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AH,-MANIFOLDS OF CONSTANT
ANTIHOLOMORPHIC SECTIONAL CURVATURE

OGNIAN T. KASSABOV

The purpose of this paper is to prove that an AH;-manifold of constant antiholomorphic sectional

curvature is a real space form or a complex space form.

1. Introduction. Let M be a 2m-dimensional almost Hermitian manifold with me:
tric tensor g and almost complex structure /. The Riemannian connection and the cf
vature tensor are denoted by vy and R, respectively.

If /=0 or (y/)X=0, or

&(vx Y. 2)+8(vi)Z, X)+8&(v)X, ¥)=0,

then M is said to be a Kihler, or nearly Kihler, or almost Kahler manifold, respectiV®"
ly. The corresponding classes of manifolds are denoted by K, NK, AK. The geﬂe‘at
class of all almost Hermitian manifolds is denoted by A If L is a class of almos
Hermitian manifolds, its subclass of L;-manifolds is defined by the identity i), wher®

1) RX, Y, Z, U)=R(X, Y, JZ, JU);
9) R(X, Y, Z, U)=R(X, Y, JZ, JU)+R(X, JY, Z, JU)+R(UX, YV, Z, JU);
3) R(X, Y, Z, Uy=R(JX, ¥, JZ, JU).

[t is well known, that
K::chNKzNKg, [(CAKQ’

K=NKN AK, AH,cAH,=AH,,

see e. g. [4]. _ P

A plane ¢ in T,(M) is said to be holomorphic (resp. antiholomorphic) if ¢=
(resp. @l Ja). The manifold M is said to be of pointwise constant holomorphic (reSI::
antiholomorphic) sectional curvature v, if for each point p¢ M the curvature of an aﬂ
bitrary Tholomorphic (resp. antiholomorphic) plane « in T,(M) doesn’t depend ©
a: K(a)=Vv(p). B

I(:o)r Kaﬁler manifolds the requirements for constant holomorphic and constant a{‘“ﬂ
holomorphic sectional curvature are equivalent [2]. In [3] is proved a classificatio
theorem for nearly Kihler manifolds of constant holomorphic sectional curvature. .

If M is a 2m-dimensional Afz-manifold of pointwise constant antiholomorphic Seg_
tional curvature v, and if m>2, then v is a global constant [5). In [1]is proved aFaal
sification theorem for nearly Kidhler manifolds of constant antiholomorphic sectiof
curvature and a corresponding result for AKs-manifolds is obtained in [6].

In section 3 we shall prove the following theorem: e

Theorem. Let M be a 2m-dimensional AHs-manifold, m>2. If M is of [70”’0,
wise constant antiholomorphic sectional curvature, then M is a real space form
a complex space form.
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Here a real space form means a Riemannian manifold of constant sectional curva-
ture and a complex space form means a Kihler manifold of constant holomorphic sec-
onal curvature.

2. Basic formulas. If M is an AH;-manifold, its Ricci tensor S satisfies
S(X, V)=S8(Y, X)=8(UX, JY).

I moreover M has pointwise constant antiholomorphic sectional curvature v, its curva-
Ure tensor has the form

@1) R= —é~ \y(\?)ﬁ-vnl—gﬁg—— VI,
Where
W(Q)(x, v, 2, a)=g(x, Ju)Q(y, Jz)—g(x, J2)QUY, Ju)—2g(x, Jv)Q(z, Ju)
+a(y, J)Q(x, Ju)—g(v, Ju)Q(x, J2)—2g(z, J)Q(x, Jy)
for an arbitrary tensor Q of type (0, 2) and

m(x, ¥, 2, w)=28(x, u)g(y, 2)—glx, 2)gy, o),
1
Ty = “Q—‘V(g)’

%e [1]. According to (2.1), M is an AH,-manifold.
On the other hand, it is known, that if M is an AK,-manifold,

R R(x 2 =R Y, T2, Ji)= gDy —(95)%. (70— (V) )2)

holds good [4].
We shall use also the second Bianchi identity

23) TR 2 1y V)+(VRNS %0 U, 0)+(VR)% ¥, 2, )=0.

