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SCATTERING FOR SYSTEMS OF N WEAKLY COUPLED
NLS EQUATIONS ON R” x M? IN THE ENERGY SPACE

Mirko Tarulli, George Venkov

We study scattering properties in the energy space of the solution to the
following system of N nonlinear Schrédinger equations (NLS), with N > 2
posed on product spaces R" x M?, for d > 1 and M? any 2-dimensional
compact Riemaniann manifold:

N

) )

N
i0uy, + (Ag + Ay)uy, + Z G (U, up)uy, =0, w=1,...
=1
(1 (0, -, '))5:1 = (umo)fyzl € Hl(Rd X MQ)N-

Here, for all p,v = 1,...,N, u, = u,(t,z,y) : R x R? x M? = C,
(u,,,)fy:l = (u1,...,un), moreover we require that each function G,, =
G (-, ) : € x C — C is measurable and such that

|G (2, 2)] < Buoler] 4,

for any = € C and with §,, > 0 being coupling parameters, for any p,v =
1,...,N.

1. Introduction

Consider the Cauchy problem associated the system of N nonlinear Schrodinger
equations (NLS) on product spaces RYx MF, d > 1 and MP* is a compact manifold
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and k > 1:
N
0 i0puy + Dyt + Z G (U, uy)uy, =0,
p,r=1

(a0, -, Ny = (upo) oy € A7 (RY x MF)N,

k
with N > 2 and o > 5 Here, for p=1,--- N, u, = uu(t, z,y) ‘RxRIx MF =

C and (u )u 1 = (u1,...,un). Moreover

n
Ay = Z 2, + Ay,
=1

with A, the Laplace-Beltrami operator associated to the manifold MP* . defined
in local coordinates by

1
—==0y,
l9(y)]
where gp;(y) is the metric tensor, |g(y)] = det(gri(y)) and ¢" = (gri(y)) " . We

require that, for any pu,v = 1,..., N each bilinear function G,, = G, (-,-) :
C x C — C is measurable and there exist 0 <0, <4 /d such that the inequality

hi(

lg(y)g™" (v)y, »

4 _
(2) |G (2, y)| < By || |y|aOmw,

is fulfilled for (x,7y) € C? and with the coupling parameters such that Buw > 0.

(3) |G (21, 91)21 — G (22, y2) 22|
< By (JlP = 4 fafPo 0 ) 1 — ]

for (x1,41), (x2,y2) € C* and Buv > 0. For any o € R, we denote the non-isotropic
fractional Sobolev spaces by
(4) AR MP) = 07 = (1—-A,) 2L

7y’

where L2, = L*(R? x M), indicating by f € LY(R? x M"), for 1 < ¢ < o0, if

= q
W wrnn = [, el ded, < +oc
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with dv,, the volume element of M* which reads in local coordinates as v/|g(y)|dy.
Furthermore the h-th component of the gradient operator V, is given in local
coordinates by ¢"(y)d,,. We also denote by

_1
H'RIx MF)=H, , = (1 - Ay — Ay) 2 L*(RY x MF).

There is a consistent literature regarding the global well-posedness theory as well
as the bound state theory for the problem (1), on the other hand the systems
of Schrodinger equations have an important role in many models of mathemat-
ical physics: it gives a description of the interactions of M—wave packets, the
nonlinear waveguides, the optical pulse propagation in birefringent fibers, the
propagation of polarized laser beam in Kerr-like photorefractive media and in
the Bose-Einstein condensates theory, just to name a few. We remand to [2], [3],
[12] and [10] in the case N =2 and to [9] and [11] in the general case N > 2 for
a general overview on references both on mathematical and on physical setting
and applications.

