Transformation Groups ©The Author(s) (2021)
Vol. 26, No. 1, 2021, pp. 215 228

CONSTRUCTIVE
NONCOMMMUTATIVE INVARIANT THEORY
MATYAS DOMOKOS* VESSELIN DRENSKY**
Alfréd Rényi Institute of
Institute of Mathematics Mathematics and Informatics
Reéltanoda utca 13-15 Bulgarian Academy of Sciences
1053 Budapest, Hungary Acad. G. Bonchev Str., Block 8

domokos.matyas@renyi.hu 1113 Sofia, Bulgaria
drensky@math.bas.bg

Abstract. The problem of finding generators of the subalgebra of invariants under the
action of a group of automorphisms of a finite-dimensional Lie algebra on its universal
enveloping algebra is reduced to finding homogeneous generators of the same group acting
on the symmetric tensor algebra of the Lie algebra. This process is applied to prove
a constructive Hilbert—Nagata Theorem (including degree bounds) for the algebra of
invariants in a Lie nilpotent relatively free associative algebra endowed with an action
induced by a representation of a reductive group.

1. Introduction

Let G be a subgroup of the automorphism group of a finite-dimensional Lie
algebra L over a field K of characteristic zero. Then there is a natural induced
action of G on the universal enveloping algebra U(L) via associative K-algebra
automorphisms. First we describe a process by which one can construct generators
of the subalgebra U(L)% of G-invariants in U(L) starting from a homogeneous
generating system of S(L)%, the commutative algebra of invariants in the sym-
metric tensor algebra S(L) of L.

Namely, there is a well-known K-vector space isomorphism w : S(L) — U(L)
called the canonical bijection in [5, 2.4.6]. The details of the construction of
w will be given in Section 2, see (3). Note that the map w is not an algebra
homomorphism. However, we have the following:

Theorem 1. Suppose that {fx | A € A} is a homogeneous generating system of
the commutative K-algebra S(L)®, where G is a subgroup of the automorphism
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group of the finite-dimensional Lie algebra L. Then {w(fx) | A € A} generates the
K-algebra U(L)C.

Theorem 1 will be applied to noncommutative invariant theory in relatively free
associative algebras. In this paper by ‘algebra’ we mean an associative K-algebra
with unity, unless explicitly stated otherwise. The base field K is always assumed
to have characteristic zero. For a finite-dimensional K-vector space V denote by
T(V) the tensor algebra of V; that is, T'(V) is the free algebra generated by a basis
of V. Given a variety R of algebras we write F(R, V) for the relatively free algebra
in R generated by a basis of V. Recall that R consists of all algebras that satisfy a
given set of polynomial identities, so F'(R, V') is the factor algebra of T'(V') modulo
a T-ideal (an ideal stable under all algebra endomorphisms of T'(V')). Since we deal
with algebras with unity and K is infinite, $R necessarily contains the variety of
commutative algebras, and we have the canonical surjections

T(V) —» F(R,V) - S(V).

where S(V) is the symmetric tensor algebra of V' (i.e., the commutative polynomial
algebra generated by a basis of V). The above algebra surjections are GL(V)-
equivariant. They are homomorphisms of graded algebras, where the algebra T'(V)
=@, T%(V) is endowed with the standard grading: the dth tensor power T4(V')
of V is the degree d homogenerous component of T(V'). Given a non-zero homo-
geneous element f in any of T(V), F(R,V) or S(V) we shall write deg(f) for
the degree of f. Note that when fR is the variety of all algebras we have that
F(R,V) = T(V), and when R is the variety of commutative algebras we have
FR,V)=5(V).

Let G be a linear algebraic group and V' a finite-dimensional rational G-module;
that is, we are given a group homomorphism p : G — GL(V) that is a morphism of
affine algebraic varieties (from now on we shall usually omit the attribute ‘rational’
and simply say that V is a G-module). The action of G on V induces an action on
T(V), F(R,V), and S(V) via automorphisms of graded algebras, and the above
surjections are G-equivariant. We are interested in the subalgebra

FORV)Y ={f e FR,V)|g-f=f forallge G}

of G-invariants. We refer to [8] and [10] for surveys on results concerning subal-
gebras of invariants in relatively free algebras.

