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In the first part of the paper, we review the notion of an almost-complex struc-
ture and some topological obstructions for existence of such a structure. Also, we
present basic facts about twistor spaces as parametrization spaces of the almost-
Hermitian structures, i.e. orthogonal almost-complex structures, on a Riemannian
(or conformal) manifold. In the second part, we consider the problem of when an
almost-Hermitian structure on a Riemannian or conformal manifold determines a
harmonic or pseudo-harmonic map from the manifold into its twistor space. Recent
results on this problem by the author (and collaborators) are discussed mainly in the
case of a four-dimensional base manifold.

Since this survey is intended for a wide audience, including students, in both parts,
we emphasize mostly on elucidating examples rather than technicalities of the proofs.

1. Introduction. Recall that an almost-complex structure on a Riemannian mani-
fold is called almost-Hermitian or compatible if it is an orthogonal endomorphism of the
tangent bundle of the manifold. It is well-known that if a Riemannian manifold admits
an almost-Hermitian structure, it possesses many such structures, see, for example, [22].
Thus, it is natural to look for “reasonable” criteria that distinguish some of these struc-
tures. One way to obtain such criteria is to consider the almost-Hermitian structures
on a Riemannian manifold (M,g) as sections of its twistor bundle that parametrizes
the almost-Hermitian structures on (M, g). This is the bundle 7 : Z — M whose fibre
at a point p € M consists of all g-orthogonal complex structures I, : T,M — T,M
(Ii = —Id) on the tangent space of M at p. The fibre of the bundle Z is the com-
pact Hermitian symmetric space O(2m)/U(m), 2m = dim M, and its standard metric

1
G = ~3 Trace(I; o Iz) is Kéahler-Einstein. The Levi-Civita connection of (M, g), as well

as any metric connection, gives rise to a splitting TZ = H @& V of the tangent bundle
of Z into horizontal and vertical subbundles. This decomposition allows one to define a
1-parameter family of Riemannian metrics hy = n*g+tG, t > 0, for which the projection
map 7 : (£, ht) = (M, g) is a Riemannian submersion with totally geodesic fibres. In the
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terminology of Besse’s work' [6, Definition 9.7], the family h; is the canonical variation
of the metric g. Note also that each metric h; is compatible with the natural almost-
complex structures on Z, which have been introduced by Atiyah-Hitchin-Singer [4] and
Eells-Salamon [34] in the case when the dimension of the base manifold M is four.

Motivated by the theory of harmonic maps, C. M. Wood [71, 72] has suggested to
consider as “optimal” those almost-Hermitian structures J : (M, g) — (Z,h1) that are
critical points of the energy functional under variations through sections of Z. In general,
these critical points are not harmonic maps, but, by analogy, they are referred to as
“harmonic almost-complex structures” in [72]; they are also called “harmonic sections”
in [71], a term which seems more appropriate. In this context, a natural problem is when
the Atiyah-Hitchin-Singer or the Eells-Salamon almost-complex structure on the twistor
space of a Riemannian manifold (M, g) is a harmonic section of the twistor space. This
problem has been solved in [20] in the case when the base manifold M is of dimension
four.

Forgetting the bundle structure of Z, we can consider the almost-Hermitian structures
that are critical points of the energy functional under variations through arbitrary maps
M — Z, not just sections. These structures are genuine harmonic maps from (M, g)
into (£, ht), and we refer to [33] for basic facts about harmonic maps. This point of
view is taken in [24, 26] where the problem of when an almost-Hermitian structure on a
Riemannian four-manifold is a harmonic map from the manifold into its twistor space is
discussed. In [24], the metric h; is defined via the Levi-Civita connection; it is defined
by means of a metric connection with totally skew-symmetric torsion in [26]. In [23]
(cf. also [22]), the Riemannian 4-manifolds (M, g) for which the Atiyah-Hitchin-Singer
or the Eells-Salamon almost-complex structure is a harmonic map from the twistor space
(Z,ht) of (M, g) into the twistor space of (£, h;) are described.

If g and ¢* = e/ g are conformal metrics, the Riemannian manifolds (M, g) and (M, g*)
have the same twistor space, i.e. the twistor space depends on the conformal class of g
rather than the metric g itself. Thus, it is natural to consider the twistor spaces in the
context of conformal geometry, see, for example, [4, 37]. The harmonic map techniques
has a useful extension in the conformal geometry introduced by G. Kokarev [49]. The
problem of when a Hermitian structure on a conformal manifold endowed with a Weyl
connection is a pseudo-harmonic map in the sense of Kokarev from the manifold into its
twistor space is discussed in [27].

The current paper is an extended version of the author’s talk at the 51-st Spring
Conference of UBM, April, 2022. In the first part of the paper, the notion of an almost-
complex structure and some topological obstructions for existence of such a structure
are reviewd. Also, basic facts about twistor spaces are given. In the second part, recent
results by author and collaborators on the harmonicity of an almost-Hermitian structure
on a Riemannian or conformal manifold are surveyed. Since the paper is intended for a
wide audience, the emphasis is on elucidating examples rather than the proofs.

L Arthur Besse is a pseudonym chosen by a group of French differential geometers, led by Marcel
Berger, following the model of Nicolas Bourbaki (editor’s note).
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2. Almost-complex structures.

2.1. Almost complex manifolds. We begin with some basics facts about almost-
complex manifolds referring to [47] for more details (see also [6]).

Recall that a linear complex structure on a real vector space V' is an endomorphism
J of V such that J?> = —Id. Such an endomorphism allows one to render V a complex
vector space setting i.v = Jv for v € V. Conversely, this identity on a complex vector
space defines a linear complex structure J on the underlying real vector space.

An almost-complex structure on a smooth (paracompact) manifold M is an endo-
morphism J of the tangent bundle TM of M with J? = —Id, i.e. a collection of linear
complex structures J,, on the tangent spaces 1), M of M smoothly depending on the point
p when it varies on the manifold. A smooth manifold endowed with a complex structure
is called almost-complex, a notion due to C. Ehresmann and H. Hopf in the late 40’s of
the last century (see, for example, [2; 67]).

Examples of almost-complex manifolds.
Example 1. Let M be a complex manifold and let (z1,..., z,) be complex-analytic
coordinates in a neighbourhood of a point p. Consider M as a smooth manifold. If

2k = Tk + 1Yk, we can use the smooth coordinates (x1,...,Zn, y1,...,Yyn) on M to define
an almost-complex structure J,, of the tangent space T, M of M at p setting

Jpa—m(p) - 8—yk(p)’ Jpa—yk(p) = —a—xk(p), k=1,....n.
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It is easy to see by means of the Cauchy-Riemann equations that J, does not depend

on the choice of the complex coordinates (z1,...,2,). In this way we obtain an almost-
complex structure on M.
The conjugate functions (z1, ..., Z,) determine another structure of a complex mani-

fold on the set M. With this structure, M is usually denoted by M. Tt is clear that the
almost-complex structure of M is equal to —J.