Motivated by this, it is possible to investigate some relevant questions as:

e Local and global existence as well as the persistence of regularity for the
map data-solution (umo)ﬁle — (up(t, -, -))ﬁf:l, assuming the initial data in
the space HY(R? x M®)N (or eventually in slightly different non-isotropic

Sobolev spaces).
e The long-time behavior of the solutions to (1) in the space H*(R? x M)V,

The study of the Schrédinger equation posed on product spaces was recently
initiated by considering general problems involving global well-posedness (see for
example [5] and references therin), long time asymptotics (see [15], [5], [6] and ref-
erences therein) and ground states (see for example [13] and references therein).
In the above papers it arises, with some few exceptions, not only that to earn
informations on well-posedness and scattering for the NLS it is required an appro-
priate geometry for the compact manifolds, but also that the asymptotic behavior

of the solutions is poorly understood when the nonlinearity is pure power and
4

the nonlinearity parameter is a fractional number in the interval {E, m] .
Moreover, as well as we know, it seems that there is a lack of literature in the
case of N-systems of NLS having interacting nonlinearities such as we considered
in (1).

According to these obsevations, our main contribution is the transposition of
the well-posedness and scattering analysis to the framework of (1) with coupled
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nonlinearities behaving like pure fractional power, emphasizing that the only
assumption we impose to the manifolds MF¥ is the compactness. In fact the
topological structure of the manifold is not relevant in our study and the small
data theory does not need any specific property on MF¥. The main tools to
prove scattering are a particular version of Strichartz estimates. We will use
the informations and numerology available for the flat part to deduce Strichartz
estimates on the whole product space.

We can state now main contributions of this paper. The first results deals with
the mass NLS.

k 4
Theorem 1. For everyd > 1,k > 2 and 5 <o < a—i—l there exists a positive

number ¢ = (o) such that the problem (1) enjoys a unique global solution
(5) (up(t, 2, 9)) 1 € LY(R; L (RY Hy (M),

2d 44
+ , for any initial data (u,.q N e % (R x MMYN such that
My 2 1
sup w0l 0.0 (max pry < €. In addition (uﬂ(t,x,y))fy:l e L®(R; 7% (R x
{(1<p<N}
MW and there exist (goi#)ﬁ[:l e A% (R x MFYN 5o that

where ¢ =

: N —itAg N _
(6) t—lgimoo ||(uu(t7 x, y))pzl —¢€ Wiy (Soi,/l);J,:lHifo’g(RdXMk)N =0.

Remark 1. In the above Theorem 1 are presented peculiar properties of the
solutions to (1). Specifically if we select in the Cauchy problem (1), for suitable

I 0,5+ o o
e > 0, initial data (umo)ﬁle € (Hy 2 )N with size e, one gets scattering in non-

isotropic Sobolev spaces characterized as in (4) with regularity strictly connected
with the spatial dimensions of the manifold M* and the Euclidean part R?. Such
an asymptotic behavior of the solutions (u,(t, z, y))ﬁf:l is completely independent
from the geometry of MP¥ which is required only to be a compact Riemannian
manifold. Moreover, in the case k = 2, we observe that if we take a sufficiently
small € > 0, then the space %%He is slightly stronger than H, ;ﬂ only w.r.t. the
y-variable.

Then we have the second result in the special case k = 2, that is the case of
mass-energy system of NLS. More precisely, assuming now that, for any pu,v =
1,..., N each function G, = G, (-,-) : C x C — R enjoys

4
(7) G (,y) = By || y[a= 0,
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with 0 <0, <4/d, for (x,y) € R? and Buv € R, one achieves:

4
Theorem 2. For every d > 1 and 1 < 0 < 1+ — there exists a posilive

number € = €(o) such that the problem (1) with Gy, as in (7) enjoys a unique
global solution

®)  (uult,z,y))ity € LR HN (R x M) 0 LA(R; Ly (RY Hy (M?)Y,

d+4
d

1. if B < 0 (i.e. (1) is defocusing), for initial data (umo)ﬁf:l e (HY(R? x

M) 0% (R x M?))N such that  sup  |ju, o
{1<p<N}

where £ = , in the following cases:

0.0 (Rix M2) < €]

2. if Buy > 0, for initial data (uuo)h_; € (H' (R x M?) 0% (R x M?))N

such that such that  sup [Juuoll g1 mexam2)noo axaey < € (ie. (1) is
{1<u<N}
focusing and the initial data are small).