For an integer p > 1 denote by 91, the variety of Lie nilpotent algebras of Lie
nilpotency index less or equal to p. In other words, 91, is the variety of algebras
satisfying the polynomial identity [z1,...,2p41] = 0. Here [z1, 22] = z122 — 2221,
and for ¢ > 3 we have [z1,...,2;] = [[z1,...,2-1], 2;].

Remark 1. For a (nonunitary) associative algebra nilpotence of index < p means
that the algebra satisfies the polynomial identity z;---x, = 0. By analogy with
group theory a Lie algebra is nilpotent of index < p, if it satisfies the polynomial
identity [x1,...,2p41] = 0.

Our starting point is the following non-commutative generalization of the Hil-
bert—Nagata theorem (see for example [11, Thm. A, p. 3]):
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Theorem 2. ([6, Thm. 3.1]) Suppose that G is reductive, and R C N, for some
p>1. Then F(R, V)€ is a finitely generated algebra for any G-module V.

Remark 2. The assumption 58 C 91, for some p > 1 above is necessary, as the
following converse of Theorem 2 is also shown in [6]: If dimg (V) > 2 and F(R, V)¢
is finitely generated for all reductive subgroups G of GL(V'), then % C 0, for some
p>1

The proof of Theorem 2 in [6] is non-constructive, since it uses the Noetherian
property of F(R,V) for R C 9, (proved in [17]) similarly to the fundamental
paper of Hilbert [13] on the commutative case p = 1, where the Hilbert Basis
Theorem was proved. Hilbert gave a more constructive proof of the commutative
case in [14] (explicit degree bounds for the generators were first proved by Popov
[20], [21], and stronger bounds more recently by Derksen [2]). For constructive
(commutative) invariant theory of reductive groups see also [1], [4].

In the present paper we make Theorem 2 constructive. In algorithms for com-
puting generators of algebras of invariants a crucial role is played by degree bounds.
For example, an a priori degree bound for the generators of the algebra F(R, V)¢
implies an algorithm to find explicit generators (by solving systems of linear
equations). From a different perspective, sometimes there is a qualitatively known
process that yields generators of the algebra of invariants, and the aim is to derive
from it a degree bound for a minimal generating system, to have some quantitative
information on the algebra of invariants.

In order to discuss degree bounds we need to introduce some notation. Given a
graded algebra A = @77 ; Aq we denote by 5(A) the minimal non-negative integer
d such that A is generated by homogeneous elements of degree at most d (and write
B(A) = cc if there is no such d). Recall that S(V) = @, S4(V) is graded, where
the degree d homogeneous component S¢(V') is the dth symmetric tensor power of
V. Set

B(G) := sup{B(S(V)) | V is a finite-dimensional G-module}.

It is a classical theorem of E. Noether [19] that for G finite we have 8(G) < |G].
On the other hand Derksen and Kemper [3, Thm. 2.1] proved that 8(G) = oo for
any infinite group G. So for an infinite group G, finite degree bounds may hold
only for restricted classes of G-modules.

Given a set 7 of isomorphism classes of simple G-modules, denote by add(r)
the class of all G-modules that are finite direct sums of simple modules whose
isomorphism class belongs to 7. This definition is particularly natural when the
group G is reductive, because in that case any G-module decomposes as a direct
sum of simple G-modules. By slight abuse of notation we write V' € 7 if the
isomorphism class of the G-module V belongs to 7. Moreover, write 7®? for the
isomorphism classes of simple summands of all G-modules V; ® --- ® V;, where
Vi € 7 and g < p. Set

Br = sup{B(S(V)9) | V € add(r)}.

Weyl’s theorem [24] on polarizations implies the following:
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Proposition 3. Let G be a reductive group and let T be a finite set of isomorphism
classes of simple G-modules. Then the number B, is finite.

Proof. Let Vi,...,V, be simple G-modules representing the isomorphism classes

q

in 7. Let V' be an arbitrary G-module in add(7). Then V = ZmZ-VZ-, where the
i=1

m; are non-negative integers and m;V; stands for the direct sum of m; copies of

V;. Weyl’s theorem on polarizations (the special case h = 1 of Theorem 9 below)

implies that

B(S(V)G) < ﬁ(S(imin{mi,dim(Vi)}Vi)G> < ﬁ(s(idim(m)mf) (1)

(The second inequality above follows from the fact that if A is a submodule of the
G-module B, then there is a G-equivariant graded K-algebra surjection S(B) —
S(A) mapping some of the variables to zero.) Since (1) holds for any V € add(r),
we conclude the equality

8, = B(S(idim(vi)vi)g).

