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CONFORMAL FLAT AK,-MANIFOLDS
OGNIAN T. KASSABOV

In this note we examine conformal flat AK2-manifol(ls of dimension 2mz=6.

1. Introduction. Let M be a 2m-dimensional almost Hermitian manifold with met-
ric g and almost complex structure J. The Riemannian connection and the curvaturé
tensor are denoted by vy and R, respectively. The manifold is said to be a Kahler of
nearly Kihler, or almost Kahler manifold, if

v/=0 or (y./)X=0, or

8(v:)Y, 2)+8(vp)Z, X)+8((v2))X, ¥)=0,

respectively. The corresponding classes of manifolds are denoted by K, NK, AK, e
pectively. It is well known, that for these classes

(1.2) (V)Y +(vx/ )WY =0
holds [2].

For a given class L of almost Hermitian manifolds its subclass L; is defined by
the identity (i), where

1) RX, Y, Z U)=R(UX, JY, Z, U),
2) RX, Y, Z, U)=R(UKX, JY, Z, U+ R(JX, Y, JZ, U)+R(JX, Y, Z, JU)
3) R, Y, Z, Uy=R(X, JY, JZ, JU).

Then we have LycLycLy and NK=NK,, K=NK,=AK,, K=NKN AK [2].
The Weyl conformal curvature tensor C for M is defined by

CX, ¥, Z, U)=RW, ¥, Z, U)— 2ot U)SIY, 2)

—g(X, 2)S(Y, U)+g(Y, 2)S(X, U)—g(Y, U)S(X, Z)}
+ o= @iy X V) alY, 2)—g(x, 2) g, U)},

(1.1)

where S and t are the Ricci tensor and the scalar curvature, respectively. It iS well
known, that (if m=2) M is conformal flat if and only if C=0. .

Conformal flat Kdhler and nearly Kahler manifolds are classifield in [4] and [5)
Here, we shall prove the following theorem: 9

Theorem. Let M€ AK, be a 2m-dimensional conformal flat manifold, mz4
Then it is one of the following :

a) a flat Kdahler manifold ;

b) a 6-dimensional almost Kihler manifold of constant negative sectional cur
vature;
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Conformal flat AK,-manifolds 13

¢) locally M,X M, where M, (resp. My) is a 4-dimensional almost Kihler mani-
folg of constant sectional curvature —c (resp. a 2-dimensional Kahler manifold

of tonstant sectional curvature c), ¢>0; )
d) locally Myx M,, where My is a 6-dimensional almost Kihler manifold of con-

Stant sectional curvature —c. ) .
Remark 1. We don’t know whether there exists an almost Kihler manifold of

Constant negative sectional curvature of dimension 4 or 6. o .
Remark 2. If a conformal flat almost Hermitian manifold M satisfies the iden-

fity 3), then S(X, ¥)=S(J.X, JY) and M satisfies also the identity 2).
2. Preliminaries. Let Q be a tensor of type (1.1). According to the Ricci identity,

1) (Vx(VrQ)Z— (vr(vxQ)Z=R(X, ¥)QZ—QR(X, V)Z.
From the second Bianchi identity it follows
2m
) LW RIX. ¥, 7, E)=(vs) (V' 2)~(weS) (X, 2)
2m
(23) 2 (veS) (X, E)= 5 X)
Where {E;; i=1,..., 2m} is a local orthonormal frame field. We shall assume that

my=JE, i=1,,.., m.
Let the tensor S’ be defined by

2m
S(X, V)= % R(X, E;, JE, JY).
i=1

For an AK,-manifold the following identities [1, 2] hold:

2.4 AVAS—SN(Y, Z)=(S—SNVx)Y: J2)+(ES—S) (Y, (vx))Z,
(25 251 (Ve (e DY = 251 K95 DY,
(26) R(X, Y, 2, U=R(X, Y, JZ, JU)=—gKX, ¥), KZ U))

Vhere K(X, ¥)= (v )Y —(vy )X,

) = —(v X. .
fr A Q'dimeﬂSiomﬁ a]mogtYH)ermitian’ manifold is a Kahler manifold. It follows eajll');
d_Om (2.6), that if M is an almost Kahler manifold of constant curvature ¢ and i
MM=4, then c=<0 and c¢=0 if and only if M is a Kihler manifold. On the other
f:lr:jd’ 33" almost Kahler manifold of dimension 2m=8 is automatically a Kdhler mani-

3. Proof of the theorem. From C=0, (2.2) and (2.3) it follows
B @S0 2)-rS) (X 2)= gy {8V, DX 8K, DY)

Since C=0 we have

’__ 1 — T
S'= 0T ST s sy &

Hence, using (2.4), we find
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' X
(32 AV, 2)=S(V )Y, J2)+SUY, WD)~ Gy iy &Y+ 2D
Let X1 Y, JY. According to (3.2) and (1.2),

WxS) (1, D+ xS Y, IN—=(vrS) (X V)= (WorS) (K, JV) = — =iy gy 8V V)

The last equality and (3.1) give X(r)=0. From X(1)=0, (3.1) and (3.2) we obtain
(3.3) (VxS) (Y, 2)=(vyS) (X, 2),
(3.9) 2(vxS) (,2)=S((vx))Y, JZ)+S(JY, (vxIZ).

