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CONVERGENCE RATE FOR SPLINE COLLOCATION
TO FREDHOLM INTEGRAL EQUATION OF SECOND KIND

ANDREI S. ANDREEV

An error estimation is obtained in Lp (I=p<co) norm for the approximate solution of
Fredholm integral equation by means of linear, quadratic and cubic splines, determined by the
collocation method. In the case, when the solution of the integral equation has derivatives,
the estimations between them and the derivatives of the splines are given. .

We shall suppose that the equation
1
(H _V(X)-—MK(X, Hy@dt=f(x), 0=x=1,

has an unique solution, i. e. A is not an eigen-value and let us denote x;=ik,
i=0,1,..., n x;=x,—h/2,i=0,1,..., n+1, Xo=0, x,,ﬂ—l h=1/n. By S,
k=1, 2, 3, we shall denote respectively linear, quadratic and cubic spline, if

a. S, €ChT\s
) b. S, is polynomial of degree <k in {[x,, {“] i=0,....n-1, k=13,
[x5 Xi+4]s z—O RN (R k=2.
If in addition S, satisfies the conditions Si(x,)=g(x;), i=0, 1,..., n, for a
given bounded function g in [0, 1] we say S, is interpolating spline for g.
For simplicity we assume that the solution y of (1) is 1-periodic function.
Lemma 1. Let S, k=1, 2, 3, be 1-periodic spline, defined by (2). Then
the following estimate |Sylicp, l]<Rk max IS(x,)| holds, where R,=1, R,

<i<n
=Ry=5.

Proof. For x¢[x; x;4+] it follows S)(x)=(x;+,—x)/k. S,(x)+(x —x;)/h
.Si(x;+,) and it is clear that R,=1. In [1, p. 69] the case k=2 is proved. In
order to find R; we shall use the representation of Sj in [x,_,, x;, [1, p- 83],

Xi—X

3) Sy(x)=M,_, (xz— xp +M, (x—x._1)3 F(Sy(xi1) _M‘_lh) -

+(Sax) —Tgh) £
where M;=S8;(x;)- Denoting a(x)=(x;,—x)/h, B(x)=(x—x;_)/k, from (3) and
a(x)+p(x)=1 we get

15001 = ISa(x,—1)laCx) HSy(x)IB(x) + & ' ® (IMa%(x)+ M, |B¥(x))

(4 2 2
+ T(IM,»_,Ia(x)-HM,IB(x))g o";li(n [Ss(x)l + 5 ogfgxn IM; .

PLISKA Studia mathematica bulgarica. Vol. 5, 1983, p. 84—92.



Spline collocation and Fredholm integral equation 85

From the system [1, p. 84]
M+ AM+ M =1285(xi— X5 Xi1q), i=1,2,.,., n
My=M,, M=M,,

and from lemma 1 in [1, p. 29] it follows that

(5 -+ nax IM]<5 Jnax [Ss(xi—1s Xis Xpi)l= ,,, max. |Sa(x)l-

The inequalities (4) and (5) give R;=5.
Let S, be determined by

(6) Si(x)—\ jk’(x,.,’t)s,,(t)dt=f(x,.), i=0, 1,.

and by the periodic conditions (when 2=2, 3)
(7) SN0)=8WV(1), =1, 2.

The conditions (6), (7) determine entirely coefficients {a;}, {6}, {¢c;} in the
representation of S;,, k=1, 2, 3, on B-splines,

Si(x)= X aBl {x), Se(x)— ng,,{x), Six)=, 2 CiBs, {X)-
Let S, k=1, 2, 3, be interpolated spline for the solution y of (1). Then
_ 1 _ 1 _
8) Sux;)=A ([K(x,-, t)Sk(t)Jt—}»ofK(x,-, B Y(t) —Skt)dt=f(x;), i=0,1,..
If we denote @x=38;—S,, k=1, 2, 3, then subtracting (7) from (8) we have
1 1 .
) Qux)=A[Kxy OouOt+A[K(x, X HO—Sie)dt, i=0, 1,..., n
From Lemma 1 it follows that
(10) ._ - [9klco, 1= max gk(x,).
k 0<i<n
Applying Hélder inequality we get from (9)
. 1 _ 1 -1
lox(xl < lilicro. 1y M max [1K(x, Olde+ M IK(X i)y =St o, 11 5+ 5 =1
0=x=1 q P P q
and in view of (10) follows
ll@rlico, 1)=(RelA| - Kq||§l¢—y”Lp[0. 1)/(1 —pR%),
where p=|| n3ax JIK(x, tldt, K,= rpa§ IK(x, -)”Lq[o, 1 -