This justify the following terminology. If J is an almost-complex structure on a
smooth manifold, —J is also an almost-complex structure, called conjugate of J.

When an almost-complex structure is defined by means of complex coordinates, we
drop the adjective “almost”.

Example 2. Let M be a parallelizable even-dimensional manifold and E, ..., Fo,,
a global frame of vector fields on M. Then setting JFEop_1 = Eaok, JEop, = —Fop_1,
k=1,...,m defines an almost-complex structure on M.

Example 3. Every orientable two-dimensional smooth manifold M admits an almost-
complex structure. In order to define such a structure, fix an orientation on M and take
any Riemannian metric on it. For each point p € M, choose an oriented orthogonal basis
(e1,e2) with ||e1]] = |lez| of the tangent space T, M. Set Jper = eq, Jpea = —ei. The
endomorphism J,, of T, M is a complex structure on 7, M which does not depend on the
choice of the basis (e1, e2). For each point p, we can find an oriented orthogonal frame of
vector fields (X7, X3) with || X;|| = || X2 in a neighbourhood U of p. A straightforward
consequence of this remark is that .J, depends smoothly on p. Thus, the endomorphisms
Jp determine an almost-complex structure J on M.

Clearly, if we take a metric ¢’ = efg¢ conformal to g, f being a smooth function, we
get the same almost-complex structure. If we reverse the orientation of M, we obtain
the conjugate almost-complex structure —J.

Note also that it can be shown that any almost-complex structure J on a two-
dimensional manifold M is a complex structure, i.e. one can introduce complex co-
ordinates on M which yield J as in the preceding example (for this fact see Sec. 2.3).

Example 4. Consider the unit sphere S? with its standard metric and orientation.
Denote by x the usual vector-cross product on R3. Then the almost-complex structure
on 5%, described in the preceding example, is given by J,(v) = a x v for a € S? and
v € T,58%. This almost-complex structure comes from the well-known complex-analytic
atlas defined by means of the stereographic projection rendering S? a complex manifold
biholomorphic to the complex projective line CP'. Recall that identifying R® with the

imaginary quaternions, the vector-cross product is a x b = I'm (ab) = =(ab — ba) where

5 (
2
the multiplication is in the algebra of quaternions. Similarly, identifying R” with the
imaginary octonions, one can define a vector-cross product in R7, the multiplication
being this time in the algebra of octonions. Then the formula J,(v) = a x v for a € S°,
v € T,S®, yields an almost-complex structure on S°. This structure was defined by
A. Kirchhoff in 1947 (as well by C. Ehresmann in 1950). Shortly after that in 1951,
B. Eckmann and A. Frolicher as well as C. Ehresmann and P. Libermann showed that
this structure does not come from complex coordinates. We refer to [2, 3] for more
information about this story.

It is a result of A. Borel and J.-P. Serre (1953) that S? and S® are the only spheres
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that admit an almost-complex structure. As we have mentioned, every almost-complex
structure on S? is complex, and it is a long-standing problem whether S° admits any
complex structure. We refer to [2] for a nice overview on the history of this problem

Example 5. E. Calabi [14] has generalized the construction of the almost-complex
structure on S® to every orientable hypersurface M in R7. If n is a normal field on M, he
studied the almost-complex structure defined by Jv = nxv, v € TM. He found necessary
and sufficient conditions for J to be induced by complex coordinates, and showed that
these conditions are not satisfied if M is compact.

Example 6. E. Calabi and B. Eckmann [13] have constructed complex structures on
the product of two odd-dimensional spheres 2"+ x §2"+1  Consider the action of the
additive group C on C™\ {0} and C™ \ {0}, n,m > 1, defined by (.(z,w) = (e*z, e w)
where 7 is a fixed complex number with I'm7 # 0. The quotient space is a complex
manifold diffeomorphic to S?*+1 x §2m+1,

Example 7. Any almost symplectic manifold M, i.e. admitting a non-degenerate
skew-symmetric 2-form €2, possesses an almost-complex structure. To define one, fix a
Riemannian metric g on M. Then, as is well-known, the identity g(JX,Y) = Q(X,Y),
X,Y € TM, defines a unique almost-complex structure .J, see, for example, [8]. Recall
that M is called symplectic if the form € is closed, d2 = 0.

2.2. Topological obstructions for existence of almost-complex structures.
Every almost-complex structure on a manifold M induces on each tangent space of M the
structure of a complex vector space, so the tangent bundle of TM becomes a (smooth)
complex bundle. Hence M is of even dimension and orientable. An immediate conse-
quence of this trivial remark is that no real projective space admits an almost-complex
structure. So, the vanishing of the first Stiefel-Whitney class wy (M) € H'(M,Zs)
is a topological obstruction for existence of an almost-complex structure on an even-
dimensional manifold. We briefly discuss other topological obstructions in cohomological
terms on oriented compact manifolds. As we have noted, if dim M = 2, there is no other
obstructions. Suppose that dim M = 4. Let o(M) and x(M) be the signature and the
Euler characteristic of M. By the classical W.-T. Wu theorem [73] (as stated in [42]),
M admits an almost-complex structure if and only if there is h € H 2(M ,Z) such that
h*[M] = 30(M) + 2x(M) and h = w(M) mod 2. In this case h is the first Chern
class of the complex bundle T M. In order to state another criterion for existence of an
almost-complex structure in dimension four, denote the intersection form on H?(M,Z)
by @. Then by a result of A. Dessai [30, Theorem 1.4] in the reformulation of [53], M
admits an almost-complex structure if and only if o(M) + x(M) = 0mod4 and one of
the following conditions is satisfied: (i) @ is indefinite; (i#4) @ is positive definite and the
Betti numbers by and by satisfy the inequality by — b < 1; (ié¢) @ is negative definite
and, in case by < 2, the number 4(b; — 1) + by is the sum of by integer squares. Now, let
dim M = 6. According to a result by C. T. C. Wall [69, Theorem 9], the only obstruc-
tion for existence of an almost-complex structure in dimension 6 is the vanishing of the
third integer Stiefel-Whitney class, i.e. w2(M) to be mapped to zero by the Bockstein
homomorphism 9 : H*(M,Zy) — H?*(M,Z).
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Examples of almost-complex manifolds not admitting any complex struc-
ture.

