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A FEW REMARKS ON BOUNDED UNIVALENT FUNCTIONS
ZBIGNIEW J. JAKUBOWSKI, KRYSTYNA ZYSKOWSKA

Let Sg(M), M > 1, denote the class of functions F(z)=z+Z_, A,z" holomorphic and univalent in
the disc E={z :|z| <1}, satisfying the conditions: |F(z)|<M for zeE, A,=A4, for n=2, 3,... In the
paper, estimations of several functionals defined on the class Sg(M), M > 1, are obtained. In particular,
the property of the coefficient A5, obtained here, seems to be rather interesting.

1. Let S denote the class of functions

(1) F(z)=z+ ; A, rZ"

n=2

holomorphic and univalent in the disc E={z :|z| <1}, S — its subclass composed
of all functions with real coefficients. Let further S(M) and Sg(M), M > 1, stand for
subclasses of S and Sy, respectively, consisting of functions satisfying in the disc
E the condition: |F(z)| <M.

Consider on the class Sg(M), M >1, the functional

() HN(F)=ANF-

In [5] it was shown that if there exists a function F*e Sg(M) realizing
maxre s vy Hy(F) and maxge s, Hy+1(F) at the same time, then F *¢ P, where
P is the family of functions w=P(z; M ; 7), P(0; M ; 1)=0, — 1 <t <, satisfying in
the disc E the equation

w ¥4

1—2t % w 2 1—2tz42%
ee

)

Of course, every function P(z; M; 1) belongs to Si(M) and maps the disc
E onto the disc |w| <M from which at most two appropriate segments of the real
axis are removed.

One knows the estimation of the maximum of functional (2) when N =4
[21-23, 15, 8], for all values of M>1; for M=11, the only function realizing
maXge s ) H4(F) is the Pick function w= P(z; M ; 1) mapping the disc E onto the
disc |[w| <M from which a segment of the real axis, issuing from the point w= —1,
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has been removed. For the remaining M, i.e. for 1<M <11, the extremal

functions with respect to maxg.s ) H4(F) are not of class P.

Consequently, the question arises whether from the above information one
can draw the conclusions that there exists a function realizing simultaneously the
maxima of the functionals H,(F) and H4(F), F€Sgx(M), for some M.

For the purpose, let us put

4) w=P(iz; M; 1)=z+ Z a,(M, 1)z", z€E.

n=2

We shall prove
Theorem 1. If Pe P, whereas the coefficient as(M, 1) is defined by relation

(4), then

L ]

, 4— J6<M<4+. /6,
) max ay(M; 7)= {as(M 0) for <M< +\/'
1St astM.1) for 1<M=4-/6, M=4+./6.
Proof. Let
2 4+ Ta(” zeE tel[—1, 1]
1—2tz+22 °~ ,,=2a" ' ' T

It is known that

(=1)"*n for t=-—1,
(6) a,(t)=14 sinng@/sinp for —1<1t<l, n=2, 3,...,
n for =1, ‘

where e?=1+i/1—12, @€|0, n).
So, from equation (3) we have

o 27 ® 1 -] 2 @
X a,(M, t)z"=[l—— zaM, )"+ —( T a,(M, r)z") ] T a,(1)z*,
n=1 Mn=l Mz n=1 k=1 .
a,(M, 9)=1, a,1)=1,
whence
7 T a,(M, 1)z"= Z a(1)z*— L T a, (M, t)a t)z"**
n=1 k=1 nk=1

OZDZ a,(M, t)a(M, t)a,(t)z" '~

+ —
M2 nlk=1
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In turn, comparing the corresponding coefficients in (7), we shall obtain the
following recurrence formula for the coefficients of the function w=P(z; M ; 1)

2
®) aM, )=at)— = T a(M, Day)
M I1SnksSs—1
n+k=s
1
+ M z  aM, 1)a(M, t)a(r), s=2, 3...
et

Making use of form (6) of the coefficients a,(z), from (8) we have successively

. a,(M, T)=2(1— %)t
az(M, T)=<1 - A—ll-)[4<l — %)1'2—(1 + %)]
)

as(M, 7)=

1 1\, 4 1 2\, 1 2
(1= )16 et a(1-2) (1 ) (14 ) (-2) ]

where M>1, —1<t<1.