From the last inequality and 1l y— Skl 0 =1y — Sllz 0. 11+ 19kliz o, 1y it fol-
lows under the condition 1 —pR:;>0
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, : B IMRLK, —
(11) i y—‘Skv;Lp(O. y=(-+ —l—_B—R"Z-')”y—Sk”Lp[O. -

In [3] is proved the following
Theorem A. If 1-periodic, bounded function f¢L,[0, 1], then

I f— Skl A0, 1] = <\t (fih) 0. 115 k=2, 3,

where Sy is interpolating quadratic or cubic spline for the function f on
equidistant set of points.
Without restriction for periodicity in a similar way as in [3] can be proved

(12) I f—Silie 0. 1) <coto( [ h)L 0. 11 -

The modulus t( f; 8); in above estimations is defined as [2]: tw(f; B)Lplu. 1]
=llax(f, - 8)[1. [0, 1] Where

Ok f, 3 8)=sup {IALf(E), . t+kh€lx—kS/2, x+k3/2) (10, 1]}

From (11), (12) and Theorem A we obtain.
Theorem 1. For the approximate solution S, of the equation (1),
where Sy is determined by (6), (7), the following estimate

I y’—‘SkZILplu, n=cR)ye+(y; h)Lp[O. 1y, k=1, 2, 3,

holds under the condition 1—pR,>0.
In the case k=1 the condition for periodicity is not necessary.
From Theorem 1 and the properties of the modulus t( f; S)Lp(o, (2, 3, 4]

(13) (S5 8o, i =c(R)Bwrr(f'5 8)ro. 11> TS5 ) o 11 =811 i go, 1y
1
T (f5 8o, 1 2528\({f

1
(\Vf is the variation of f) series of corollaries can be obtained.
0

In the case when the solution y of (1) has derivatives we shall find esti-
mations for || yO—80, 10,1y, k=1, 2, 3, i=1,...,k.

We introduce the modified Steklov’s function [5] f,, , for a given func-
tion f defined on [0, 1+4&4):

feony= S0 Fo fifiet bttt § ) vt Bt o)

>

e (— 1 (k_'fl)f(x+t—‘—+—"k—'+—t*)]dtldt2---dt,,.
It is clear that

, 1 A ARttt Updf. ...
I f~=Fs wlejo. =5 J"'J(JM“ l_k__’*f(x)lpdx) Pty - -dty

1 1+ kh—kt
(14) = sup (JlA}f(x)lde)”Pg sup ([ 1A fColPdx)Psou( £ )i o, vemm
0<t=sh o<t=sh O
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Analogously, if f¢L,[—khk, 1], then

(15) i fr. —n— Sl o, u =0 f; R)L (—kn, 11 h>0,

and it is evident that if f®¢L,[0, 1+4kA] (f* ¢L,[—kh, 1], then
(16) ”f"’—ff,',),,”l.p[o. 11 =0 /l)l_ 0 1+knp 0=r=k,
(17) Eif")—fg’_’_,,Ple[o, 1] =ap(f; II)L[ ki, 1] Oérék.

Lemma 2. If f9¢L,[0, 1+kh], k>0, 0-<r<k, then
i f(k’,)h”Lp[o' 1 =c(k, I f”Lp[O, 1+ kh]-

Proof. From

fO (%)= "‘) J...f[f(r)(x_,_tl_f_..._*_tk) _( ’l‘ )fm(x+ k—_k—l(tﬁ—--~+tk))

”k—l I3

(P () 10 o+ A Yty = S

(V)
h kB (k) k—1
St ) = G ()AL, SO S k)
Ry +(—~1)"—'k"—‘k'( )A' fle+ Attty g, 0ty ,,

we get

1 h ho1 .
1wl = o5 [ [(fI&G fx b+l )+ -+

-

R(— 1) (,:_ l)A,'L fox+ ot tler y? g0 at, . dty < 27h( fiL o, 14am
k

‘ koo kO
+(m) Hfill.plo, 1+ (k=) + R (k_l);lftll.p[o, 1+m=c(k, r)h—’HfHLp[o, 1+ kh]-