In addition there exist (goi#)fy:l ce HY(R? x M?)N so that

© lim ultm )i — e (o )N ey = 0.

Remark 2. As we noticed in Theorem 2, by pickung up k£ = 2, the N-
system of NLS in (1) becomes both mass and energy critical. In such a fashion
the technicalities developed along the proof of the Theorem 1 can be improved
guaranteeing also well-posedness and scattering in the energy space (other than
297 (RYx M?)N) if we consider additionally that initial data are H (R x M?)N-
bounded. This phenomenon is completely new, because we neither require par-
ticular geometries for the manifold M?, nor make an use of multiplier techniques
such as Morawetz identities and inequalities (as used for example in the work

[16]).

2. Preliminaries

We introduce the following further notations: for any Banach space X we define,

for ¢ > 1,
1/q
1Flluox = ( L@ dt) |
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q
(t1,t2)

t1,t2 € R). We denote, from now on, by Hj = VVy"’2 with

(for its version local in time we adopt the symbol L X, with preassigned

(10) Lwot=(1-A,) 2L L,

for 0 € R, where L;L; is the space L"(R%; L'(MF)) for I,r > 1.
We need to recall the following useful facts concerning Strichartz inequalities:

Definition 1. An exponent pair (¢,p) is Schrodinger-admissible if 2 < £,p <
o0, (gvpv d) 7& (2>0072)7 and

2 d d

1 2,4 _4d

(11) 14 * p 2

Then we earn, for the free systems of N Schrédinger equations, that is (1)
with general initial data (f,)Y_, and forcing terms (F)_; the following:

Proposition 1. (Strichartz estimates) Let be d > 1 and indicate by D; the

operators Dy =V, and Dy =V, then we have for any k =1,...,N and v = 0,1
the following estimates

t
HDzeltAz,yanLngHg + HD:/ e_l(t—T)AFR(T’ )d7—
0

LiLLHY
(12) < Ol fullizug + DI Eall g gy
if for the pairs (¢,p) and (g,ﬁ) the condition (11) is satisfied for 0,0>2 ifd> 3,
00>24fd=2 and 0,0 >4 ifd=1.

Moreover we have also the following estimates satisfied

t
13) DY e fullye pany + ‘ D) [ AR (s, ar
0

L L2Hg
SW%%M%THWWEMﬁﬁW

with (¢,p) and v as above.
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3. Proof of Theorems 1 and 2

In this section we give the proof of the two our main results. In the former
we show that to any choice of n > 1, £ > 2 and small initial data in %‘fz’f it

is possible to prove that (uu(t,x,y))fyzl € (LfLI;H;’)N N (L?%%U)N for any

Schroédinger admissible pair (¢, p) by using only the modified Strichartz estimates
presented in the previous section. Moreover, we get scattering in %’;?’y". In the
latter we exhibit in which way the previous analysis leads to the well-posedness
in the spaces L*°(RR; H;,y)N in the case k = 2 for the solutions to the Cauchy

problem (1). Finally we get, in this framework, scattering in H;,y'

Proof of Theorem 1. Let be defined the integral operator associated
to the Cauchy problem (1) ,

(14) T(uu)ﬁle = iAo (UM,O);JY:I

N t
Y [ G (7). ()i
0

Hyv=1

- 4
with I the N x N identity matrix. One needs to show that for { =p = p + 2,

any p=1,..., N,
0, N ’rp N
Vuyuo € A, st HUMOHK%@E%" <e, I (uult,z,y)),m1 € (LLLEH])™,
satisfying the property

(15) T(uu()pr = (ua (1)1
As well as we require
(wu(t, 2, 9))ny € (LR AN 0 (LiLEH)N.
For simplicity, we split the proof in four further different steps
Step One:

k
For any o > 3 Jde=¢(0) >0 and an R = R(o) > 0, such that

(16) TB(LngHg)N(OaR)) C B(LngHg)N(OaR%

for any v, € %@%" so that ||uu,0‘|(%0’,ya <e.
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It is sufficient to deal directly with the case (¢1,t2) = R, specifying a different
domain for the t-variable when it is required. We need to show (16), to this end
by (2) we start first by recalling the following result (we remand to [15] for more
details).

