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APPROXIMATION OF FUNCTIONS BY MEANS OF LINEAR
SUMMATION BASKAKOV’S OPERATORS IN L,

TEODORA A. DJUKANOVA

We obtain an estimation for the approximation in L, by means of Baskakov’s operators
using the moduli T4 f; 8),_ .

The problem of approximation of functions by means of linear summation
operators in L,-metric is considered in [1]. In the case when we approximate
the p-integrable function by means of Bernstein’s and Szasz-Mirakian’s opera-
tors the estimations given in [1] are obtained by the following moduli:

wW(f; 5)Lp[a. n = llo(f, x; 8) e, 1=p<co,
where

([, x; 8)=sup {|ALf(D), ¢, t+kh€[x—kS/2, x+k8/2]N[a, b]},

AL ft= = (= 1y ( &) it mb)

It is well known that the Bernstein’s and the Szasz-Mirakian’s operators
are special case of Baskakov’s operators [4]:
o (x)

M) By 0= E f(4) - (-0,

where the sequence of functions {@,(x)}>_, satisfies the following conditions:

a) every function ¢,(x) is analytlc in |x—al<a, a>0;
b) ¢ (0)=1, n=1, 2, 3,.
c) (= 1Ye™(x)=0, k=0, l, 2, .., 0O=x=a;

d) -, (x)= nQp, Mu/n—1.for n— co;
Let us add a new condition on the functions {(p,,(x)}n=,°
e) there exists a natural number p such that ¢, ()= —ne,(x), n=1,2,.
The purpose of this paper is to find an estimation for the approxlmatlon
in L, by means of Baskakov’s operators. This estimation will make use of the
modulus (/3 8), see [2], [3].
The most essential properties of t,(f; S)L are:
a) ox(f3 &), =t f; 8),=0kf; 3),
where @,(f; 8). =sup {(/5~*IALf(x)lP dx)Ve, 0<h <8},
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Approximation by linear summation Baskakov's operators 33

(2) o (f; d)=sup{w(f, x; 3), a=x=b};
b) w(f; 8, =c(R)dT,_r(f'5 8)r,s
c) t.(f; mS)Lpg(Qm)*“tk(f; S)Lp, m>0 is an integer;

d) ©(f; &), =11 f'lle,;
e) tu(f; 8),=28V,f,

where V2 f denotes the variation of the function f in the interval [a, b].

The following interpolation theorem [1] is basic for our considerations:
Theorem 1. Let L, be a linear operator which satisfies :

a) if the bounded functwn f€L,, then L(f; x)eL,, x¢la, b];
b) IL,(f; e, =Kl fli 2 where K is an absolute constant and

“f”lg ={i—zl |f(x,-)|PA,}l/’. A,-=xi+1—x,-_|, x0=a' xk+l=b;

o) if feW(feW, if fr=V is absolutely continuous and f"¢L,) then
L. f5 .)—flleéK,d,’,llf"’lle, S=r,

where d,=—max 1<i<nA; and K, is an absolute constant which may depend

only on r.
Then for every p-integrable bounded function f in [a, b) the following

estimation holds true for d,<1:
WLa(fs )=, =Cr(f5 L Th
The constant C depends only on r, K, K,.
It is easy to see that Theorem 1 remains true by the following additional

condition on the functions f:
f — is p-integrable bounded function on [0, a] and f(x)==0 for x=a.
We shall prove that the Baskakov’s operators satisfy the assumptions of

Theorem 1.
Lemma 1. If f is a bounded function in [0, a], a>0, then

IBy(f3 il o, =l fuli:
L,={i/n, i=0, 1,..., k, kin=a<(k+1)/n}.
Proof. We set f(x)=0 for x=a. Then we have

I1B(f; . )”l_plo. a]=

1/p

a oV (x)(—x) i
(1 £ ) SO g f 1

Using Jensen’s inequality, we obtam

(ﬂ(x)(_ )l P 1/p

I ldx} .