The assumption on G guarantees that the number on the right-hand side above is
finite. O

Turning to a variety R of associative algebras, we write
Bron = sup{B(F(R,V)%) | V € add(r)},

where B(F(R,V)%) is the supremum of the degrees of the elements in a minimal
homogeneous generating system of the algebra F(R, V). Having established this
notation we are in position to state the following corollary of the results of the
present paper:

Theorem 4. Suppose that the group G is reductive and the variety R is contained
in N, for some p > 1. Let 7 be a finite set of isomorphism classes of simple G-
modules. Then we have the inequality

57,53 < pﬁ‘i’@P'

In fact the results of this paper give more: for any (not necessarily reductive)
group G < GL(V) the construction of an explicit generating system of F(R, V)%
(where R is contained in 9, for some p > 1) is reduced to finding a generating
system of a commutative algebra of G-invariants S(W)¢ for a G-module W asso-
ciated canonically to V. For the precise statement see Theorem 7.

The paper is organized as follows. In Section 2 we prove Theorem 1, which is
then applied in Section 3 to prove Theorem 7. Finally, Theorem 4 is obtained as a
consequence of Theorem 7.
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Since the technique of polarization in commutative invariant theory is funda-
mental for Proposition 3, in Section 4 we investigate to what extent it works in our
noncommutative setup. Theorem 9 is a noncommutative generalization of Weyl’s
theorem on polarization; however, it applies for a class of varieties different from
those appearing in Theorem 2, Theorem 4, or Theorem 7. Section 4 is logically
independent from the previous sections.

Acknowledgements. We are very grateful to the referees for their suggestions.
In particular, it was the referee’s insight that our results — originally dealing only
with relatively free algebras — should be treated as a consequence of a statement
on universal enveloping algebras.

2. Universal enveloping algebras

Returning to the setup of the first paragraph of the Introduction, denote by
my(y » T(L) — U(L) the defining surjection onto U(L) from the tensor algebra
T(L) = @, TL) (cf. [5, 2.1.1]), and denote by mgy : T(L) — S(L) the
natural surjection onto the symmetric tensor algebra. For d = 1,2,..., define the
linear map

g SUL) - TYL), —t® @ ({cL) (2)

(or more explicitly, tq(€1 -+ £q) — % desymd lo(1) @+ ®Ly(qy). Write 1o for the
identity map of S°(V) = K = T°(V).
Introduce the notation U(L)q := my () ( @?:0 Ti(V)),d=0,1,2,.... Then

U(L)o CU(L) CU(L)2 C---

is the canonical filtration of U(L) = J 2o U(L)a (cf. [5, 2.3.1]). Moreover, consider
the linear map

wq:SUL) = U(L) given by wq:= TU(L) © Ld-

Note that wq(S%(L)) is a K-vector space direct complement of U(L)g4_; in U(L)4
(see [5, 2.4.4. Prop.]). The direct sum

W= éwd :S(L) = é S4V) = U(L) (3)
d=0 d=0

is a K-vector space isomorphism called the canonical bijection in [5, 2.4.6]. Further-
more, we have the following:

Proposition 5. The canonical bijection w : S(L) — U(L) is an isomorphism of
Aut(L)-modules, where Aut(L) denotes the automorphism group of the Lie algebra
L. In particular, for any subgroup G of Aut(L), the canonical bijection restricts to
a K-vector space isomorphism

wls(rye : S(L)¥ = U(L).
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Proof. The universal properties of T'(L) and U(L) imply that the action of Aut(L)
on L extends uniquely to an action via K-algebra automorphisms on T'(L) and
U(L), and the algebra homomorphism 7y (z) is Aut(L)-equivariant. The map ¢4 :
S4(L) — T4(L) is even GL(L)-equivariant, and clearly Aut(L) < GL(L). Therefore
the composition wg = 7y (r) © ta is Aut(L)-equivariant for all d, implying in turn
that w is Aut(L)-equivariant. Consequently, the K-linear isomorphism w : S(L) —
U(L) is in fact an isomorphism of G-modules for any subgroup G in Aut(L), and
thus w restricts to a linear isomorphism between the subspaces S(V)¢ — U(L)“
of G-invariants. [