Example 8. The first examples of this type have been constructed by A. Van de
Ven [67]. Consider the complex projective plane CP? as a smooth manifold with the
orientation induced by the complex structure. Denote this manifold by P?. It has
been shown in [67] that the connected sum P?#(S* x S%)#(S! x S%) admits an almost-
complex structure but does not possess any complex structure. The connected sum
(S x S*)4(S* x $3)4(S% x S?) has the same property.

Example 9. S-T. Yau [74] has showed that (T34RP?) x S', where T3 is the 3-
dimensional real torus, is a parallelizable 4-manifold, which does not admit a complex
structure.

Example 10. A parallelizable 4-manifold without any complex structure has also
been constructed by N. Brotherton [12].

No examples of almost-complex manifolds not admitting a complex structure are
known in dimensions greater than four.

S.-T. Yau’s conjecture [75, Problem 52]. Every compact almost-complex manifold of
dimension at least 6 admits a complex structure.

2.3. Integrable almost-complex structures. For a smooth manifold M, we de-
note the complexification of a tangent space T, M by T;? M. Let J be an almost-complex
structure on M. Extend J by complex linearity to the complexification TCM of the
tangent bundle TM. The extension also satisfies the identity J? = —Id, thus it has
eigenvalues +i. As usual, denote the eigen-subbundles of TCM corresponding to (+1)
and (—i) eigenvalues of J by T M and TV M.

An almost-complex structure J is called integrable if the subbundle TOON of TCM
is integrable (i.e. the Lie bracket of two vector fields with values in TWONM is again such
a vector field). This is equivalent to 7O N being integrable.

Denote by N the Nijenhuis tensor of J defined by

N;(X,)Y)=-[X, Y]+ JJX,JY] - JJX,Y] - JX,JY]
where X,Y stand for vector fields on the manifold. It is a simple exercise that the
structure J is integrable if and only if its Nijehuis tensor N; vanishes.

The following famous theorem is due to A. Newlander and L. Nirenberg

Theorem 1 ([55]). An almost-complex structure is complez, i.e. it is induced by a
complez-analytic atlas, if and only if it is integrable.

It is easy to see that in real dimension 2, every almost-complex structure is integrable.

3. Almost-Hermitian structures. For any almost-complex structure J, there is
a Riemannian metric g such that J is g-orthogonal: ¢(JX,JY) = ¢g(X,Y) for ev-
ery tangent vectors X,Y at a point p. Just take any Riemannian metric h and set
g(X,)Y) = h(X,Y) + h(JX,JY). If (M,g) is a Riemannian manifold, a g-orthogonal
almost-complex structure is called almost-Hermitian or compatible with g. An impor-
tant role in the study of almost-Hermitian manifolds (M, g, J) is played by their funda-
mental, or Kéhler, 2-form Q(X,Y) = ¢g(JX,Y), X, Y € TM. Recall that if Q is closed,
the almost-Hermitian manifold is called almost-Kahler or symplectic; if in addition J is
integrable, it is called Kahler. The latter condition is equivalent to VJ = 0, where V is
the Levi-Civita connection of the Riemannian metric g.

48



Examples of almost-Hermitian manifolds.

Example 11. Let M be a parallelizable even-dimensional manifold with a global
frame FE, ..., Ey,, of vector fields on it. Denote by g the Riemannian metric for which
the frame FEi,..., Fa,, is orthonormal. Then the natural almost-complex structure J
defined above by JFEo,_1 = Fok, JFEor = —Fs_1 is g-orthogonal.

Example 12. The complex structure on an oriented 2-dimensional manifold defined
by means of a Riemannian metric g on it is g-orthogonal. In particular, the standard
complex structure of S? is Hermitian with respect to the standard metric gg= of the
sphere.

Example 13. The complex projective space CP"™ endowed with Fubini-Study metric
is a Hermitian manifold. The standard biholomorphism S? = CP! defined by means of
the stereographic projection sends the metric 4gg2 on S? to the Fubini-Study metric of
CP!.

Example 14. The almost-complex structure on S° defined above is compatible with
the standard metric on S°.

Example 15. The Calabi almost-complex structure on an oriented hypersurface in
R7 is compatible with the metric on the hypersurface induced by the standard metric of
R7.

Example 16. The Calabi-Eckmann complex structures on S?"*1 x §2m*! are com-
patible with the product metric of the standard metrics of the spheres. The Calabi-
Eckmann Hermitian structure is Kahler exactly when n = 0 or m = 0; it is locally
conformally Kéhler (but non-Kéhler) if and only if n = 0,m > 1 or n > 1,m = 0 [39,
Theorem 4.4] (for the latter claim, see also [32, 66]).

Example 17. It is obvious that any K&hler manifold is symplectic. The first example
of a compact symplectic manifold which does not admit any Kahler structure has been
given by W. Thurston [65]. A second version of this example has been constructed by E.
Abbena [1] who also gave a natural associated metric for the symplectic structure. Let

1 = =z
(1) H=|10 1y |, zyz2€cR,
0 0 1

be the real Heisenberg group, and let G = H x S* be the direct product of the groups H

and S*. Let I" be the discrete subgroup of G of the matrices (1) with integer entries. The

quotient space M = G/T' is a compact smooth manifold. Let e?™ 5 t be the standard

local coordinate on S'. The form Q = dt A dz + dy A (dz — zdy) is a left invariant

symplectic form on G, hence it descents to a symplectic form Q on M. The vector fields
0 0 0 0 0]

9 -2 g2 ,92 p_9 p_29
2) ! =g T =g s

dual to dx, dy, dz — xzdy, dt are left invariant and constitute a global frame on G. Let g
be the metric on G for which this frame is orthonormal. Also, let .J is the almost-complex
structure on G for which JE; = E,4, JE2 = E3. Then Q(Fy, E;) = §g(JEg, E;). The
left-invariant almost-Hermitian structure (g, J ) on G, as well as ﬁ, descends to such a
structure (g,J) on M satisfying the identity Q(X,Y) = ¢(JX,Y), X, Y € TM. The
almost-complex structure J is not integrable, hence neither is J. Thus, (g,J) is an
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almost-Kahler structure which is not Kéhler. Moreover, M does not admit any Kahler
structure for topological reasons; it has an odd first Betti number, namely b; = 3 ([1, 65]),
while, as is well-known, the odd Betti numbers of a Kéhler manifold are even.

Example 18. Let HC be the complex Heisenberg group consisting of all matrices of
the form (1) with complex entries z,y,z € C. Let I be the discrete subgroup for which
z,y, z have integer real and imaginary parts. Then the quotient space M = H® /T is a
compact complex 3-manifold known as the Iwasawa manifold. The complex structure of
M is compatible with the Riemannian metric g for which the real and imaginary parts
of the complex vector fields defined by (2) constitute an orthonormal frame. The Betti
numbers of the Iwasawa manifold are by = 4,b3 = 10,b5 = 4 and by = 1,bo = 8,by =
8,bg = 1, see, for example, [35]. Although all odd Betti numbers are even, the Iwasawa
manifold has no complex structure admitting a K&hler metric [ibid]. But the Iwasawa
manifold admits a symplectic form, hence an almost K&hler structure [16] (which, of
course, is non-integrable).