Proposition 2. Assume MY a compact manifold with dimension k > 1.
Then for any f € H° (M) N L®(MP) let G(f) = fIf|* be a real function with
w > 0. Then one has

(17) 1AL N o ) < C MW gy
with C' > 0, provided that 0 < o < 1+ pu.

Thus, by applying for fixed p the elementary inequality (see for example [4])
(13) O L S P )
in combination with the above Sobolev inequality (17), which reads in our setting
as
4.1 441

(19) oo a2, g < o (82, ) [ g

. .k 4 . . .
satisfied if 5 <o <1+ 7 we are able to estimate the nonlinear term in the

LngH;’ -norm by using the inhomogeneous Strichartz estimates in (12) with v =
0, that is

1 441
(20) [ R CE D] s are | A CED] P p s

Let us select

21) 1 _4+d_4+d 1 _(4+d) _4+d
7 4l 4+2d p  dp  4+2d

then the r.h.s. of inequality (20) can be controlled by

2+1 241 4+1
(22) R R e
Then, summing twice over u, we arrive at the following
441

N N N
||T(u”)M:1H(LgL§HZ)N < CH(UH,O)M:IH((%%U)N + CH(UN)H:lH(LngHg)N
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and by a standard bootstrap argument (see for example Theorem 6.2.1 in [1]) the
previous estimate guarantees the existence of an ¢ > 0 and R(e) > 0 such that
gig(l) R(e) = 0, provided that H(uﬂ,o)fy:l\ w0y <& for any p=1,...,N. Thus we

achieve the proof.

Step Two:

T is a contraction on B 0, R), equipped with the norm H’H(LZLFH)N .
tHrHy

wirzmgyn
N N

=1 (Vu2)u=1 € B(L{LEH;;
neous estimate in (12), the chain of bounds

Given (vy1) yv e get, by (3), (18) and the inhomoge-

(23) HT(UHJ);JY:I - T(“u,?)fyﬂH(LmL%)N

4
N N N d
<C H(Uﬂ,l)uzl - (UH,Q);;:lH(Lg)N $111p2 { H(Uu,i)ule(dLgo)N}
i=1,

(Lf Le )N

<C

)

(L{HN

4
N N N |4
H(vﬂ,l)uzl - (U“vZ)H=1H(L§L§)N ZS:ullD2 {H(”u,i)uzlu(dLgHg)N}

where in the last inequality we used the second of the identities in (21),Minkowski
and Hélder inequalities and the Sobolev embedding H; C L;°. By a further
application of the Holder inequality the term in the third line of the previous
(23) can be controlled as follows

4
N N N |3
0 i00r = sz 590 {1l 0}
2y 19 (Lz H) (L
t
4
N N N [|d
(24) < CH(vu,l)M:l - (,UMQ);L:lH(LngL%)N zS:UiPZ {H(Uﬂ,i)u=1H(dL€LgH§)N} :

The last inequality of the above (24) is a consequence now of the first of the
identities in (21). Thus, by combining (23) and (24) and what we got in the
previous step, we arrive at

(25) IT @) = T2 gz

< CREVIp0amr = n2)azall 7712y

Then T is a contraction provided that ¢ > 0 is suitable small.
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Step Three: -
The solution exists and it is unique in (LngH;)N
We apply the contraction principle to the map 7 defined on the complete metric
space B(LfL?H;)N (0, R) and equipped with the topology induced by ||.||(L?L§L§)N
Step Four:
Regularity of the solution: proof of (uu(t,x,y))ﬁ;l € (L= (R; %”x?’yo))N.
It is enough to argue as in the previous steps just exploiting estimates (13) instead
of (12) in the proof of Step One. This observation enhances to

d+1

(26) T (w)piall e e0r < Cll(upn0)uiall goieyn + Cll )zl (EHg)N

The above inequality with [lu,oll 00 < ¢ guarantees the fact that
A

(up(t, x, y))ﬁf:l € (L™ (R; t%’;(f’y"))N. The proof of the part of Theorem 1 concern-
ing the global well-posedness is obtained. The remaining asymptotic complete-
ness property (6) follows easily by standard arguments (we remand for instance
to [1] and [14]). O

