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HANKEL'S TRANSFORM AND SERIES IN LAGUERRE POLYNOMIALS
PETAR K. RUSEV

It is proved that a complex function f, analytic in the region 4(Zg)={z¢C : Re (—2)1/2<J},
can be represented in this region by a series in Laguerre polynomials iff f is.a Hankel’s type
transform of a suftable analytic function.

The problem of representation of analytic functions by series in Laguerre
polynomials {L{*(2)}:=_, is solved by H. Pollard [I] in the case a=0. It is
interesting that the method used in [1] is closely related to this latter condi-
tion. As far as we know, the general case «>—1 (a==0) is not considered and
the aim of the paper is to give a result in this direction.

1. Laguerre polynomials and functions of second kind. The system of
Laguerre polynomials { L) (2)}: , can be defined in the region C—(— oo, 0] by
means of the corresponding Rodrigues formula, namely [2, 10.12, (5)]

(1) L@ (2)=(nl)"'z—*expz{z*teexp(—2)}', n=0,1,2,...

Here a==—1, —2,... is an arbitrary complex number, bul we shall con-
sider only the case a real and greater than —1.

We shall deal with series of the kind
(2) 2 a4, (2)

n=0

with arbitrary complex coefficients. Using the asymptotic formulas and inequa-
lities for the Laguerre polynomials, it is not difficult to describe the region of
convergence of the series (2). If

lo=—limsup (2yn)~In| a,[>0,
n—--co

the series (2) is absolutely convergent in the domain A(dg)={z ¢ C:Re(—2)12 <}
and diverges at every point z¢ C—4(4,). Let us note that if 1,<<+ oo, A(4) is
the interior of the parabola p(1,)={z¢C:Re(—2)'?=1,} and 4(+ co) is the
whole complex plane. )
The system {M()(2)}=_, of Laguerre functions of second kind is defined

in the region C—|0, ) as follows

e —t)L D¢
expt( )L, ()dt
-2

, n=0,1,2,...

@3) MP@=—[
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Using (1), from (3) after integration by parts we get that

® t"teexp (—t)
(a) — — .
M (z)-——~~0f ot dh n=0,1,2,...

Let Re 2<0 and [(2) be the ray {z¢C:¢=(—2)f, 0={<+ co}. Then the Cau-
chy inregral theorem gives that

n+a oo 4f+a
MDD ()= —_ [ ¢ exp (—¢) dr — —(—2)a ct exp 2t
w @=Ly M A
The last integral representation of the Laguerre functions of second kind
leads in a natural way to a generating function for the system (3) namely
(Rez2<0, weC)

oo M(“) oo ;a t
4) MY (z, w)= X —L,-;’z—)——w": —(—2) [ 1t— exp {lif;g +zt}dt.
n=0 : 0 +t

2. The class A(o). If 0<o= + o, with A(s) we denote the class of all
entire functions & having the property
5) limsup 2V @] ~'(In & (w) — w)=—o0.

Let us note that every entire function of exponential type less than one
belongs to the class A(4-co). How wide is the class A(s) shows the following

Lemma. The function

(6) O (w)= % 2w
n=0 *

is in the class A(o) iff
(7) limsup (2yn)~'ln a, <—o.
n— +oo

Proof. First we shall consider the case 0<<o< 4 oo. If (5) holds, then
for every >0 there exist B(d)>0 and N(6)>0 such that for n>N(J)

|a, <n! n—"max | ®(w)| <BG)n! n—"exp[n—2c—3)n]
|lw|=n

and Stirling’s formula gives that limsup (2Jn)~'In|a, <—o+4.
n—y+oo
To prove that (7) is sufficient for the function (6) to be in the class A(o),
we shall use the asymptotic formula for the system of the Laguerre functions
of second kind namely (3, p. 272, (11)]

(8) M (2) = —Vmexp(2/2)(—2)y =1 n=V1 exp {—2/n(—2) {1+ (2D}
where {u(®(2)}>_, are complex functions analytic in the region C—[0, + o)
and lim u((2)=0 uniformly on every compact subset of this region.

n—+oo

If the sequence {a,}>_, satisfies (7) with o<+ oo, it follows that for every
0<d<o there exists C(d) such that |a,|<C(O}—MP[—(c—0)%}, n=0,1,2,.
Having (4) in view, we get that

| @ () =C @M [—(s—9)%, w]]
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and therefore,

oo

| D (w) |= Of U[ exp || w| {1+t —(o— 8)%%dt}
—Olexplw] fexp[—(a—d)"t—lw]t—"]dt}

—OoW w|exp w _TJ_ exp[—(o— o) |w| (£+2-1)| dt)
(e—d) V|w|
0 |wlexp w| [ exp[—(o-8) ) w]|(ttt)at

(a—8W[w|

+V[wlexp ! [ exp[— (o—a)V|w (t+1]dt)

Viwl/(a—s)
J

=0{J[w| t=2exp[—(c—d)V w|(t+t")dt

+Jwlexp|w! [ exp[—(o—aN w|(t+E]dt)
~ O wlexp w|[ exp[—(o—d)[w (¢t}

~OWIw exp w J [1+£(E— )7 exp|—(o—oNTw] tlaf}

=0{J wl|exp[|w —2(c—9)V[w]|]}.
The proof of the Lemma in the case o= + oo is analogous to the given
above and we shall omit it.