Property (5) is obtained from the fourth formula in (9) by examining the
function as(M, 1) as a function of re[—1, 1], with a fixed M>1.

At the same time, note that as(M, 1) is the fifth coefficient of the Pick function
w=P(z; M; 1) we mentioned before [6].

Since M, =4+\/6< 11, therefore from the information given earlier one can

draw only the following evident
Corollary 1. For M <11, in the class Sg(M) there is no function realizing

MaXfe s m) Aar and MaXre s M) Asp at the same time.

Moreover, note that [24]:

Corollary 2. If the Pick function w=P(z; M; 1) is a function realizing
MaXpe s pm Asp and MaXpe s ) Aor at the same time, then Mg4+\/8.

2. In [9] Lewandowski and Wajler introduced and studied the class T,,,
M > 1, of functions of form (1) holomorphic in the disc E, given by the structural
formula

(10) F(z)= | P(z; M; t)du(z), ze€E,
-1
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where u is any function non-decreasing on the interval [—1, 1], p(1)—u(—1)=1,
while P is a function defined by formula (3). It turns out that T, is a subclass of
bounded typically-real functions.
From (4), (5), (9) and (10) we obtain (cf. the general theorem in [9])
Corollary 3. If FeT,,, M>1, then

4 <{a5(M,0) for 4—J6<M<a+. /6,
SF =

asM,1) for 1<M=4—/6, M=4+ /6,
and

- 4+ /2
a(M.0) for 2 2‘/5<M<+T‘[.
Aué{ '

H
+
&

-2
a,(M,1) for 1<M§3—2*l, Mz==

So, it can be seen that in the classs T,, the Pick function w=P(z; M; 1) is
extremal with respect to functional (2) when N=4 and M€e(l, (4—\/5)/2] or
M=(4+./2)/2 and when N=5 and Me(l, 4—./6]>or M=4+./6. What is
more, for N=3, 4, 5 and the corresponding M, maxg. ., Hy(F) is non-positive.

3. As we know, the problem of estimating the coefficients in the classes S(M)
and Sg(M) for all values of M is a difficult task. When M is sufficiently close to 1,
the estimation of the coefficients in the above classes was obtained by Siewierski
[17-19] and Schiffer and Tammi [16]. It is also known [6] that if M is sufficiently
large, the only function extremal with respect to the maximum of the functional
Aynr, F e Sg(M), N-even, is the Pick function w=P(z; M ; 1), ze E. Whereas, for all
values of M, only the estimations of the coefficients A,r, A3r, A4r are known in
the class Sg(M) [11, 14, 20, 3, 15, 21, 8]. And so, for instance, one knows that if
F € Sg(M), then

4 1
(11) A3F§1+212—W+X4—2 for M=e,

where A is the greater root of the equation A log A= —1/M. What is more, the
extremal function w=F**(z) satisfies in this case the equation (cf. [2]):

wlAw)—w+1-2M1]

=z—z"142llogz,
AW —1+(1—2Maw -7 Teorloesz

1 -1
(12) - (1=w")A(w)—22log

where A(w)=[w?+2(2Mi—1)w+ 1]'/? stands for that branch which, for w=0,
takes the value 1.

Consequently, it can be seen that the Pick function w=P(z; M; 1) which is
the only extremal function for maxg, spmn AzF when M >1 and maxgcs ) Aar
when M =11, is not extremal for maxg. s ) Asr when M >1; in particular, for
M =e (cf. (11)). Till now, the estimations of the coefficients A5y for each M >1 are
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not known in the class Sx(M). It seems interesting to ask whether in this case the
Pick function can be extremal for some values of M. Calculating the fifth
coefficient of the Pick function w=P(z; M; 1)=z+X, P (M)z", ze E, we shall

get (cf. [6]):

40 105 112 42
(13) Py(M)=5— M Mz 3 + Fi'

Consider a function extremal with respect to maxg. g ROM) Ajp, i.e. the function

=F**(2)=z+2Z;2, A, (M)z", zeE, satisfying equatlon (12). After toilsome
calculatlons we obtain

A4(M)=2}.<1+Az-—l+ i)

M M?
(14)
3 2 34 52
M)=1 2 4 o 2___ 3 i
AsM)=1+202+22%+ 775 + 5 — M11+M2/1 T Vel
where, as previously, 4 is the greater root of the equation A logi= —1/M.