Remark 3. We underline here that the unique global solution (u,(t, z, y))ﬁ[:l

4 4
e L (R L (R x HI(M*))N earned in Theorems 1 fulfills also
(un(t, 2, 9))i1 € Li(R; LE(RY Hy (MP)Y
for the full set of Strichartz exponents (¢,p) as in Definition 1 because of

(27) ||(uu);]y:1||(LfL£H5)N <Ce<l

Proof of Theorem 2. From the proof of the Theorem (1) we know that
there exists a unique solution (uu)fy 1 € (LZLT’H 7)N to the problem (1), once

k> 5 and sup luwoll a0y <€ Consider now the auxiliary norms

1<p<
09 Iy = 3 [[VEE R
k=0,1
9 I,y = 2 [Tt

k=0,1
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where (¢,p) are Schrodinger-admissible pairs. We can start by proving the fol-
lowing.

Step One:
Let u”(t,x,y))ﬁ;l be the unique solution to (1) with initial data (umo)ﬁf:l S
(H;,y N %”x(f’y")N such that ||uu,0\|ﬁﬂo,a <eg, foranyu=1,...,N. Then

(30) [ (up(t, @, )0 1|| b @) n Il (u(t 2, y),- 1|| ) @)y < %
wz’th?zﬁ:%+2.

The classical Strichartz estimates (12) in connection with the bound (18) and the
Hoélder inequality, yield for any i = 1,2 and (¢,9') as in (21),

(31) ||T(uﬂ)u 1|| J() @p))

N
k N k 2 0, 0w
<IDF (uyn0) sl 2z v +C D 1D (| 570y |00
p,r=1

< CID7 (o) Nz, + CUIDE ()=o) gy )= NH(LWLP)

I
(L L L)Y

< CHD (Uuo)u IH(L2 N +C||Dk(u,u)u 1” LZLPLQ NH(UH);L 1” LngHg) :

In that way we must have

N
HT(uM)uzl H(ﬁ&”(i)y(é,p))N
N N
som%mwmm%w+owmwﬂmﬁﬂﬁmmwumwmm)

< CH(UH,O);]Y:1H(H;W)N + C(R(E)) H(uu)u 1” (g 7))
(32)
where in the third line we have used the bound (27). The proof of (30) is thus
complete.
Step Two:
Regularity of the solution: proof of (uu(t,x,y))ﬁle € L™(R; H;ﬁy)N.

It is enough to argue as in the previous step just using estimates (13) instead
of (12) in the proof of (31). This fact gives

(33) 1T ()l o W D IDT (w)ptll e

)N
(t t2)
1=1,2

(ii)
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N
< Oll(up0)=1llcr,

+C Z || u,u p= 1”(3{()

N 4
=1,2 t9) zy(@ﬁ))NH(uH)u:1||(LZ

(H»Q)LgHZ)N’
An use of (27) and (30) provided that HuMOH%o,ya < ¢ allows to take (t1,t2) =R
and it leads to (uu(t,x,y))ﬁle € L=(R; H;y)N.

As a direct consequence we have (8) in the case of (2). In the focusing case we
are forced to necessitate in (2) also that [0l g , <& forany p=1,...,N,in
order to avoid some blow-up phenomena, as noticed in [8].

It remains to show the asymptotic completeness property (9). By the integral

equation associated with (1) it is sufficient to prove that, for any p,v =1,...,N
N
(34 thgrgoo I /tl e m’yGuu(umuy)u”dSHH;’y =0.