Now let p¢ M and {e;; i=1,...,2m} be an orthonormal basis of T,(M), such
that e,4,,—Je; and Se;—he, for i=1,..., m. Let {E,, i=1,..., 2m} be a local ortho-
normal frame field, such that Eip=e; for i=1,..., 2m. We have

2m

z (Ve ve,S)) (e, €))

2m
=[2l{v5,(v5‘8)(5f, EN=Wy, eS8 (Ep EN—2(ve S) (v Ep E))}, using (3.4
- i i i i

2m
= 2{VeS) (Ve )E, TEN+S(Ve Ve ) En JE))
+S((VEi.I)E,~, (VE[.I)EJ')}” using (2.5) and (3.4)

2m
== I Ve, S) (Ve ) Je)) using (3.3)
2m
Zizl (V(v,I.J)ej S) (es Jey), using (3.4)
1 2m
:TIEI (}“]""}'i)g((VveiJ)ej Je;, ej)
and using (1.1), we obtain
2m
‘il(Ve‘-(Ve,.S)) (e, ej)
(3.5)
1 2m
=5 Z A=) {8((Vedes (Vep)e)—8((ve ey, (Ve D)es)}
Because of X(t)=0 and (3.3) we have

2m
E We(veS) (i E)=0.
Using (3.3), we obtain also

2m

Z Ve (VeSNES E)) = 2 Ve (Ve S) (B E).
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" From the 1ast two equalities and (2.1) it follows
2m 3
as) 0,0, @ &)= % 0y—R)Ren &, e e
Now we compute
(Vei(Ael-S)) (ei ej)—(vzi(ve‘_S)) (e;, €;) using (3.4
= (V. (. e L) +(V.S) Uen (5, 1))
+SWv, (v. e Jep)+ S(Jey, (v,i(v,il))ej)
—(7,5) (v, N)ew Je)—(v,,S) (Jeir (v, ))e)
—S(V, (V. Neo Je)—SUei(v, (V. e} using (21) .
=—é-{(v,i5) (v, Nen Je)+(v.,S) (Jeis (v. /e
9, S) (Ve Je)—(¥, ) Uen (7, 960+ (—1OR(n € en €}
d ysing (3.4), we obtain
(Ve (9. S) € €)—(V. (7,5 (e e)=5(s—rR(0 & en €)
+%(>~f—7~.-){g((v,‘,l)ej, (v,iJ)ef)—g((V,‘,J)e,-, (v. l.J)ef)}-

On the other hand, (2.1) implies
v. (v. SN (e €)—(v, (V. S) (e e)=(—M)R(en ey € €)
“d hence we find
& (—AR(en e €5 €0)
=302V, s (7, 9)e) =85, e (Vo)
f,‘}’ Call 6’ J=1,.... 2m. 1f ete, Je; we have R(es Jej, Jen €)=R(esep s €) because
=0. Consequently from (3.7) and (1.2) we derive
) M—A)R(e: ¢ ) e.-)=—éf(kj-ki)g((v,g)eﬁ (V,I.J )e:)

C .
"4 this is true also for e;=e; or e;=Jej.
From (3.5), (3.6) and (3.8) we obtain

") g': =21V, D)es (V,‘,J)ej) =0

fo . .
T any j=1,..., 2m. Let M sAy=< .-+ =M, Using (3.9), we find
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(3.10) b=k or (y,J)ey;=0
and ;“1:)"111 or (Ve.j)emzo

for each i=1,..., m. If there exists j, such that A,<X;<A,, then from (3.8)and (310
we derive
R(ew e, e, €)=0, R(en e €, €,)=0

and because of C=0 this implies A,=A4,, which ;s a contradiction. Consequent!
have the following two cases:

y we

1) }\,‘-=)\4j for all i, j=1’ cee, MG
2) M=Mkior i=1,..., n M=p fori=n+1,..., m My, 1=n<m.

In both cases using (3.4) and (3.10), we obtain yS=0 in p. Consequently the
Ricci tensor is parallel.

If M is irreducible, it is an Einsteinnian manifold and since M is conformal fl
it is of constant sectional curvature. Then the theorem follows from the results in
end of Preliminaries.

Let M is reducible non Einsteinnian manifold. Then we have the case 2) for each
peM. Now M is locally a product M, XM, where M, and M, are almost Kﬁhl_er
manifolds. Let for example dim M,=4. Let x, y be orthogonal unit vectors in a point
of M, and 2z be a unit vector on M,. Because of C=0 we have

R(x—z, y+Jz, y—Jz, x+2)=0

at,

or

(3.11) R(x, ¥, ¥, X)+R(z, Jz, Jz, 2)=0.

Hence M, is of constant sectional curvature, say —c and consequently ¢ 0. If dim M
=2, it follows from (3.11) that M, is of constant sectional curvature c. If dim Ma=3
then M, is of constant sectional curvature, say £ and from (3.11) we obtain £=¢" ,If
¢>0, this is impossible, because of dim M,>4 and if c=0 M is Einsteinnian, which 18
a contradiction.
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