The following theorem holds:
Theorem 2. There exists an My> lsuch that, for each M>M,,

(15) As(M)> Py(M).

Proof. Indeed, from formulae (13) and (14) we have

AM)—Py(M)= —4424%+21*— i(4/13+3,1— 10)+ ﬁ(,12—3)
5 M p M2

4 40
SENCAANY

Substituting 1/M = —Alog 4, let us consider the function

(1) = A(M)— Py(M)= — 4 +24% +22% + 43(433 + 31— 10) log A
13
+342%(A2—3)log? i+ 4l3< 5 A— 28) log3 A+404%log* A

Calculating the values of the successive derivatives of the function Q(4), we have
Q'(1)=0, Q"(1)=0, Q"'(1)= —40.

Since e< M < + oo, therefore 1/e<A<1. So, the last equality of those given
above implies that there exists some 1,<1 such that, for i,<4<1, the function
Q"(4) is decreasing. Moreover, Q”(1)=0. Consequently, Q”(4) is positive in this
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neighbourhood, and hence, Q'(4) is increasing for i,<A<1. Since Q'(1)=0,
therefore Q’(1) is negative for 1, <A< 1 and, finally, Q(4) is a decreasing function in
this interval and, as can be seen, Q(1)=0. So, Q(4)>0 for i,<i<]1.

In consequence, there exists an M > 1 such that, for all M > M, inequality
(15) is satisfied.

This immediately implies

Corollary 4. There exists an M,>1 such that, for each M > M, the Pick
function w=P(z; M; 1) is not extremal for maxgesgm)Asr-

The above results seem to make probable the hypothesis that, for N=7,
9,..., the Pick function will not be extremal with respect to the maximum of Ayg,
FeSg(M), when M is sufficiently large.

Corollary 5. Since the function defined by equation (12), realizing
MaXre s ) A3, belongs to the class S(M), M > 1, therefore the Pick function cannot
be extremal with respect to the maximum of ReAsg, FeS(M), either, for
M sufficiently large.

The estimation of maxge s ) Avr, N — even, for M sufficiently large, quoted
earlier [6] and Theorem 2 dlrectly imply

Corollary 6. There is no function realizing simultaneously maxg, sgown Ask
and maxge sy Ane, N — even, if M is sufficiently large.

4. In [7] when examining the functional H(F), F € Sg, depending on a finite
number of the coefficients A, and satisfying some general assumptions, it is
proved that, for M sufficiently large, only the Pick functions w=P(z; M; ¢), z€ E,
e=+1, can realize the maximum of (F) in the class Sg(M).

Consider the following functionals defined on the class Sg:

(16) Azr-‘(A:sF"AlF) (A“.-=l),
(17) Azp(Asr— Azr).
(18) Azp(Asp— Asr)

In the case of the first two functionals, it is not difficult to verify that the
assumptions of Theorem 2 in [7] are satisfied ; the third functional was considered
in the paper we cite.

So, in the case of functionals (16) and (18), the only function realizing their
maxima in the class Sg(M) for M sufficiently large is the Pick function
w=P(z; M ; 1), ze E. Whereas for functional (17), the maximum in the class Sg(M)
for large M is realized by the functions w=P(z; M; 1)and w=P(z; M; — 1), z€E.

These results are premisses for raising the following hypothesis:

There exists an M >1 such that, for all M > M, the maximum of the
functional A,p(A,+,r—An-1.r) in the class Sg(M) is realized by the Pick
function w=P(z; M; 1) (n — even) or the two functions w=P(z; M; 1) and
w=P(z; M; —1) (n — odd).

5. Let FeS. Denote by S® the class of functions

(19) h(z)=\/F(z*)=z+c3z3+csz°+ ..., zeE.
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Between functions of the classes S and S® there holds a one-to-one

correspondence.
Littlewood-Paley proved the following well-known theorem [10]:
If heS'?, then |c,|<A, n=3, 5,..., where A is an absolute constant. These

authors also raised the hypothesis that the constant 4= 1. It is easy to notice that
this hypothesis is true for n=3, whereas for n=35, it was demolished [1].