Remark 1. As is well-known, in complex dimension two, every compact complex
surfaces with even first Betti number admits a Kéhler metric, see, for example, [5, Sec.
Iv.3].

Example 19. Let (M, g) be a Riemannian manifold and 7 : TM — M its tangent
bundle. The Levi-Civita connection of (M, g) gives rise to a splitting T(TM) =H @V of
the tangent bundle of the manifold T'M into horizontal and vertical subbundles. For any
a € TM, the restriction of the differential 7., : To(T'M) — Ty ()M to the horizontal
space H, is an isomorphism of H, onto Tr,)M. As usual, if X € Tr,)M, we denote the
horizontal lift (7, o|Ha) 1 (X) of X by X. The vertical space V, is the tangent space
at a of the fibre Ty ()M of T'M through the point a. We denote by X the image of X
under the standard identification Ty (q)M = To(Tr(q)M) = V,. Following T. Nagano [54]
(see also [44, 31]), define an almost-complex structure J on the manifold TM setting

J(Xh YY) =(-Y" X"), X,YeTM.
This structure is integrable if and only if the Riemannian manifold (M, g) is flat ([54,

44, 31]). The almost-complex structure J is compatible with the Sasaki metric on T'M.
Recall that this metric is defined by

hXT + Y, XD+ YY) = g(X1,X2) + g(Y1, Ya).

Thus, we have an almost-Hermitian structure (h,.J) on the manifold TM. It is almost-
Kaéhler [63] and is Kéhler exactly when (M, g) is flat.

4. Basics about twistor spaces. The twistor theory has been originated by the
English physicist R. Penrose [56, 57] as a tool for transferring physical information from
the space-time into geometric data on a projective space with the aim to propose an
approach to the quantum gravity. The ideas of Penrose have been developed in the
context of Riemannian geometry by Atiyah, Hitchin and Singer [4] in the case of manifolds
of dimension four. From mathematical point of view, the basic idea is that the geometry
of a Riemannian manifold can be encoded in holomorphic terms of the so-called twistor
space associated to the manifold.

4.1. The manifold of compatible linear complex structures. Let V be a real
vector space of even dimension n = 2m endowed with an Euclidean metric g. Denote
by F(V') the set of all complex structures on V' compatible with the metric g, i.e. g¢-
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orthogonal. This set has the structure of an imbedded smooth submanifold of the vector
space s50(V) of skew-symmetric endomorphisms of (V,g). The tangent space of F(V)
at a point J consists of all endomorphisms @ € so(V) anti-commuting with .J, and we
have the decomposition so(V) = T;F(V) & {S € so(V) : SJ — JS = 0} which is

1
orthogonal with respect to the metric G(S,T) = ~3 Trace(SoT) on so(V). The smooth

manifold F (V) admits a natural almost-complex structure J defined by JQ = J o Q
for @ € T;F(V). This structure is compatible with the metric G. It is not hard to find
an explicit formula for the Levi-Civita connection V of G and to see that V.7 = 0, so
(G, ) is a Kahler structure on F (V). In particular, J is an integrable structure, hence
it is induced by complex coordinates. In fact, such coordinates can explicitly be defined
by means of the Cayley transformation of skew-symmetric endomorphisms. One can also
show that the metric G is Einstein.

The group O(V) = O(2m) of orthogonal transformations of V' acts on F(V) by
conjugation and the isotropy subgroup at a fixed complex structure Jy is isomorphic to
the unitary group U(m). Therefore F'(V') can be identified with the homogeneous space
O(2m)/U(m). In particular, dim F(V) = m? — m. Note also that the manifold F (V')
has two connected components Fy (V): if we fix an orientation on V, these components
consist of all complex structures on V' compatible with the metric g and inducing the
positive/negative orientation of V; each of them has the homogeneous representation

SO(2m)/U(m).
The metric g of V induces a metric on A2V given by
(3) g(v1 Ava,v3 Avy) = %[g(vl, v3)g(v2,v4) — g(v1,v4)g(v2,v3)].
Then we have an isomorphism so(V') = A?V, which sends S € so(V) to the 2-vector S

for which
(4) 29(S", u Av) = g(Su,v), wu,veV.

1
This isomorphism is an isometry with respect to the metric §G on s0(V') and the metric

g on A%V,

Suppose that V is of dimension four. Then the Hodge star operator defines an endo-

morphism * of A2V with %? = Id. Hence we have the orthogonal decomposition

AV = A2V @ A%V,
where AftV are the subspaces of A2V corresponding to the (£1)-eigenvalues of the op-
erator *. Let (e, eq, e3,€4) be an oriented orthonormal basis of V. Set
(5) 51i =e1 ANegteg ey, 52jE =ej NegteqAeg, 53i =e1 Nesg ey Aes.
Then (st,sF,55) is an orthonormal basis of AZV. The orientation of A%V determined
by this basis does not depend on the choice of the basis (e1, ea, e3,e4) (see, for example,
[22]).

It is easy to see that the isomorphism ¢ — ¢” identifies Fly (V) with the unit sphere
S(A2V) of the Euclidean vector space (A%V, g) (so, the factor 1/2 in (3) is chosen in order
to have spheres with radius 1). Under this isomorphism, if J € F(V'), the tangent space
T;F(V) = T;F+(V) is identified with the orthogonal complement (R.J)% of the space
R.J in A2ZV. Moreover, the restriction of the complex structure J to Fy (V) is identified
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with the complex structure of the unit sphere in A2 V. Thus (7Q)" = £(J" x Q") where
x is the vector-cross product on the 3-dimensional Euclidean space (A2V,g) endowed
with the orientation defined above.

4.2. The twistor space of a Riemannian manifold. Let (M, g) be a Riemannian
manifold of even dimension. The twistor space of (M,g) is the bundle 7 : Z — M
whose fibre at a point p € M is the manifold F(T,M) of all complex structures of the
tangent space 1, M compatible with the metric g,. If M is oriented, we can consider the
bundles over M whose fibre at p is the manifold of compatible complex structures yielding
the positive and, respectively, the negative orientation of T, M. The latter bundles are
disjoint open subsets of Z and are frequently called the positive and the negative twistor
spaces of (M, g), respectively. They are usually denoted by Z; and Z_. If M is connected
and oriented, they are the connected components of the manifold Z. Clearly, changing
the orientation interchanges the role of the positive and negative twistor spaces. If M is
oriented and of dimension four, Z1 can be identified with the unit sphere subbundle of
AQiTM , the latter vector bundle being the the subbundle of A2TM corresponding to the
(£1)-eigenvalue of the Hodge star operator .