2 oW(x)(—x) Ve

1B e, ,,,s{(f[ If(' 2 ldx)

"’(x)(—-x)

é flf(%)l 3(‘)(f)—(—~f£d} —{Elf( Ly f———-————-—dx}

3 MNancka, T.
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Further we have

0y (x)(—x)’ 1 (=%’
= P = [ e
(l'—l)(x)( x)l a (l—l)( x) (p(,:—‘)(a) (_a)i (i—l)(x)( x)l_
= i1 '0_([ A= x)= il +t{ —nr 4
oy @) (—af | oY Na)y(—a) " 1 @I (—x)?
= i Y ) (i—2)1 dx
PR 21 & a
=3 In (a)( % +J¢,(x)dx
k=1
We use that ¢,/ (x)=—ne,(x), n=1,2,... or @x)=—¢, (x)/n. Then
o¥—(x)= - (x)/n and
1 & o @(—af 1 &,
J=- n é, —“k—!—_ n ([‘pn+u(x)dx
i (k)
1 o) (@) (—a) 1
=—— kil ————————+"k| T Pntn(a)+ n @n+u(0)
1 4 ef@(-af
= &—“T“i‘ — Putu(0).
It is easy to see that @,+.(0)=1 and
i o™ w oW —aY*
g oh@ca g @O gy,
k=0 k=0

We thus obtain |/|<|-1/n|+|1/n|=2/n and
o s iJf2
1B(f3 - lepo, a,g{l;‘lolf(T)l -1 §||f||l§n

Lemma 2. Let f be a bounded function in [0, ) and fe¢W} in [0, ).
Let f(x)=0 for x=a. Then

1By (fi.)—f llz o, a=c(a)l "’ i A0 al nL
Proof. The Taylor’s formula gives for £, x¢[0, a]:

FO=F () +E=2) £ )+ [ (E=0)4 £/(©)d0+ [ (0 1). £/(8)ao,
BYf®); 9)=BJ(f(x): 0)+BLf(x); )+ B~ xf(x): %)
@ +[BYE-0)05 ) f'0)d0+ [BY©O—1)1; )1 (00

=B ; X)+f Bt x)=xf (OB ; x) J%? Nx; 0)f(6)d8,
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where
B((t-0):+; x), 6=x,

B{(©®—1)+; %), 0<x,

Using that Bj(1; x)=1 and B)(f; x)=x we obtain B)(f(t); x)—f(x)=
faN(x; 6)f(0)d0. Then

N(x; 0)=

IBYS ) =F o, o= IBYf5 ) ~fldx
(4) =1 [NGes 0) 70001 dx< 1700 [ Nux; 0)dxao
= max fN(x; 0)dx flf”(e)ldﬁzll " e, a) moafo(x; 0)dx.

0=6=a

We shall estimate [§N(x; 6)dx. Setting g, x(x)=@®(x)(—x)*/k! we have

f N(x; ) dx— f Bi(t—0)+ ; x)dx+ f Bi(0—1t),; x)dx

(5) — f [ (fni —0):q, 4(x)dx+ f [ :i(e— —f,-)+qn. w(x))dx

‘LM8

oo k (:) k a
= G — 04 [0 DX +O= ) [ G (¥)x).
We shall prove that:
] 1 S a l k
(6) bfqn. k(x)dx = n i=§+‘qn. 1‘(9)' {qu. k(x)dxé n iEO qn, 1(6)'

Indeed, we have

? 0 gy ) (—x) ;e
J G, (X)dx= [ T dx = —m(( eW(x)d( — x)k+!

0

B (x —x)ktl O o (_phtl o+ (x) oM(0) (— ot 0kt (x)d (—x)tt?

a wrnr [ aanyr —9x = &+DT (k+2)!
_ePe-ettt «o:."+"<ox—e)*+"’+ 0 @t (ay—xt*? ix
(k411 ®F )1 J oy
(v), v+ 1 .
. — = Pp (0)(“‘9) a 1 (v+1 - 34
== E = £ (- L) et e —0) (v + 1)1
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36
Similarly,
a  @)(x)(—x)* - (=)o M(x) @ a ¥ V() —x)*!
{ k1 dx = k1 L, (k—1)! @
ooy ) (—nY @
:...:vil vl — | +J(pn(X)dx
k‘ 1 a a ,
= 2 e = g [0 (0
1A o) (=0 1
= —— v,‘;l L\/!—_h‘ ' [Pn+u(@) — @n1u(0)]
oy L oonl@=a & o, 00" |
v=0 v! v=0 v
1k 1§ S
“n .'io 9n {O) — 5 iEO In. A= ii‘ n. A0
Thus
a 1 %
éf In, ()dX=—- EO Gn. i (0).
If we denote
1k , I [ ]
O= % I (5 —0)s r(0)=0, t® = E (0= )
i=0 1= +