3. The main result. Our “starting point” is the following integral repre-
sentation of Laguerre polynomials namely [2, 10.12, (21)]

9) D (2)=(n)"1z-<?exp z f° exp (—£) i+ J, (2 \zf) dt,
0

where J, is the Bessel function of the first kind with parameter a. The above
equality shows that the complex function n!2%? exp (—z)L{®(2), which is analy-
tic in the region C—(— oo, 0], is the image of the function exp (—¢){*+«2 under
a transformation of Hankel’s type. This observation gives rise to propose that if
an analytic function f(2) is represented by a series of the kind (2), the func-
tion z*2exp(—=z2)f(2) must be also Hankel’s transform of a suitable complex
function. We shall see that this is realy the fact.

Theorem. Let 0<iy=+ oo and a>—1. The complex function f, which is
analytic in the region A(i,), can be expanded in this region in series of
Laguerre polynomials with parameter « iff in the region A(lg)=A(4o)—(—43,0]
holds a representation

(10) f(R)=z—<expz o'f ta2 exp (—1) @ (£) /. (2 \zt) dt,
where @ ¢ A (%)
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Proof. First of all we note that if the function @¢ A(%,), the integral in

(10) is absolutely convergent at every point zeA(i.o) We shall prove this in
the case 1,<+ oo. If Re (—2)'2=1, from the asymptotic formula [4, 7.13,(3)]

follows that IJ(2\/zt)]—O{exp(21\/t)‘ If 6=(2,—24)/2 and 0=/< + oo, the
inequality (5) gives that

B (t)|=Olexp[t -2(2—3) VI |} = Ofexp [t—(1,+2) {1},
therefore, if £ — + oo

(11) t2 exp (—t) D(6)J(2 V2t ) |=Oft? exp (—28\t ).

Let us suppose that the condition of the theorem is fullfilled. Then,if the
function & is represented by the power series (6), according to the Lemma
holds the inequality (7) with o=21,. Therefore, the series (2) is convergent in
the region 4(4,). _

Further, if we define for »=0,1,2,... and z¢A(1,)

R2)=f(2)— ¥ al=(z)
n=0
from (9) and (10) follows that
(12) R(2)=z—Pexpz [ 14 exp(—t){ s "n_f"} J(2zt) dt.
0 n=v41 :

The function @*(#)=2X>  (n!)~! a,||w|" is also in the class A(4,). That is
why, if we replace @ by &* in the inequality (11), we can assert that for
every ¢>0 there exists 7= T(¢)>0 such that

[taexp (- t)D¥t) | S22t ) dt<e.
T
Then, for every »=0,1,2,...

(13) [ erep(nf 3 T et

= Zt"/? exp (- £) D*(f)| Ju(2\zE) di<e.
There exists N=N(e)>0 with the property that if »>N and 0=¢=T,

I () 1a,tt <e, therefore
T oo o
(14) [ tetexp(—£H{ 2 () la,t") J(2\zt)dt
u n=y-+41

=0{e J t2exp(—1)| Ju(2\t) | dt}= O e).

From (12), (13) and (14) we get that R,(2)=0(e), »>N, i. e. the series (2)
represents the function f in the region A(4,) and, therefore, also in the re-
gion A(4,).

Let us suppose now, that the function f is analytic in the region A4(1,) and
can be represented in this region by the series (2). Then, from the Lemma
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follows that the function (6) is in the class A(4,). This function by means of
the integral transformation (10) defines a complex function 7 analytic in the
region /(4,). But we have just seen that the function f is represented in this
region by the series (2) and, therefore f=f.

4. An example. Let f be an entire function of exponential type r<C1 and
A(f; 0)<1/2 (h(f; 6) is the indicator function of f). If F(f; ¢) is the Borel
transform of f, we define (w¢C)

O [ =g [ (A—0) " exp (—125 ) F(f5 ), ™

where I" is a Jordan rectifiable curve lying in the domain D={|¢|<1}n{Re¢
<1/2} and containing the conjugate diagram of f in its interior. Then it fol-
lows immediately that the entire function @,(f; w)¢ A(+ o). Now we shall see
that for z¢ C—(— oo, 0],

f(2)=2—"2 exp (2) Of'” ta2 exp (—1) D f; )2 V2t )dt.
Indeed, having in view that if 2¢C—(—o0, 0] and ¢ D
[t exp [~ t(1—0) 1] Lu(2 V20) dt = 2931 — )\ +aexp[—2(1 ),
we get easily that

z—oexp 2 bfw te2exp (—8) Do f; 1)J(2\IZ)dt

= 5,,1—,-1,1' exp (20) F (f; 0)d¢=f(2).

Therefore, f can be represented in the whole complex plane by a series
in Laguerre polynomials with parameter a [4, p. 40, (X)].

Let us note that the last statement false if %#(f; 0) =1/2. Indeed, the en-
tire function exp(z/2) cannot be represented by a convergent series in the po-
lynomials {L{/®(z)}> . [5, 9.5, (7)].

n=0
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