4.3. The Atiyah-Hitchin-Singer and Eells-Salamon almost-complex struc-
tures on a twistor space. The manifold Z admits two almost-complex structures J;
and Jo defined, respectively, by Atiyah-Hitchin-Singer [4] and Eells-Salamon [34] in the
case when the base manifold M is of dimension four.

The bundle Z can be considered as a subbundle of the bundle A(TM) of skew-
symmetric endomorphisms of the tangent bundle 7M. The Levi-Civita connection of
(M, g) determines a connection on the bundle A(T'M), both denoted by V. The horizon-
tal space of the vector bundle A(T M) with respect to V at a point J € Z is tangent to Z.
Hence we have the splitting T'Z = H & V of the tangent bundle of Z into horizontal and
vertical subbundles. For every J € Z, the horizontal subspace H; of T;Z is isomorphic
to the tangent space Tr(7)M via the differential . ;, and we set

TlHy = (me|Hy) " o Jo(m|My), k=1,2.
The vertical subspace V; of T;Z is the tangent space at J to the fibre of the bundle Z
through J. This fibre is the complex manifold F(T;;)M) we have discussed. Denote its

complex structure by Jy,. Then the almost-complex structures J; are defined on the
vertical space V; by

Ty =Tv,, FVi=-Tv,.

The decomposition T'Z = H &V allows one to define a natural 1-parameter family of
Riemannian metrics hy, t > 0, on the manifold Z in the following (standard) way. The
metric hy on H ; is the lift of the metric g of T ;) M, hi|Hj = 7" g. On the vertical space
Vj, the metric h; is defined as ¢ times the metric G of the fibre through J. Finally, the
horizontal space H ; and the vertical space V; are declared to be orthogonal. For J € Z
and X € Ty(;)M, we denote the horizontal lift (m,|H;)~"(X) of X by X/. Then for
XY € TW(J)M and VW € V;

(6) (XM 4+ VYR W) = g(X,Y) +tG(V, W).
The almost-complex structures J; and J> are both compatible with each metric h;.

Thus, for a fixed ¢, we have two almost-Hermitian structures on the twistor space which
have intensively been studied by many authors.
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4.4. Integrability of the Atiyah-Hitchin-Singer and Eells-Salamon almost-
complex structures. It is a result of Eells and Salamon [34] that the almost-complex
structure 7> is never integrable, so it does not come from complex coordinates. Never-
theless, Js is very useful for constructing harmonic maps. The integrability condition
for J7 has been found by Atiyah, Hitchin, and Singer [4]. To state their result, we first
recall a well-known curvature decomposition.

Let R(X,Y,Z) = Vixy)Z —VxVyZ+VyVyZ be the curvature tensor of the Levi-
Civita connection V of (M, g). The curvature operator R corresponding to the curvature
tensor is the endomorphism of A2T'M defined by

JRXAY), ZANU)=g(R(X,Y)Z,U), X,Y,Z,UecTM.
Denote by s the scalar curvature of the manifold (M, g) and let p : T,M — T, M be its

Ricci operator defined by g(p(X),Y) = Ricci(X,Y), X, Y € TM. It is well-known that
the curvature operator R decomposes as (cf. e.g. [6, Sec. 1 G, [61])
2s
= m[ d+B+W
where the operator W corresponds to the Weyl conformal tensor W, while B corresponds
to the traceless Ricci tensor and is defined by
2s

n+1

2

1 1
Note that this differs from [6] by a factor 3 (the curvature operator therein is 572) because

of the factor 1/2 in our definition of the induced metric on A°T'M. The decomposition
of R is known as the Ricci decomposition.

The Riemannian manifold (M, g) is Einstein exactly when B = 0. It is locally confor-
mally flat if and only if W = 0. The manifold is of constant sectional curvature c exactly
when B=W =0 and s =n(n — 1)c.

Suppose that M is oriented and of dimension 4. In this case, the operator B sends
AQiTM into A?FTM . Moreover, the Weyl operator has an additional decomposition
W = Wy + W_, where W4 is the restriction of W to AQiTM and zero on AiTM7

1
ie. Wy = §(W + %)) where * is the Hodge star operator on A?TM. The manifold

(M, g) is called self-dual (anti-self-dual) if W_ = 0 (resp. Wy = 0). Let § = g be a
Riemannian metric conformal to g and W/ its Weyl tensor. Then we have g = e*f g for
the induced metrics on A’TM. Hence W = e /W since W(X,Y)Z = W(X,Y)Z for
all X,Y,Z € TM. Note also that the Hodge star operator on A?T'M does not change
when the metric on M is replaced by a conformal metric. Therefore the self-duality
(anti-self-duality) condition is invariant under conformal changes of the metric .

In connection with the last observation, note that the Atiyah-Hitchin-Singer almost
complex structure J; is invariant under conformal changes of the metric of M, while the
Eells-Salamon one 73 is not, see Sec. 9.

Note also that changing the orientation of M interchanges the roles of A2TM and
AiTM , hence the roles of W_ and W,.

The integrability condition for the almost-complex structure J; on Z4 has been found
by Atiya, Hitchin and Singer.

Theorem 2 ([4]). Let (M,g) be an oriented Riemannian 4-manifold. The almost-
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complex structure Ji on the negative twistor space Z_ (resp. positive twistor space Z.)
of (M, g) is integrable if and only if (M, g) is self-dual (resp. anti-self-dual).

If dim M > 6, the almost-complex structure J; is integrable if and only if (M, g) is
locally conformally flat (see, e.g., [59]). Thus the case of a 4-dimensional base manifold
is more interesting in this context.

Examples. Let (M, g) be an oriented Riemannian 4-manifold and V its Levi-Civita
connection. In the following examples, Z; and Z_ stand for the positive and negative
twistor spaces, respectively. The first five examples are taken from [4] (see also [6, Sec.
13 DJ), for the last two we refer to [68].