As w is not an algebra homomorphism in general, further considerations are
needed to prove Theorem 1. Write 1y : U(L)q — U(L)q/U(L)4—1 for the natural
surjection (with the convention U(L)_; = 0), Ty (z),q for the restriction of my(z
to T%(L), and 7g(r)q for the restriction of mg(zy to T%(L). The linear maps
Nd, TU(L),d> TS(L),d are all Aut(L)-equivariant. Since ker(ngomy(r).q) 2 ker(ms(r),q)
(see [5, 2.1.5. Lem.]), there exists a unique Aut(L)-module homomorphism

pa: SY(L) = U(L)a/U(L)g—1 With pgomg(ry.a = a0 Tu(L).d-

Clearly 14 © Ty (1),d © td © Ts(L),d = 1d © Tu(L),q (see for example [5, 2.1.5. Lem.]),
hence in fact pg = ng o m(U)g © tg = 14 © wq. Moreover, ug is a K-vector space
isomorphism by the Poincaré-Birkhoff-Witt Theorem (or by [5, 2.4.4. Prop.]):

TU(L),d

T(L) U(L)a

7rS(L)-,dll lﬁd

SU(L) U(L)a/U(L)a—1

IRE

S0 f14 is an isomorphism of Aut(L)-modules, and restricting to G-invariants (where
G is a subgroup of Aut(L)) we obtain the following commutative diagram:

TU(L),d

L) U(L)g

l l . (4)

SHL)Y = (U(L)a/U(L)a-1)¢

IRE

Proof of Theorem 1. Since the space S?(L)% is mapped by j4 isomorphically onto
(U(L)a/U(L)4-1)¢, commutativity of the diagram (4) implies

U(L)g /UL)G 1 = na(U(L)F) = (U(L)a/U(L)a-1). (5)
Now let {fx | A € A} be a homogeneous system of generators of S(L). The

maps tq : SYL) — T4(L) defined by (2) are GL(L)-equivariant, hence they are
G-equivariant as well. In particular,

Fr = taea(rn) (r) € TYL)C (A € A).
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Denote by M the subalgebra of T'(L) generated by {f"; | A € A}. By construc-
tion, M is generated by homogeneous G-invariants, so M = @;ozo My is a graded
subalgebra of T(L)®. Moreover, E := my)(M) is the subalgebra of U(L)“
generated by {w(f\) | A € A}. We have to show that £ O U(L)%. The algebra

= Ui Ea is filtered, where Ey = myp)(@]_gMa), d = 0,1,2,.... By
induction on d we show E4 2 U(L)§. For d = 0 there is nothing to prove. Suppose
d>0,and Eq_1 = U(L)§ ;. By (4) and (5) we have the commutative diagram

TU(L),d

My ——E;

WS(L),d\L l"'ld

SUL)C £ U(L)§ /UL,

The restriction of 7g) to M is a homomorphism of graded algebras M —
S(L)€. By construction of M the generators of S(L)“ are contained in mg(z)(M).
It follows that mg(r)(M) = S(L)¢, and since Ts(r) preserves the grading, we have
Ts(n),d(Ma) = S4L)C for all d. It follows that

14(Eq) 2 na(mon)(Ma)) = pa(msry,a(Ma)) = pa(SY(L)¥) = U(L)S /U(L)F -1,

" ;. On the other hand, Fy O E4_1, and
by the induction hypothesis Eq—1 2 U(L)§ |, so U(L)§ = Eq+ U(L)§_, = Eq.
We conclude E = 2, Eq = U, UL)§ =UL)¢. O

or, in other words, U(L)§ = E;+ U(L)§ ;.
L

In the above proof we pointed out that the natural surjection ng : U(L)q —
U(L)a/U(L)q—1 maps U(L)§ onto (U(L)4/U(L)a-1)€ (see (5)). For later use we
state a general lemma guaranteeing that a surjective map restricts to a surjection
between the corresponding subspaces of invariants.

Given a reductive group H, recall that by a rational H-module we mean a not
necessarily finite-dimensional vector space X together with an action of H via
linear transformations, such that any x € X is contained in a finite-dimensional
subspace Y of X which is stable under the action of H, i.e., H-Y =Y, and the
group homomorphism H — GL(Y) giving the action of H on Y is a morphism
of affine algebraic varieties. We shall denote by X the subspace of H-invariants
in X.