and use (5) and (6), we obtain
a 1 3 et k k

(7)) [Mx; 0)dx=—- Z I g, d0)+(0— ) X g, d0)}
k=0 i=k+1 + =0

= (@O — 71 ) E g, (0)+(tO) L1 1(0) T g, (0)}
k=0 i=k+1 A=0

= X 7(0)gn k+1(0)+ I £x(0)q,, «(0).
A=0 k=0

It is easy to see, that
r(0)=0 for k<no,
r0)=[(k+1)/n—0]2/2+3a/2n for k>nb,

t(0)=0 for k=no,
1, (0)=(k/n—0)%/2+ 3a;2n for k< no.

(8)
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Indeed, we have

=" S _g.-L £ (L_g
7(0)= 7:‘:1(_"— )+ = n i=[:o)+1(7_
0
:%(k(k;l)_ [n9]([n6]+l))___(k_[n9])

k+1 N 3a
+p o LA _ep=H—ep+ 5

o— Ly = L e 1
k( _T)+_ —"—l=k( n

L 0ol k(k—l) )
n? 2

Il 48

1
tk(e)= n P

= 2 (ol —k+1)—
Hp (0P =y (- OP= g (0P g

From (7) and (8) we obtain
[ NGes 0)dx= S (7ea(8)+14(0),. ()
k=0

1

= 5 (g (5 =0 + 57)0..4(0)
) B S R 1 b 3a 3
- ?k‘:\-‘:() n2 qn, k(e)"'e k\:()an, k(e)+7 02 k\:oqn. k(9)+27kioqn. k(e)

1 m x . 3a
=5 (3 + - — 20x+ 0%+ 5

a 2a
:—(x 9)2-!' + <2”+ 2n<_n-'

where we have used, that
Bi(1; x)=1, Bi(t; x)=x, B(t?; x)=x2m,/n+x/n, my/n— 1.

We thus have

a . _ 2_a
ogeé;a ({N(x » 0)ax .
and
9) IBy(f3 =S, a=C(a)ll f'lijo, ay/.

Using (3) we obtain
1B, (f5 %)~ fo)l= B[ (t—0)-f"(0)d0 + { O=0-LO): =)

<11 1B (¢ —0) a0+ f (0—1).d8); x)
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' t X
=I11"IcBy(([ (¢—0)dd+ [(B—1)d6); x)
=lf"IeBy((t—x); x)=If" B2 x)—2xB(t; x)+x’B,(1; x)}
= f" Hc(x?mT" + —::— —2x2+4 x2?) = % Il f"llcro, a)é% " licro, a)

and
(10) 1By f5 x)—=f(x)=allf" licio, a)/n.

Using interpolation theory arguments [8] and noticing, that the space L,
is an intermediate space between L and C, we obtain from (9) and (10):
1B:(f. )—f”Lp[O, a=C(@) Il ' i [0, aj/n, where the constant C(a) depends only on a,

Lemma 1, Lemma 2 and Theorem 1 imply the following

Theorem 2. If the bounded function f is p-integrable on [0, <o), and
f(x)=0 for x=a, then

IBL(f3 - )=f Lo, a=Clayw f; n="72),
where the constant C(a) depends only on a.

Corollary 1. If f is a function of bounded wvariation on [0, <) and
f(x)=0 for x=a, then

B3 ) —f kg, alécl(a)g/f.n—'f-’.

Corollary 2. If f is a function of bounded wvariation on [0, <) and
(x)=0 for x=a, then

1B(fs )—fliep, a,gC,(a)\:/f' .l

These corollaries follow from Theorem 2 and the properties b) and e) of
the moduli t( f; 8)e,,

In the periodical case the following property of to(f; S)Lp is satisfied [6]:
To( f5 0)r, =< 168X f; ), i

In the general case it is proved [7], that: t(f; 6)Lp:_;,(,‘(k)8m,,,_‘(f’; S)Lp_
From this and Theorem 2 we obtain:

Corollary 3. If the function f has a derivative f ¢L,0, <o) and
f(x)=0 for x=a, then .

”B:(f; . )——f”l,n[o. a]éCs(a)(!(f' ;o n—12 )Lﬂ(o. al-
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