Suppose that the bundle 7 : AiTM — M admits a global orthonormal frame

sf,sg,s;, so that it is isomorphic to the trivial bundle M x R?® by the map ¢ =

3
ins;r — (m(0),x = (x1,22,23)). Clearly such a frame exists if M is paralleliz-
i=1

able. The restriction f of the trivialization map AiTM ~ M x R? to Z, is obviously
a (smooth) isomorphism of the bundle Z, onto the bundle M x S%. Denote by Zj, the
almost-complex structure on M x S? corresponding under f to the structure 7 on Z,,
k = 1,2. If we assume in addition that the frame sf‘, sg,s;' is parallel, Vs;-" = 0, the
structure Z;, has a simple explicit description since each horizontal space H,, is mapped by
f+ onto the subspace T5 ()M of T,y (M x 52 = Tr(oyM x T,S%. For o € Z,, denote by
K, the complex structure on T (o) M defined by g(K,X,Y) = 2g(0, XA\Y), X, Y € TM.
Also, denote the standard complex structure of S? by Z. Let (X, V) € Tz (M x 52).
Then Z; X = Kj-1(, X and T,V = (—1)F1ZV.
Similar considerations hold for Z_.

0
Example 20. Consider M = R* with its standard flat metric. Set E; = e
Ly
j = 1,2,3,4, and define s, i = 1,2,3, by means of E,...,Ey via (5). The sections
sf, sg,sgr of AiR4 are parallel, hence the twistor space (Z4,Jk) is biholomorphic to

R* x SQ,Ik). Note also that the Atiyah-Hitchin-Singer almost-complex structure J; is
integrable, i.e. it is a complex structure since the base manifold R* is flat. Hence Z;
is a complex structure on R* x §2. Similarly (Z_,J;) = (R* x 2, 7). Identifying R*
with C2, we get another complex structure on R* x S2, the product one. The complex
structure Z; is different from the product complex structure on R* x S2.

Example 21. Let M = R4/F be a torus, I being a lattice. Consider the torus M with
the flat metric induced by the metric of R*. The vector fields E; on R* descend to a global
orthonormal frame on the torus. The corresponding sections sy, s3,s3 of AZTM are
parallel, so the twistor space (2, i) of the torus is biholomorphic to ((R*/T") x 52, T},).
The almost-complex structure Z; is integrable. Similarly for the negative twistor space.
Note that the structure Z; has earlier been considered by A. Blanchard [9, Exemple de
fibration au sense de la proposition 1.2.2].

Example 22. The product metric of S* x S is locally conformally flat. The manifold
St x 83 is parallelizable, hence its positive and negative spaces are isomorphic to S x
53 x 82, Other descriptions of the twistor space of S* x S2 can be seen in [19, 21] and
in [43, Sec. 8].
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Example 23. In order to deal with the twistor space of the unit 4-sphere M = S%,
we identify S* with the quaternionic projective line HP!. This can be done in the same
way as the 2-sphere S? is identified with the complex projective line CP!. Write the
quaternions as z; + z2j with 21,20 € C. The twistor space Z, of S* can be identified
with the complex projective space CP?, the projection map 7 : Z, = CP? — §* =~ HP!
being given in homogeneous coordinates by [z1, 22, 23, 24] = [21 + 227, 23 + 24J]. Similarly
for the negative twistor space. The sphere S* is locally conformally flat, so the Atiyah-
Hitchin-Singer almost-complex structure on both twistor spaces Z, and Z_ of S is
integrable. It coincides with the complex structure of CP3. We refer to [70, Sec. 5.12] or
[25] for details.

Example 24. Consider the complex projective space M = CP? as a smooth mani-
fold endowed with the Fubini-Study metric and the orientation induced by the complex
structure. The twistor spaces Z4+ of this manifold can be identified as smooth manifolds
with the complex flag manifold F5 = Fj 5. Recall that the points of F3 are pairs (I, m) of
a complex line [ and a complex plane m in C* such that [ C m. In this setting, the projec-
tion map 7 : Z4+ = Fy — CP? is (l,m) — I Nm, where I+ is the orthogonal complement
of 1 in C® with respect to the standard Hermitian metric of C3. Note that this map is
neither holomorphic, nor anti-holomorphic. The Riemannian manifold CP? is self-dual,
but not anti-self-dual. Hence the Atiyah-Hitchin-Singer almost-complex structure J; is
integrable on the negative twistor space Z_, but not on the positive one. Under the
diffeomeorphism Z_ = F3, the structure J; coincides with the complex structure of Fj.
Details can be found in [25], for example.

Remark 2. Example 24 is one of the reasons that many authors prefer to consider
the negative twistor space Z_. But, as we shall see, in some cases it is more appropriate
to deal with the positive twistor space Z;..

Example 25. Consider the unit four-ball B* with its metric of constant negative
sectional curvature. Then the positive and the negative twistor spaces are isomorphic to

{[QMQQ] € (CPS : |QI| > |q2|}a
the projection map being given by
01, ¢2) = Ga2la| ™" q1,q0 e H=C

Example 26. Let CBy be the unit four-ball with the Ké&hler metric of constant
negative holomorphic sectional curvature, the Bergman metric. This metric is self-dual,
but not anti-self-dual. Set

Ay = CP?\ CB, = {[z] € CP? : —|z|? + |21]? + |22|? > 0}.
Then the positive and negative twistor spaces of CB5 are isomorphic to
{([2], [w]) € Ag x A5 : —zpwp + z1w1 + zowq = 0}.

Note that any Kéhler metric of constant holomorphic sectional curvature on a complex
surface is self-dual; it is anti-self-dual exactly when its scalar curvature vanishes.

5. The energy functional on maps into twistor spaces. Let (M, g) and (N, h)
be Riemannian manifolds. If D is a relatively compact open subset of M, the energy
functional assigns to every map ¢ : M — N the integral

Ep(p) = /D o 12 ol
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where, at a point p € M, ||¢«||g,n is the Hilbert-Schmidt norm of the linear map @y, :
TyM — Ty N taken with respect to g and h.

Example 27. Let M = R? and N = R be equipped with their standard metrics.
The energy of a smooth function ¢ : R® — R is the classical Dirichlet integral

_ (1922, (92, (0%
AED(@)—‘j;[(azl) 4—(az2) %—(axB)]dxldxgdx3

A variation of a map ¢ : M — N is a l-parameter family {¢s} of smooth maps
ps : M — N with ¢g = ¢, smoothly depending on s. In other words, this is a smooth
map ¢ : M X (—e,e) — N such that ®(p,0) = ¢(p) for all p € M; in these terms,
ps(p) = @(p, 5).

Recall that a smooth map ¢ : (M, g) — (IV, h) is called harmonic if it is a critical point
of the energy functional for all relatively compact open subset of M and all variations of
the map .

Let J be a compatible almost-complex structure on a Riemannian manifold (M, g)
with twistor space (Z,h:). The almost-complex structure J defines a section J : M 3
p — Jp € Z of the twistor bundle 7 : Z — M. Conversely, any section of this bundle
is a compatible almost-complex structure on (M,g). We shall consider two classes of
variations of the map J: (1) All ¢, are sections of the twistor bundle Z (i.e. compatible
almost-complex structures); (2) @5 are just smooth maps M — Z, not necessarily sec-
tions. Variations of class (1), hence of class (2), always exist, see, for example, [22]. Fix
one of the classes (1) or (2). The map J is a critical point of the energy functional if for
every variation {¢s} of J in the given class, and for every relatively compact open set D
in M

d
EED(QOSHSZO =0.