Lemma 6. Let H be a reductive group and ¢ : X — Z a surjective homomorphism
of rational H-modules. Then for any subgroup G of H we have Z% = o(X%).

Proof. Since H acts completely reducibly on X, the H-submodule ker(p) has an H-
module direct complement Y in X, so X = ker(¢)®Y . The restriction |y : Y — Z
is an H-module isomorphism, hence it is a G-module isomorphism as well, thus it
restricts to a K-vector space isomorphism Y¢ — Z¢. Clearly Y& C X€, so we
derive (X %) D o(Y¥) = Z%. The reverse inclusion ¢(X%) C Z¢ holds for any
G-module homomorphism. [
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3. Lie nilpotent relatively free algebras

Fix an integer p > 1, a variety R contained in 91,, and a finite-dimensional
rational G-module V' (where G is an arbitrary linear algebraic group). Without
loss of generality we may assume that G < GL(V) (i.e., V is a faithful G-module).
Set I':= F(R, V). Consider the subspaces in T'(V) given by

vid .= Spang{[vi,...,vd] | v1,...,v4 € V}
for d =1,2,..., and VI := V. As a consequence of the Jacobi identity we have
Vi, vid] ¢ v, (6)

The subspace V1 is a GL(V)-submodule in the dth tensor power V®? of V. Set

P
V<o) .~ @ vld] ,
d=1

and let T := T(V[Sp]) be the tensor algebra generated by VISPl Denote by &’ the
ith standard basis vector &' := (0,...,0,1,0,...,0) € N5 (the coordinate 1 is in
the ith position). The algebra T" has an Nj-grading

T=@@P 1., T.=vilcvi=lifoi=1,.p (7)

aeNy

Note that GL(V') acts on T via Nh-graded algebra automorphisms. The symmetric
tensor algebra S := S (V[SP]) is endowed with the analogous Nj-grading, so the
natural surjection gy : T — S'is a GL(V)-equivariant homomorphism of Nb-
graded algebras.

The tautological linear embedding of VI=P! into T(V) extends to a GL(V)-
equivariant algebra surjection w : T — T'(V). Composing this with the natural
surjection v : T(V) — F(R, V) we obtain

rp:=vorm:T — F. (8)

A homogeneous element in 7" may not be mapped to a homogeneous element of
T(V) by 7 (or of F by 7p). However, the multihomogeneous component T, C T
is mapped under 7 (respectively 7r) into the homogeneous component of T'(V)
(respectively F) of degree > 7, icy;.

For o € Nb write |a| := >-7_, a;. Denote by ity : So — T, the linear map
given by
1
La(V1 - V)|) = w Z VUo(1) @+ & Vs(lal)
: o€Sym,
(where Sym, stands for the symmetric group on {1,...,d} and vi,...,v)q €

VI=Ph), Obviously ¢ is GL(V)-equivariant (as it is even GL(VISP))-equivariant),
and hence 1, is G-equivariant (just like mg(z)). Thus 1o (S§) € TS. Moreover,
TS(L) © ta 18 the identity map on S, consequently mg(1)(1a(S5)) = SS. In parti-
cular, mg)(TS) = S§.
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Theorem 7. Let R be a variety contained in N, for some p > 1. Let V be a G-
module, and S, T, F the algebras defined above. Take a multihomogeneous (with
respect to the Nb-grading (7)) K-algebra generating system {fx | A € A} of SY,
denote by a the multidegree of fx, and set

o=t () €T (AeA).

Then the K-algebra FC is generated by the homogeneous elements {WF(]?;\) | A e
A}. Furthermore,

deg(mp ( f>\ Zm,\z

Remark 3. The algebra S¢ is known to be finitely generated (in addition to the
case when G is reductive) also when G is a maximal unipotent subgroup of a
reductive group (see [12] or [11, Thm. 9.4]), and consequently when G is a Borel
subgroup of a reductive group. In these cases Theorem 7 reduces the construction
of a finite generating system of F'¢ to the construction of a finite generating system
in the commutative algebra of invariants S¢.