The dual estimate to the homogeneous inequality in (12) gives

to )
(35) || e e F(s)ds|z, < CHFHLW 172
t1 v 1,t2) 7% Y

where (£, ') are as in (21). Hence (34) follows if one earns

tl,}figrgoo <‘|GHV(UM7UV)UN‘|L£; Q)Lg’[g + ||v Guu(uuauu)uMHLe; tQ)Lp L2)
=0,

(36) + lm [V G (up, w )|

7
t1,ta—00 Ll Lp L2

which is given by the argument used along the proof of the previous steps in
conjunction with (30). O

References

[1] T. CAZENAVE. Semilinear Schrodinger equations. Courant Lecture Notes
in Mathematics, 2003.

[2] L. FANELLI, E. MONTEFUSCO. On the blow-up threshold for weakly cou-
pled nonlinear Schrédinger equations. Journal of Physics A: Mathematical
and Theoretical 40, 47 (2007), 249-278.

[3] L. FANELLI, S. LUCENTE AND E. MONTEFUSCO. Semilinear Hamiltonian
Schrodinger systems. Int. J. Dyn. Syst. Differ. Equ. 3 , (2011), 401-422.



[4]

[5]

[10]

[11]

[12]

[13]

[14]

Systems of NLS Equations on R? x M? 251

G. H. HArDY, J. E. LiTTLEWOOD, G. POLYA. Inequalities. Cambridge
University Press, 1952.

Z. HaNi, B. PAUSADER. On scattering for the quintic defocusing nonlinear
Schrédinger equation on R x T2, Comm. Pure Appl. Math. 67, (2014),
375-406.

Z. HaN1, B. PAUSADER, N. TZVETKOV, N. VISCIGLIA. Modified scatter-

ing for the cubic Schrodinger equation on product spaces and applications
(to appear on Forum of Mathematics P.I.) ArXiv:1311.2275.

S. HERR, D. TATARU, N. TZVETKOV. Strichartz estimates for partially

periodic solutions to Schrédinger equations in 4d and applications. Journal
fiir die reine und angewandte Mathematik 690, (2014), 65-78.

C. E. KeEniG, F. MERLE. Global well-posedness, scattering and blow-

up for the energy-critical, focusing, non-linear Schrédinger equation in the
radial case. Invent. Math. 166, 3 (2006), 645-675.

T. C. LIN AND J. WEIL Ground state of N coupled nonlinear Schrédinger
equations in R", n < 3. Comm. Math. Phys. 255 (2005), 629-653.

L. A Maia, E. MONTEFUSCO, B. PELLACCI. Positive solutions for a
weakly coupled nonlinear Schrodinger system. J. Differ. Equations 229

(2006),743-767.

N. V. NGUYEN, R. TiaN, B. DECONINCK, N. SHEILS. Global existence for
a coupled system of Schrodinger equations with power-type nonlinearities.
Journal of Mathematical Physics 54 (2013), 011503.

A. PomMPONIO. Coupled nonlinear Schrodinger systems with potentials. J.
Differential Equations 227, 1 (2006), 258-281.

TERRACINI, N. TzVvETKOV, N. VisciGLIA. The Nonlinear Schrodinger
equation ground states on product spaces. Anal. PDE 7, 1 (2014), 73-96.

T. TAo. Nonlinear Dispersive Equations. Local and Global Analysis,
CBMS Regional Conference Series in Mathematics, AMS, 2006.

M. TARULLI. Well-posedness and scattering for the mass-energy NLS on
R"™ x MF, Preprint, 2016. Arxiv: http://arxiv.org/abs/1510.01710.



252 M. Tarulli, G. Venkov

[16] N. TzvETKOV, N. VISCIGLIA. Well-posedness and scattering for NLS on
R?x T in the energy space. (to appear on Rev. Mat. Iberoamericana). Arxiv:

http://arxiv.org/abs/1409.3938.

Mirko Tarulli

e-mail: mta@tu-sofia.bg

George Venkov

e-mail: gvenkov@tu-sofia.bg

Faculty of Applied Mathematics and Informatics
TU-Sofia

Sofia, Bulgaria



	Page 1