It becomes natural to ask whether the analogous hypothesis is true in the
class S®(M), i.e. in the class of functions of form (19), when FeS(M). For
example, from the estimations obtained by Siewierski [17-19] and Schiffer and
Tammi [16] it follows easily that, for every n, there exists an M,> 1 such that, for
all M <M, and each function he S?(M), we have |c,|<1.

From Pick’s estimation [11] we know that if FeS(M), then
|A,r|S£2(1—M™1'), M>1, thus, by (19),

1
|C3|=§|A2FI§1—M“<1 for each M>1.

Consequently, the corresponding hypothesis of Litllewood-Paley for the class
S?(M) is confirmed for n=3 with any M.

Since, by (19),
1 1
Cs= E(Aar— Z/“%F).

therefore, making use of the estimation of the Goluzin functional in the class S(M)
[2], we have

l(1—1\4-2) : when 1 <M <e*3,

2
|C5|§{ 1
M~ 2(1-p)>%+ E(I—M‘z) when M >e?*/3,

where 1<f<M is a root of the equation

B

1
(20) BLogy +3B+1=0.

Of course, (1—M~2)/2<1 for each M >1, in particular, for 1 <M <e*3,

It is not difficult to check that the expession M~ 2(1—pB)>+(1—M~2)/2,
B =PB(M), is an increasing function of the variable M, and from the examination of
equation (20) it follows that M, being a function of f, increases from e*> to + oo.
So, we obtain the following:

Corollary 7. There exists exactly one Mqe(e*?, + o0) such that, for each
M <M, |cs|<1 and, for M > Mg, this estimation in the class S*?(M) is false.
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The effective determination of the sequence M5, M,,..., seems to be an
interesting task (cf. the relationships between the hypothesis of Littllewood-Paley
and that of Bieberbach).

6. The estimations of coefficients in the class Sg(M), mentioned in Sections
1 and 3, lead in a natural way to the consideration of maxp, s Akrs where n is
some even number, k — odd.

Pietrasik [12] showed that there exists a M, ,> 1 such that in the class Sy(M),
M>M,,, the estimation

Anr Akr = P (M) P, (M)

takes place.
The same author also obtained an estimation of maxg, s (M,A 2rAsp, M>1,
and, in particular, proved [13] that in the class Sgz(M) the estimations

1)\? 5 . 13
1)\2 5 . 13
e — -— e p- Ll
(-7 (-3 0

hold ; in the first case, the extremal function is the function w= P(z; M ; — 1), while
in the other — the function w=P(z; M; 1), zeE.

In consequence, the following hypothesis was raised [4]: for each n=3, 4,.
there exists an M} >1 such that, for M e(1, M), maxgespm A2r Anr is attamed
for the Pick functions w=P(z; M; 1) or w=P(z; M; —1).

The result below is a confirmation of this hypothesis for n=4.
Theorem 4. For any function Fe Sg(M), where

AzrAsr = {

10—/ 10+./46
(21) 1<M<—(—)--——3"'—éé or M>—-—+3—'
the estimation
1)? 8 7
(22) A2FA4F<4<|——M~) (2—M+W)

takes place; equality holds for the Pick function w=P(z; M; 1), zeE.
Proof. Jokinen showed in [8] that in the class Sg(M) the inequality

7 1 9 2 1
(23) A4,-§—EA:2’,-+ §<4—M>A§p+ i(l_ﬁ)

holds if

1 1
M = Azr§2<l = M)

WIN
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On the other hand, if FeSg(M) is a function extremal with respect to the
functional A,rA4r, then. G(z)=—F(—z) is an extremal function, too.
Consequently, without loss of generality one may assume that 4,r>0. From
inequality (23) we have:

7 1 9 2 1

Examining the right-hand side of the above inequality as a function of
A,r€[0, 2(1—M™1)], we obtain the estimation (22) for M satisfymg conditions
(21). As can easily be verified, the equality in (22) holds for the function w=P(z;
M; 1)

Since (10+./46)/3 < 11, therefore, finally, it is worth observing that the part

of Theorem 3 which concerns the interval ((10+./46)/3, + o) gives an estima}tion
of the functional A, A,p, F € Sg(M), by the Pick function in a wider domain qf
the parameter M than it formally follows from the results of Pick, Tammi,

Jokinen.
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