Proof of Theorem 7. The subspace @, V¥ of T(V') is a Lie subalgebra (in fact
it is the free Lie algebra generated by dim g (V') elements). It contains the Lie ideal
Di-, V14 and the corresponding factor Lie algebra L,(V) is the relatively free
nilpotent Lie algebra of nilpotency index p generated by dimg (V') elements. We
identify the underlying vector space of L,(V) with €_, V0 in the obvious way.
Then T is identified with T'(L,(V)) and S is identified with S(L,(V')). Applying
Theorem 1 for the Lie algebra L,(V') and the group G < GL(V) (note that GL(V)
is naturally a subgroup of the automorphism group Aut(L,(V)) of the Lie algebra
L,(V)) we obtain that

{WU(LP(V))(f/\) | A e A} 9)

is a generating system of U(L,(V))%. By relative freeness of L,(V) in the variety
N, the identity map V' — V extends to a (surjective) Lie algebra homomorphism
from L,(V) onto the Lie subalgebra of F generated by V. Now the universal
property of the universal enveloping algebra implies that this Lie algebra homomor-
phism extends to an associative algebra homomorphism ~ : U(L,(V)) — F.
The image of v contains the K-algebra generating system V C F, hence ~ is
surjective onto F. It is also GL(V)-equivariant, therefore by Lemma 6 we have
Y(U(L,(V))¥) = FY. It follows that the generating system (9) of U(L,(V))% is
mapped by v to a generating system of F&. On the other hand, by construction
7r and y o (1, (v)) agree on the subspace vi=rl = L,(V) of T generating T as a
K-algebra, hence

TFp =70 WU(LP(V)) T = T(LP(V)) — F.

Thus 7p(fy) = ’Y(WU(LP(V))(]?)\)), and these elements generate F'¢ as )\ varies
over A. O
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Proof of Theorem 4. Let V' be a G-module in add(7). Now G is reductive, so we
may take a finite minimal multihomogeneous (with respect to the Nf-grading (7))
generating system {fy | A € A} of S(VIEP)E, Consider the generating system
{’/TF(‘]?A) | A € A} of F(R, V)% given by Theorem 7. Note that {f\ | A € A} is
a minimal homogeneous generating system of S¢ with respect to the standard
grading, where VI=P! is the degree 1 homogeneous component of S. Since G is
reductive, all G-modules are completely reducible. Moreover, V14 is a GL(V)-
module (hence G-module) direct summand in V®9. Tt follows that V=Pl belongs
to add(7®?), implying that deg(fr) = >t , axi < Bre» for each A € A (recall
that the multidegree of fy is ax = (ax1,..., ), and deg(fx) here stands for
the degree of f) with respect to the standard grading on S, for which the generators
have degree 1). So we have

p p
deg(mr(fr)) =Y iax: <p Y ax; = pdeg(fr) < pBron.
i=1 =1

In other words, F'(R, V)Y is generated by elements of degree at most pS3,s». This
holds for any G-module V' € add(7), therefore the desired inequality 5, n < pSBre»
holds. [

Remark 4. In the proof of Theorem 4 we used that all simple G-submodules of V14!
are contained in V®7, because V14 is a GL(V)-submodule of V®7. We mention
that it was proved by Klyachko [16] that for ¢ # 4, 6, all simple GL(V')-submodules
of V®4 different from the gth exterior or symmetric powers of V are contained in
Vial,

Following [7] for a finite group G we set
B(G,R) = sup{B(F(R, V)¢ | V is a G-module}.
Corollary 8. For a finite group G we have
B(G, M) < pB(G).

Remark 5. The results of [7] provide an upper bound for 8(G,M,) of different
nature.

4. A noncommutative generalization of Weyl’s theorem

In this section we assume that the variety 9 is generated (in the sense of
universal algebra) by a finitely generated algebra. Kemer [15] proved that then 2R
satisfies a Capelli identity. This means that there exists a positive integer h = h(R)
such that all algebras in R satisfy the polynomial identity

Z (=)™ zry1Tr2)Y2 - YnZr(ht1) = 0. (10)

wESymh+1
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Our focus is on the case when V = U + mW, where
mW =W +...4+ W

is the direct sum of m copies of a G-module W, and U is a G-module. We shall
identify mW with W ® K™, which is naturally a GL(W) x GL(K™)-module (here
K™ stands for the space of column vectors of length m over K). Also V = U+mW
is naturally a GL(U) x GL(W) x GL(K™)-module. Moreover, for [ < m we shall
identify K' with the subspace of K™ consisting of column vectors whose last
m — [ coordinates are zero. Accordingly [W is identified with the subspace of mW
consisting of m-tuples of elements of W with the zero vector as the last m — I
component. In this way F(R,U + IW) becomes a subalgebra of F(R, U + mW).