~Lemma 2. If fW¢L,[—kh, 1], >0, 0:<r<k, then
”fﬁ”_,,HL 0,11 =c(kR, 7 filL A=A, 1]

The proof of this Lemma is similar to the proof of Lemma 2.
Lemma 3. Let f®¢L,[0, 1 +kk], h>0. For every polynomial p¢He 4
amz' 0<r<k the following "estimate

IO —POIL 0,y S @k(f75 R o, 14am+c(ry Y11 f—PlL fo.1+4n1

holds.
Proof. For x¢[0, 1]: fix)—P(x)= f(x)-f,, W)+ fr. (%) =P, y(X)+ Py, 1(x)
—P(x) and since ||P,, w— Pl jo, 1) s 0P R jo. 14+4m=0 it follows

(18) 1O —POliygo, 1y S 1O —FD o, + 12— Pyl o -
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From (16), (18) and Lemma 2 we have
{if"’~P‘”!!Lp[0_ 1 =Zop( fi0 h.)Lp[o, 1+xn) + (R, t)h“’iif——PEll.p[o. 1+ kh)-

Analogously to Lemma 3 we obtain
Lemma 3. Let fP¢L,[—kh, 1), R>0. For every P¢H;_,, 0<r=k, the
following estimate
i 'fP(”l!Lp(u. 1) <o f h)Lp[—kh. 1+ ck, f)lt"”f——P“Lp[f—kh. 1]

holds.
Lemma 4. Let f¢L,[0, 1] and 0<t-=1/2kn. Then

1
S 0), iio =C RS o
=0 P'n’ n

i

Proof. Let us denote

aif. i (55 [ 18t oy

where Aff(x)=0 if the finite difference A*f(x) is not defined. We define
w(f5 8)g p10, 1) =l £, -5 S)q:il_pw_”. In [6] it is proved that there exist con-

stants ¢,(k) and cy(k), for which ¢,(R)t(f3 8)p. pio. 11==0x( [ ) jo. 1) Zcy(R)l f
8)p. pi0. 1, 8=1/2k. Hence

n—1 n—1 p n—1i+1/n
I wt(f, ;i =cf X (f; i iv1,=C8 X o f, x; t),dx
o "(f' t)tpl{l-. '—:—'l R "'(f' )p.p(—';. '—in'l 2,5 i?/';. z(f‘ ’ )Pd

l ,
= Cgor(!)z( f, X, t),,dx = C’;Tk( f; t)p rl0, ”f_\'(C‘—‘Cz)p(Dz(f; t)Lp(l), 1] -

Theorem 2. Let the solution y of the equation (1) be 1-periodic and
YN€L,0, 1). Then under the condition 1—pR,>0 the following estimation

1yO—=SDie jo. 1) =Wom+1-AY"; R)jo.n)s r=1,...,m,

holds, where S,, m=1, 2, 3, is respectively linear, quadratic or cubic spline,
determined by the conditions (6), (7).

Proof. We shall prove the theorem only for m=3. In the other two
cases the proof is analogous.

For x¢[x;, x;+h/2), i=0,1,..., n—1, k=4, t<h/8, 1<r<3, we get
from Lemma 3

i y(”~3f,"lle[.ri, xi+k/2]'§:mg(y(’) 3 t)Lpl.r‘. xp+r2ean+ (),
(19)

Jiy——Saile(x'.. w2 =0y t)Lp[x‘.. x‘.H]+C|U)h“’!iy—Sgiin[xl.. X
and similary for x¢[x;+4/2, x;4+,}, i=0, 1,..., n=1, using Lemma 3’ we have
(20) Iiy"’—-—Sf,’)HLp(x,Mn. 1 =0y t)Lp[x‘.. x‘.+11+Cg(f)h"ily—Salle(x‘. x

i+l
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From (19) and (20) follows
le y(r)()‘;)_Sgr)(x)lpdx§

c(ry (Y75 O i, i+1/n|+h"”l!y—saﬂ‘,{p[xi_ le]]
and consequently
(21) “.y(’)_s(” L 10 11 =c(r, p)[‘ om”(y") t)’— [x; xt+1|+h"”f1y S*’”L pl0 l]]