Let V be the Levi-Civita connection of (M, g). If K is a compatible almost-complex
structure on (M, g), we have K,X = X" 4 VxK for every X € TM where X" is the
horizontal lift of X and Vx K is the vertical part of K,X. Then HK*H;,H = tHVKH; +
dim M. Hence

Ep(K) = t/ VK| 2vol + (dim M)vol(D).
D

Therefore if J is a critical point of the energy functional for one of metrics hy, it is a
critical point for all of these metrics. Another obvious consequence is that the Kéahler
structures (VK = 0) provide the absolute minimum of the energy functional on the space
of sections of Z.

G. Bor, L. Hernandez-Lamoneda and M. Salvai [10] have given sufficient conditions
for an almost-Hermitian structure to minimize the energy functional on the space of
sections of the twistor bundle. We state their main result in a slightly different form.

Theorem 3. ([10]) Let (M,g) be a compact Riemannian manifold and let J be a
compatible almost-complex structure on it. Suppose that

(1) dim M = 4, the manifold (M, g) is anti-self-dual and the almost-Hermitian struc-
ture (g, J) is Hermitian or almost-Kdahler,
or
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(2) dim M = 6 and the almost-Hermitian structure (g, J) is nearly-Kdhler, i.e. (VxJ)(
0, X € TM, where V is the Levi-Civita connection of g,
or

(3) dim M > 6, (M, g) is locally conformally flat and the almost-Hermitian structure
(g,J) is locally conformally Kdahler.

Then the almost-complex structure J is an energy minimizer.

Examples of non-Kéhler minimizers of the energy functional on the space
of sections of the twistor bundle.

Example 28 ([10]). C. LeBrun [50] has constructed anti-self-dual Hermitian struc-
tures on the blow-ups (S1 X S%ﬁn@ of the Hopf surface S' x S3. Blow-ups do not
affect the first Betti number, so any blow up of the Hopf surface has b; = 1, hence it
does not admit a Kahler metric.

Example 29. I. Kim [46] has shown the existence of anti-self-dual non-Kéhler almost-
Kihler structures on CP?§nCP2, n > 11, (S? x ¥)§nCP2, ¥ being a Riemann surface of
genus > 2, and (S? x T?)4nCP2, n > 6.

Example 30. The metric on S° is locally conformally flat and the almost-Hermitian
structure of S% is nearly-Kihler.

Example 31. The Calabi-Eckmann Hermitian structure on S' x §2™*! is locally
conformally flat and locally conformally Kéhler [32, 66].

II. Harmonic and pseudo-harmonic almost-Hermitian structures

6. “Distinguished” almost-Hermitian structures. It is well known that if a
Riemannian manifold (M, g) admits an almost-Hermitian structure, it possesses many
such structures. In [22, 24], for example, this is shown by considering an almost-Hermitian
structure on (M, g) as a section of the twistor bundle 7 : Z — M. Thus, it is natural to
look for “reasonable” criteria that distinguish some of these structures.

E. Calabi and H. Gluck [15] have proposed to single out as “the best ones” those
almost-Hermitian structures J on (M, g) whose image J(M) in the twistor space Z of
(M, g) is of minimal volume with respect to metric hy on Z defined by (6). They have
proved that the almost-Hermitian structure on the 6-sphere S® considered above can be
characterized by that property.

Motivated by the harmonic map theory, C. Wood [71, 72] has suggested to consider
as “optimal” those almost-Hermitian structures J : (M, g) — (Z,hy) that are critical
points of the energy functional under variations through sections of Z. In general, these
critical points are not harmonic maps, but, by analogy, they are referred to as “harmonic
almost-complex structures” in [72]; they are also called “harmonic sections” in [71].

Let us also note that these two approaches are not equivalent, but in both of them,
the twistor space plays an essential role.

Forgetting the bundle structure of Z, we can consider the almost-Hermitian structures
that are critical points of the energy functional under variations through arbitrary maps
M — Z, not just sections. These structures are genuine harmonic maps from (M, g)
into (Z,hq), and we refer to [33] for basic facts about such maps. This point of view
has been taken in [24, 26] where the problem of when an almost-Hermitian structure on
a Riemannian four-manifold is a harmonic map from the manifold into its twistor space
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is discussed. Also, in [23, 22], the problem of when the Atiyah-Hitchin-Singer or Eells-
Salamon almost-complex structure is a harmonic map from the twistor space (2, ht) of
a Riemannian 4-manifold into the twistor space of Z is explored.

Two conformal metrics have the same twistor spaces, thus it is natural to consider
the twistor spaces in the context of conformal geometry, see, for example, [4, 37]. The
harmonic map technique has a useful extension in the conformal geometry due to G.
Kokarev [49] who has introduced the notion of a pseudo-harmonic map. The pseudo-
harmonic maps share some important properties with the harmonic maps [49], to mention
here only the unique continuation one. So, it is natural to ask when an almost-Hermitian
structure on a conformal manifolds determines a pseudo-harmonic map from the manifold
into its twistor space. This problem is studied in [27].

6.1. Harmonic sections of twistor spaces. The Euler-Lagrange equation for the
critical points of the energy functional under variations through sections of the twistor
space (harmonic sections) has been found by C. Wood [71, 72]. A compatible almost-
complex structure J on a Riemannian manifold (M, g) is a harmonic section if and only
if

(7) [/, V*VJ] =0,
where the bracket means “commutator”, V is the Levi-Civita connection of (M, g) and
V* is its formally adjoint operator.

Clearly any Kéhler structure (VJ=0) is a harmonic section; in fact, as we have

mentioned, the Kahler structures are absolute minima of the energy functional on the
space of sections of the twistor bundle.

Examples of non-Ké&hler harmonic sections ([72]).

Example 32. The almost-Hermitian structure on S° is a harmonic section. More
generally, every nearly-Kéhler structure is so.

Example 33. The Abena-Thurston almost-K&hler structure is a harmonic section.

Example 34. The Calabi-Eckman Hermitian structure on $?"*! x §2™*! is a non-
Kahler harmonic section.

Example 35. The Nagano-Sasaki almost-Kéhler structure on the tangent bundle
TM of a Riemmanian manifold (M, g) is a non-Kéhler harmonic section if and only if
the manifold is non-flat and has harmonic curvature, i.e. dR = 0; if dim M = 2 this
structure is a harmonic section if and only if M is of constant curvature. Note that
the identity R = 0 implies that the scalar curvature of M is constant. Every Einstein
manifold provides an example of manifold with harmonic curvature.