Theorem 9. Let G be a group, let U and W be G-modules, n = dim(W), and
let B be a set of generators of the algebra F(R,U +nhW)E, where h = h(R) as
above. Then for any m > nh the algebra F(R, U +mW)C is generated by

{g9-flge€GL(K™), fe B}.

Recall that the relatively free algebra F'(R, V') is graded such that the subspace
V' is the degree 1 homogeneous component.

Corollary 10. In the scenario of Theorem 9 for all positive integers m we have
the inequality
B(F(R,U +mW)E) < B(F(R,U +nhW)%).

Remark 6. In the special case when R is the variety of commutative algebras we
have h(R) = 1, and hence Theorem 9 in this special case recovers Weyl’s theorem
on polarization, which is a main theme in [24].

In order to prove Theorem 9 we need to recall some facts about polynomial
representations of the general linear group. A partition A of d (we write A\ - d) is a
finite non-increasing sequence A = (A1, Ag, ... ) of non-negative integers (with the
convention that zeros can be freely appended to or removed from the end) such
that >, A\; = d. Write ht(\) for the number of non-zero components of A. Denote
by S*(.) the Schur functor (see for example [22]), so for a finite-dimensional K-
vector space E and a partition A with ht(\) < dim(FE), we have that S*(E) is a
simple polynomial GL(E)-module.

Lemma 11. If the simple GL(E)-module S*(E) occurs as a direct summand in
SMNU + nE), where n is a positive integer and GL(E) acts trivially on the finite-
dimensional K -vector space U, then ht(u) < n-ht(X).

Proof. Suppose that S*(E) occurs as a direct summand in S*(V), where V =
U+ nE. It follows from Pieri’s rules (see [18]) that

ht(\)
SA(V) is a direct summand in () SO (V), (11)

i=1
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where for the partition (d) with only one non-zero part, S(4 (V) is the dth sym-
metric tensor power of V. Therefore S#(E) is a direct summand in ®ht (A 5 U+
nE). Any simple GL(E)-module summand of S (U 4 nFE) is isomorphic to
sV (E) for some partition v* = (vi,..., 1) with ht(1;) < n by the Cauchy identity
(see [22]). Therefore again by (11), S#(E) is a direct summand in S E)®---

2 g7 (E), hence SH(E) is a direct summand in

ht(\) n

® R

i=1 j=1

We conclude by Pieri’s rules that ht(u) is bounded by the number nht(\) of tensor
factors in the above expression. [

Proof of Theorem 9. Set V.=U +mW = U + W ® K™. Since F(R,V) satisfies
the Capelli identity (10), by a theorem of Regev [23] (see also [9, Thm. 2.3.4]) no
SM(V) with ht(\) > h = h(R) occurs as a summand of F(R, V). So the degree d
homogeneous component of F'(2R, V') has the GL(V)-module decomposition

FRV)a= > m*SAV)

A-d
ht(A\)<h

with some non-negative integers m*. Setting £ = K™ and n = dim(W), Lemma 11
shows that as a GL(F)-module, F(R,U + W ® E), decomposes as

FR,U+nE)g= Y  r"S*E) (12)

uhd
ht(u)<nh

with some non-negative integers 7. Since the actions of G and GL(F) commute,
the algebra F(R,U +W ® E)¢ is a GL(E)-submodule in F(R,U +W ® E). Thus
each simple GL(E)-module direct summand of F(R,U + W ® E)¢ is isomorphic
to SH(E) for some partition p with ht(x) < mh. Such a summand is generated
by a highest weight vector w, having the property that for an element g =
diag(z1,...,2m) € GL(K™) = GL(E) we have g - w = (z}"" -zl )w. Since
fnht1 = - - = pm = 0, we conclude that w belongs to the subalgebra F(R, U+W®
K" = F(R,U+nhW) of F(R,U+W ®E). Thus F(R, U+ W ® E)¢ is contained
in the GL(E)-submodule of F(R,U + W ® E) generated by F(R,U +W @ K™)&.
Now {g- f | g € GL(K™), f € B} spans a GL(E)-submodule, hence it generates a
GL(E)-stable subalgebra of F(R,U + W ® E). By construction this subalgebra
contains F(R, U + W @ K")% so it contains F(R, U +W ® E)¢. O
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