3. Proof of the theorem

Lemma. The conditions of the theorem imply that M is an Einsteinian manifold.
. Proof of Lemma. Let p be an arbitrary point of M and let x, y € T,(M). Ac-
Mding to the second Bianchi identity,

(3‘1) (Vx'['e)(']x» . ¥ jx)"l_(v.lxR)(y’ X Y, -[’V)""(VyR)(x: Jx, Y, jx):O'
%et {ende;; i=1,.., m} be an orthonormal basis of 7,(M), such that Se;=Ae; i=1,..., m

Qgttti‘ng in (3.1) x=e, y=e; or x=e, y=¢,+e; for iFjFk={ and using (2.1), we
ain
b (Ve S)ew €+ kit ly—22m—1)W}e(Je, (7o, S)e) =05
13 (VerS)en €x)+ it h—22m—1)v}glUey (Ve )e)
+(VeS)ew ep)+{Asthp—22m—1)V}g( e (Ve)e;) =0,

resPec'tively. Analogously from

(Ve RNSes €11, Jer)+(v 5, RXEn ein ey, Jer) +(VeR)Es Je, € Je)=0
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we find
3(v.SNej ex)+6{h,—(Cm—1)v}e((v.;R)e; Jex)
(3.4)
(Ve SN e — (ki Ay —22m—1)V}e((Ve Nes Je)=0
and hence
(3.5) 8(Ve S)ejs €)+{17h—h—16(2m—1)v}g((v.. ey Jex)

+3(;"i—)“])g((VeiJ)ei’ Je,)=0.
In (3.5) we change j and & and add the result with (3.5)
(36) 16(.,S)en e+ 170,—L)e(ve Nes. Je)

+ 3()‘i_)“/)g((VejJ)ei’ Jer)+3(hi—2)e((ve e Jep)=0.
On the other hand, (3.3) and (3.4) imply
3.7) (Bh—hi—2h)e((Ve Ney Jey)+ (3hi—hy—21,)&((v. 1)es Je)=0.
Hence it is not difficult to find
3(y—1)&(Ve s Jer)+(i=2)&(Ve ess Jeg)+(i—2y)8((Ve, )i Jer) =0
and by using (3.6) this implies

(3.8) 2v.,SNej ex)=Me—n)g((v.))ej, Jey).
Let us first assume that g((v.J)e; Je,)+0. Using three times (3.7), we obtaif
(3R —hp—22) (3N j— i — 24, )(3h,— A, —21,)

— (3= g — 2h )3k =y 2 )(3h,— A, —21,) =0
or equivalently

=2 (R =R g)(he—2,) =0.

Hence it follows A;=A;=X\,. Indeed we have to consider two cases:
Case 1. A= X, In (3.7) we made a cyclic change of i, j, £ and use A;= =M

()"[ - )“k){&g((Vej‘])ek’ jei) + g((ng-/)e,', Jej)} = Oa

(3.9) Mi—r{8(v., e Je))+3e((v.,2)e; Jey)}=0.

If g((ve, e Je) = 0 the last equation implies A;=\,, i. e. ,,=X;=X, So we assum®
a(ve, f)e,, Jep)F0. In (3.5) we change i and £ and we use A;=X; and (3.8)

{170 =2, —16@m—1)v}&((v.,/)e; Je)+3(r,—1)g((v. New Je)=0.
Hence, using (3.9), we obtain A,=(2m—1)v. On the other hand, (3.5) and (3. 8) resul
3xl+lk—4(2m-‘1)V:0
and so we find A,=(2m—1)v, i. e. ,;=k;=A4,.
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Case 2. A;=1,. From (3.7) we obtain
(K,-—X,-){g((vei./)ej, je/.»)“3g((Ve]J)eb Jey)}=0.

I g((v,jj)e[, Je,)=0 this implies A;=X; so A;=XA;=A, But g((vel.!)e,., Je,)=3=0 is the
ase |,

. So we have A;=X,=, and using (3.5) and (3.8), we find M=2m—1w. If m=3M
8 Einsteinian in p. Let m>3. For s#/, j, k we have

(VeiR)(es, .It,’s, €, Jek)+(VesR)(Jes’ €, €j Jek)*"(V,egR)(eb € € jek):O'
Because of (2.1) this implies
(Ve,SNep ex)+{j+ A —202m—1)v} (v, )e; Jeg)=0.

g?nce, using A;=%,=(2m—1)v and (3.8), we derive A;=(2m—1)v. Consequently M is
Insteinian in p.
Now we assume that

&((v.))y, 2)=0

Yhenever X, ¥, z are choosen among the basic vectors e;, Je;; i=1,..., m and x=y,
Z’btjy Jz. In (2.3) we put x=Je, y=v=e; z=—Ju=e, for iz j+k=+i. Using (2.1), we
ain

(Ve SMen e)+{hs+ 2, —22m—1)vig(Je,, (v./)e))=0.

