t = E(zat ) satisfies

(1) ma
t = 1[0,a)(t){1 − L(t)} +

t
∫

0

ma
t−uµ(du).

If m = µ(∞) < 1, then lim
t→∞

mt = 0. If m = 1 and µ is non-lattice, then

ma
t →

a
∫

0

{1− L(u)}du

∞
∫

0

uµ(du)

.
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If further
∞
∫

0

tL(dt) < ∞, then

ma
t →

∞
∫

0

uL(du)

∞
∫

0

uµ(du)

.

If m > 1, µ is non-lattice and α > 0 is the Malthusian parameter defined by

µ̂(α) = 1, then for 0 ≤ a ≤ ∞

ma
t ∼ eαt

a
∫

0

e−αu{1− L(u)}du

∞
∫

0

ue−αuµ(du)

.

In the lattice cases corresponding assertions hold.

If a = ∞ then we skip it in the notation mt. An important fact is that the

expected future population count behaves as an exponent when the forecasting

horizon increases. This result is also true for Galton-Watson and Bellman-Harris

branching processes (see M. Slavtchova-Bojkova and N. Yanev [12]).

The Theorem 2 shows us one important fact – the expected population mt

is a solution of renewal equation (1). This means that we can solve it using the

renewal processes theory (see Mitov and Omey [8]). Another important fact that

also follows by Theorem 2 is that the expected population increases/decreases

exponentially when t → ∞. This also holds for subcritical branching processes.

The function S(t) = 1 − L(t) is called survivability function of a live birth

and we can assume S(0) = 1 and S(ω) = 0, where ω is the oldest age in a life

table. We know from renewal theory that if the survivability function 1−L(t) and

the point process density µ(t) are smooth functions for t ≥ 0, then the expected

population mt (as solution to equation (1)) is a smooth function too.

To model human population consisting of many individuals on different ages

we use the results presented in Trayanov ([14], [15]). In order to use the pop-

ulation data (see Eurostat Database [3]) we must make additional assumption

that each woman can give birth only to one child during a period of one year.

It becomes obvious from the data that the assumptions for smoothness of S(t)
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and µ(t) are appropriate as the birth and death rates change smoothly from one

age to the next. We can also see that the fertility interval for each woman is

[12, 50] (women very rarely give birth outside of it). This assumption can be

written in terms of GBP as: P(ξ [a, b) = 0)) = 1, when [a, b) ∩ [12, 50] = ∅ and

P(ξ[λ,∞) = 0) = 1.

Let bzt be the branching process started from a woman aged b at time t = 0,

bξ to be her point process, bµ to be the expectation of the point process and

bS to be her survivability function. Let νb = P(ξ [b, b+ 1) = 1|λ ≥ b) be the

probability a woman to give birth at age b if she survived to the beginning of

this age interval. Then we have the following corollaries that allow us to use the

data and compute the expected population count:

Theorem 3. (see Trayanov [14]) For k ≥ 1 the distribution of bξ satisfies

P(bξ[b+ k− 1, b+ k) = 1) = 1−P(bξ[b+ k− 1, b+ k) = 0) = bS(b+ k− 1) · νb+k−1

and the expected number of births in [b+ k − 1, b+ k) of a woman aged b is

bµ[b+ k − 1, b+ k) = bS(b+ k − 1) · νb+k−1.

Theorem 4. (see Trayanov [14]) The expected population count at time t

started from woman aged b at time zero is given by the following equation

(2) bmt = bS(t) +

t
∫

0

mt−u bµ(b+ du),

where bS(t) denotes the probability a woman of age b to survive to b+ t, i.e.

bS(t) =
S(b+ t)

S(b)
.

The GBP model requires two smooth functions S(t) and µt in order to solve

equation (1) and (2). We model these functions with functional data analysis

and GAM package (see [4], [10]). In order to produce a forecast based on our

expected future change of S(t) and µt, we use the approach described in more

details in Trayanov and Slavtchova-Bojkova (see [15]). The population and death
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count by age and sex and the number of births by age are used to calculate

the demographic coefficient and probabilities (see Chiang [2] and Keyfitz [7]).

We must first deal with some missing data for which we use the methodology

described in Kannisto [13], Human Mortality Database [16] and Shkolnikov [11].

Then we use smoothing splines (see Ramsay [10] and DeBoor [1]) to find the

functional form of the birth and death distributions for each year. We find the

principal components of the fitted distributions and make a forecast based on

random walk with a drift, which is used to find the trends in the age-specific

birth and death probabilities. Substituting the forecasts for S(t) and µt in the

GBP model (equations (1) and (2)) gives us the expected future age structure of

the population. The Malthusian parameter calculation methodology is described

in Trayanov [14].