Using the properties (13) of the modulus t(f; 8)L and Theorem 1 we get
(22) h="P) y—S3lif 0, =cy(rjef_ Ay k), L0, 117

From Lemma 4 it follows

n—1

(23) 2 005 O =0 YO5 Aoy -

Using (21), (22), (23) and the property ws( y("; h),, 0,1 =cs(plos_(y; lz)L o 1]
we finally obtain

Iy —8SOi, 10 11 =00 (¥ ) pl0- 1)

When the solution y of (1) is not a periodic function, then in the esti-
mations in Theorems 1, 2 additional terms of the form ck* appear. For exam-
ple we shall consider the case when the solution y of (1) has the property
Y"" €1 0,1 and we solve the equation (1) by cubic collocation splines.

Lemma 5. If S; is cubic spline for which S;(0)=A,, S;(1)=B, Then
the estimate |Sslicpo, 1)= 5max |Sa(x1)|+/l2 max [|A,l, |B,l)/3 holds true.

Proof. From (4) we ¢ have

(24) 1Sslicro. 1)< max 1S5(x,)l + A2 max 1M.1/3,

and from the system [1, p. 84] ‘
AM, + My=6A2Sy(x,)/h2— A, My=A,

(25) M +AMi+ M =6A8y(x,y), i=2,3,..., n—2,
M, _o+4M, _ =6A2Syx,_5)/h?—B,, M,, M,=B,,

using Lemma 1 in [1, p. 29] we find

(26) ggnlMAg 12  max |S3(x)l/h2+max [|A,l, |B,l]/2.

The inequalities (24) and (26) prove the lemma.
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Lemma 6. Let x;+ X agx;=y,i=1,2,..., n be a system of li-
=1, j4i

n n
near equations and X |ag =q<<1 X la,l-=q<l. Then the estimation
J=1, jai i=1, i/

n
=1y, /((1—q) holds, where !lxil/”=(‘_§’l lx;1P)'e.

This lemma is proved in [l] for p=2. For arbitrary p==1 the proof is the
same, replacing everywhere 2 by p.

Lemma 7. Let the function y have a bounded second derivative in
[0, 1] Then |y;—A2y, h?l<=ofy", x;5 k)2, h=1/n, y,=y(i/n).

The proof is given in [7].

Lemma 8. If f'"¢L,[0, 1] and f" is absolutely continuous function,
then

Hf(”—‘sf,’)ﬂl_p(o. n=cke(f"; h)Lp[O, 1) +eh?HVr—rmax [ | fo— ALl | f,—Balls

where Sy is interpolated cubic spline for f under boundary conditions S;(0)
=A, S 1)=B, h=1/n, 0=r=3.
Proof. Denoting M;=S8%x,), i=0, 1,...,n, for x¢[x, x,+] we have

M1 M;—f; fin—fi "
1Sy () — e —| T Bl | ST e

B X M, + —f:’ , Mi_f;' r 1 fl ’”
et Mot L M S )

and consequently ‘
. n " no i fio—f;
(27) 1S5S o = CAPY R S M filP+ X[

*i

—f""(x)lPd x).

If we write the systemn (25) in matrix form AM=B, M=M;, My, ..., M, )
B =(6A%,/h—A,, 6A% |k, ..., 6A%, o/h2>—B,), then setting f'=(f1, fo .. ..,
fr1) we get AM—f")= B Af" Applying Lemma 6 to the last system we
have

n—1 n—1
E, IM,-_fl’,’lp,_gEl I6Aafi—l/h2“ 1’:_1——4f""~—f;.'+1|l’+If;;——A,,|”+
Bl <2 S PN Sy fP 1S~ 2P i Al £ Bl
aud using now Lemma 7 we receive
n—1 n—1 ’
(28) ~§1 IM;—fIP<2P(1 +37) ._El oy, x5 k) + | fo— AP+ fr—BlP.
On the other hand,

—p n—1 Xy

- 1 70 1 9 ‘
(29) h! P’: (Dp(f x‘, h)——— —,El xf m;(f y X5 h)dx
i—1
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i n—1 *it+1 , WP
5 X [ eyf' x; 2h)dx:———2 w(f; 2/1)1,p[0, 1 =cPo?(f"; h)Lp[O.l]»

=y

IA

1 X X.

TU S S bde="s ' (LT e priotpds
*i i *q

n—1
(30) X

=0 =0 x
n—1 *ig1 Figq

<hria—r X [ 1f"()—f""(x)lrdtd x,
i=0 xi x‘.

where 1/p+1/g=1.