From this equality and (3.2) it follows that if g(Je, (v..J)e)==0 for some i, J, then
5=k, for s, k). Consequently if (Ve S)es==0 for any s#’j then M is Einsteinian in p.
. Let us assume that M is not Einsteinian in p- Then M is not Einsteinian in a

ighbourhood U of p- We shall prove that M is an AK,-manifold in U. Let g¢ U. If

f Is a Kahler manifold in g, M is almost Kihler in ¢. Let M is not Kahler in ¢. Let

S“.’ Jfis i=1,..., m, be an orthonormal basis of T¢M), such that Sf;=nf, i=1,..., m.

u;“Ce M is non Kihler and non Einsteinian in ¢ we may assume that (v,J)f,=0,
S =p,=p and

10 W/ =0, g(v4)% ¥)=0

henever X, y are chosen among f;, Jf; for i>1. Analogously to (3.2)
321 (v, SIS F+{0+w—202m—1)v}a(Jf;, v, ))f)=0
holgs good and according to (3.10) this implies

1) (V) (o 1)=(9,,8) (i JF)=0 for j>1, joti.

h (2.3) we put x=f, y=—Jv=f;, z=—Ju=f, for iZj=:1=i and using (2.1), (3.10)
d (3711) we obtain

B12) VSN fn I, SK o F2)~(7, SX fi £)

\ +2{n—Cm—1)v}g(J f:, (V,IJ)f|)=0-
W let k=i From

(V/,.R)(fk’ I Ifw fk)+(V/kR)(jfk’ S If fk)+(V,,kR)(ﬂ- fir I f=0
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it follows
20, ) S F) =V, SN fo fi)+{w+we—22m—1Ve(Ufe (v, ) fe)
—(v,,5) (for Jf)+{pi+ 1, —2Cm—1)} g(Ufss (v,;,9)f2)=0.
Hence using (3.27), we derive
(3.13) WS 1=V, SN Fo F+,, SN o If)
Now (3.11) and (3.13) imply
(v, SN fr [)=0 for & j>1, %]
Then (3.12) takes the form
(VSN fr F)=(V, SN ir f)+2{n—@m—1}el [y (v, ])f1)=0
and using (3.13), we obtain
(V, SHfor JF)+20u—Cm—1W}eU fo (v, /fi)=0
which implies
(314 (v, SN fo f)+(V,, S o T f)+2u—Cm—1)V}e(J f,, (v, N1+, /lj)jfl):o-
Since M is non Einsteinian in ¢ the first equation of (3.2) and (3.14) result
(3.15) ¥, D+ (¥, =0.

From (3.10) and (3.15) it follows easily that M is an almost Kdhler manifold in ¢ Cott
sequently it is an almost Kahler manifold in U and hence an AK,-manifold in U. It
is a Kdhler manifold in U it is of constant holomorphic sectional curvature [2] and henc®
Einsteinian in U which contradicts our assumption. Let M is non Kihler in g (We shal
use the above notations for the basis of T,(M)) and let

(Vflj)ff:ut'f1+Bijf1 for i>1.
In (2.2) we put x=u=f;, y=z=f:
1 2m—1
v+ 2 L
for i>1 which implies
(3.16) GHB= 03482 for i, j>1.

Now we put in (2.2) (¥=f, y=2=f;, u=f)), (x=f, y=2=f; u=Jf)) respectively and
we obtain

0,0+ BB;=0,
(3.17)
o,Bj—a;B;=0,

respectively. But (3.16) and (3.17) imply o;=B;=0 for ;>1 which is a contradicﬁ"ﬂ'
This proves Lemma.



AH,-manifolds of constant antiholomorphic sectional curvature 57

Now we prove the theorem. Since M is Einsteinian (2.1) takes the form
R=vm,+Am,
Vith a constant 2. Consequently M is a real space form or a complex space form [7].
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