3. Results

We review the countries with most prominent debt crisis and unemployment ratio

and do a comparison with the demographic conditions in Bulgaria. We analyze

data for Bulgaria, Greece, Ireland, Italy, Portugal and Spain and forecast their

population structure (excluding the migration). The data we use are published

in Eurostat Database [3]. These are data for female population count by age,

number of deaths by Lexis triangles and number of births by last birthday and

by birth order. The life tables are complete and open-ended. The calculation

results for these countries are presented in the Appendix.

The GBP gives us a forecast not only for the total population count of each

of the reviewed countries but for the particular age structure too. Thus the

GBP generates forecasts for different characteristics of the population like the

percentage of people on working age, those younger than 18, those on pension

age and other. Fitting the GBP for future years according to our expectations

for birth and death rates gives us also the expected Malthusian parameter.

The Malthusian parameters (MP) of the countries are presented in Table 1

and 2. The highlighted cells mark the negative growth in MP. We calculated the

historical Malthusian parameter up to year 2012. The presented values in Table

1 and 2 after year 2012 are forecasts based on the tendencies in birth and death

probabilities by age. The results show that all of the countries reviewed had an

increase of the Malthusian parameter in the year 2008, which is just before the

crisis began, and then the MP began decreasing shortly after. We must note

that a decrease in MP happens even in some years before the crisis. This can
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Figure 1: Average Malthusian parameter across the reviewed countries

be explained by some country-specific demographic problems and the stochastic

nature of the functions S(t) and µt. Also the decrease in Malthusian parameters

in some years before 2008 was much smaller and non-persistent as opposed to

the trend after the beginning of the crisis. This result is pronounced much more

clearly in Figure 1 where the average MP across countries is expressed. We can

see the drop after the burst of the ”dot-com” bubble in the year 2001 and then

the latest trend of decrease which began in year 2008. The average cumulative

decrease for the interval 2008–2012 is −0.20%. The forecasts of countries’ MPs

show an expected average increase of 0.15% by the year 2025. In addition to rate

of growth (i.e. the Malthusian parameter) we have calculated the percentage of

people on working age for all countries – historical and predicted (see Table 4).

This ratio is of particular importance to social policy and economy in each of

these countries. Notice the ratio is similar for all countries – around 62%-63%.

This is mainly due to the similarities between European countries – they have

had similar birth and death distributions for a long time which resulted in similar

age structures. Some small differences in this percentage arise from the fact that

retirement age is different in each of them. In Bulgaria this is 63 years for women

and 65 for men. In Greece, Portugal and Spain it is 65 for both women and men.

In Ireland it is 66 for both women and men and in Italy it is 66 for men and 62

for women. The GBP forecasts the working force percentage will decline in all of
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Figure 2: Average percentage of population on working age across the reviewed

countries

these countries if the retirement age stays the same. The average decline across

countries (see Figure 2) is predicted to be 2.5% by the end of year 2025. This will

affect the economy and might even deepen the crisis if the retirement age does not

get adjusted. Calculations show the retirement age must be incrementally raised

by 3 years in Bulgaria, Greece and Ireland, 2 years in Portugal, 4 years in Italy

and 2 years in Spain in order to keep the working force at 63% by the year 2025.

The total population count is presented in Table 3. Although the age structure

forecasts for each country are also very interesting they require much larger tables

to be presented so they are not reviewed in details in this paper. The results show

that by the end of year 2025 the population of Bulgaria is expected to decrease by

10%, Greece by 5%, Italy by 4%, Portugal by 6% and Spain by 3%. An exception

is Ireland where we have expected increase by 10%. The main reason behind such

a big decrease (like 10% for Bulgaria) is the age structure of the population –

fewer young people and more people of old age. When the Malthusian parameter

is below 0 for a long time (i.e. the GBP is subcritical) the population structure

changes in a particular way – the number of young people starts decreasing and

the number of old people increases. The effect is even more clearly expressed if

the process was supercritical in the distant past – it generated a large number of

newborns (in the years before 1960) who have been getting older and by the year
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2025 constitute a large number of pensioners.

The results support the well known fact that there are some common tenden-

cies in most European countries. An exception is Ireland for which the Malthusian

parameter is close to 0 and the age structure consists of more young people than

other EU countries. The GBP is subcritical for Ireland but the population is

expected to increase in the next 10 years due to the favourable age structure. On

a longer horizon it will eventually decline if the GBP continues to be subcritical.

Appendix

Table 1: Malthusian Parameter 1960–2000

Table 2: Malthusian Parameter 2001–2012. Forecast for 2015–2025
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Table 3: Total population count by sex. History and forecast

Table 4: Percentage of population on working age
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