Let us define the functions

—x, 0==x<h, h, O<x=<1—~h,
a(x)= X)= =
Then
n—1 %41 *iq ) 1 x+B(x)
(31 2 I [ 1f"®O—f"x) Patdx<[ [ |f"(&)—f""(x)Pdtdx
1 Bix) )

E j xj( x)lf"’(t)—f"’(x) Ipdtdx= [ ['1f""(x+u)—f"'(x) Pdudx
_*_j ui)lf’,’(x+u)'_f”’(x) l"dudx:j l]_uIf,,,(x+u)_filr(x)lpdxdu
+ fo fl |f""(x+u)—f""(x) 1P dxdu= f (sup 1g'"If”’(x+u)—f”’(«~r) P dx)du
—h —u Osu=h

0 1
+_ [ (max - [If"(etu)— 1) Pdx)dus2ha( [ 5 R

From (27)—(31)

1f"" =S85 e o, =co(f"; ko, + ek Vp=" max (| fo—Anls | f,—By))-

For completion of the proof we must use the well-known inequality
1fO—=SP Lo, 1) =h IfEHD— S jo.yy» E=0, 1, 2.

Theorem 3. Let the solution y of the equation (1) have the third
derivative y'''¢L,[0, 1] and y'’ is absolutely continuous function. Then under
the condition 1—5IM|N[YIK(., )| dtiqo, >0 the following estimate for
r=0,1, 2, 3

190 =Sz jo.1) =0 (y"" 3 A)p o, 1)+~ max [1y5— A, 1y,—Bil])

holds, where S; is a cubic spline, which is determined by (6) and by the

boundary condition S;(0)=A,, S;(1)=B8,.
The proof of this theorem can be done in the same way as the proof of
Theorems 1, 2, using Lemmas 3, 5, 8, choosing intermediate interpolated cubic

spline S; for the solution y (in Theorem 1) with boundary condition Si0)=A,,
S¥1)=B,. So the spline ¢(x)=Sy(x)—Sy(x) (used in Theorem 1) will be
with boundary condition ¢/(0)=0, ¢’’(1)=0.



92 A. S. Andreev

REFERENCES

1. C. b. Cteuxkun, K. H. Cy6oruu Cnraitupl 8 Bbuncaureabnoii Matematuke. M. 1976.

2. V. A. Popov, A.S. Andreev. Steckin’s type theorems for one-sided triginometrical
and spline approximation. C. R. Acad. bulg. Sci., 31, 1978, 151-151.

3. A. Andrecev, V. A. Popov. Approximation of functions by means of linear summa-
tion operators in Lp. Acta matematica (in print).

L E L JJoaxkeuxo, E. AL Cesactbsaunos O npubmpkenHax ¢yukuuii B xayciopposoli
METPHKE MOCp. KYCOYHO MOHOTONHBIX (B YACTHOCTH PalMOHAAbHBIX) (yuxuuii. Mame.u.
c0., 101, 1976, 508—511.

5. 1. @ poita, B. A. [Tonos. Hekotopbie BONPOCHI, CBA3aHUbIE C annpoKcHMauHeil Cruin-
(pydKUusaMu 1 Muorounenamu. Studia Sci. Math. Hung. 5, 1970, 161—171.

6. K. Ivanov. On a new characteristic of functions. Pliska, 5, 1983, 151—163.

7.A. C. Anapeen, B.A. [Monos, ba Ceunaon. Ouenkd MOrpeurHocTH HHCJICHHOrO pe-
ieiMs OOLIKHOBEHHBIX JIH pdepenunaabnblXx ypasuenuit. JK. 8suuca. mam. u vam, gus.,
21, 1981, 635—650.

Centre for Mathematics and Mechanics Received 23. 11. 1981
1090 Sofia P. O. Box 373