If Q(X,Y) = g(JX,Y) is the fundamental 2-form of the almost-Hermitian structure
(J,g), equation (7) is equivalent to
(8) (V'VO)(X,Y)=(V'VQ)(JX,JY), X, YeTM.

Note that for the rough Laplacian V*V we have V*V Q = — Trace V2Q, see, for exam-
ple, [6].

Let Q be the section of A2T'M corresponding to the 2-form (2 under the isomorphism
A?TM = A’T*M determined by the metric on A>T M defined by (3). Thus, g(€, X A
Y)=Q(X,Y), and if Ey,...,En,JE1,...,JJE,, is an orthonormal frame of TM, Q =
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QZEk A JEi. Denote by R(f) the 2-form corresponding to R(ﬁ) Then we have
k=1
RQ)(X,Y) = g(R(©), X 1Y),
Using the Weitzenbock formula, one can prove the following useful observation.
Lemma 1 ([20]). A compatible almost-complex structure J on a Riemannian manifold
(M, g) is a harmonic section if and only if

9)  AQX,Y) - AQUJX,JY) = R(Q)(X,Y) - R(Q)(JX,JY), X,YeTM,
where A is the Laplace-de Rham operator of (M, g).

7. Harmonicity of the the Atiyah-Hitchin-Singer and Eells-Salamon almost-
complex structures. Lemma 1 has been used in [20] to prove the following statement.

Theorem 4 ([20])). Let (M, g) be an oriented Riemannian 4-manifold and let (Z_, hy)
be its negative twistor space. Then:

(1) The Atiyah-Hitchin-Singer almost-complex structure Jv on (Z_, hy) is a harmonic
section if and only if (M, g) is a self-dual manifold.

(i4) The FEells-Salamon almost-complex structure Ja2 on (Z_, ht) is a harmonic section
if and only if (M, g) is a self-dual manifold with constant scalar curvature.

This theorem can be considered as a variational interpretation of the self-duality
condition.

Example 36. Changing the orientation of M gives the corresponding result for the
positive twistor space (24, h¢). Recall that the Fubini-Study metric on CP? is self-dual,
but not anti-self-dual. Thus, the structure 7, on the negative twistor space of CP? is a
harmonic section, while on the positive twistor space it is not. A similar remark holds
for J>.

Now, consider again a compatible almost-complex structure J on a Riemannian man-
ifold (M, g) as a map from the manifold into its twistor space (£, ht). If this map is a
critical point of the energy functional under variations of arbitrary maps M — Z, not
just sections, it is a bona fide harmonic map. Let us recall the corresponding Euler-
Lagrange equation it this case. Let J*T'Z be the pull-back of the tangent bundle T'Z
under the map J : M — Z. Then we can consider the differential J, : TM — TZ as a
section of the vector bundle Hom(T'M, J*TZ) — M. Let D* be the connection on J*TZ
induced by the Levi-Civita connection D on T'Z. The Levi-Civita connection V on T'M
and the connection D* on J*T'Z induce a connection V on Hom(T'M, J*TZ). Recall
that the second fundamental form of the map J is, by definition, the bilinear form

I1;(X,Y) = (VxJ)(Y), X,YeTM.

For tangent vectors X,Y of M at a point p, the value of the second fundamental form
lies in the fibre of J*T'Z at p, the latter being isomorphic to T, Z. Note also that the
form IT;(X,Y) is symmetric since the connections D and V are torsion-free.

The map J : (M, g) — (£, ht) is harmonic if and only if

Traceg VJ. =0.

Recall also that the map J : (M, g) — (£, h;) is totally geodesic (i.e. maps geodesics to
geodesics) exactly when VJ, = 0.

By the Vilms theorem (see, for example, [6, Theorem 9.59]), the projection map
m:(Z,ht) = (M, g) is a Riemannian submersion with totally geodesic fibres, a property

59



which can also be proved by an easy direct computation. Taking into account this
fact, one can compute the Levi-Civita connection of the metric h; in terms of the Levi-
Civita connection and the curvature of the base manifold (M,g). Then one can derive
the following formula for the second fundamental form of J which has a crucial role in
studying harmonicity of the map J : (M, g) — (Z, hy).

Proposition 1 ([22, 23, 24]). For every X,Y € T,M,

VJI(X,Y) = %V(Vg(YJ + V3 J)
—t[(R((J o Vx ) Y5 + (R((J o Vy ) X) 0],

where V means "the vertical component” and V}YJ =VxVyJ —Vv,ydJ is the second
covariant derivative of J.

Remark 3. The coefficient of the curvature terms (the horizontal part of V.J,(X,Y))

p

2
differs from that in [22, 23] by a factor —, n = dim M, since the inner product on the
n

endomorphisms of T'M used therein is %Trace A'B | while it is %Trace A'B here (as
well as in [24]).
Remark 4. For every I € Z, we have the orthogonal decomposition
A(TryM) =V & {S € A(Tr(nyM) : 1S — SI = 0}.
This implies that the Euler-Lagrange equation [J, V* V.J] = 0 is equivalent to the condi-

tion that the vertical part of V*V.J = — Trace V2J vanishes. Thus, by Proposition 1, J
is a harmonic section if and only if

(10) VY Trace V.J, = 0.

Proposition 1 implies immediately the following.

Corollary 1. If (M, g, J) is Kdhler, the map J : (M, g) — (Z, hy) is a totally geodesic
isometric imbedding.

Proposition 1 has been used in [23] to prove the following.

Theorem 5. ([22, 23]) Each of the Atiyah-Hitchin-Singer and Eells-Salamon almost-
complex structures on the negative twistor space Z_ of an oriented Riemannian four-
manifold (M, g) determines a harmonic map from (Z_,hy) into its twistor space if and
only if (M, g) is either self-dual and Einstein, or is locally the product of an open interval
in R and a 3-dimensional Riemannian manifold of constant curvature.

Remark 5. Every manifold that is locally the product of an open interval in R and
a 3-dimensional Riemannian manifold of constant curvature c is locally conformally flat
with constant scalar curvature 6¢. It is not Einstein unless ¢ = 0, i.e. Ricci flat.

Remark 6. According to Theorems 4 and 5, the conditions under which [J; or J5 is
a harmonic section or a harmonic map do not depend on the parameter ¢ of the metric
ht. Taking certain special values of ¢, we can obtain a metric h; with nice properties (cf.,
for example, [17, 18, 51]).

8. Almost-Hermitian structures on 4-manifolds that are harmonic maps
from the manifold into its twistor space. Recall that the metrics h; on the twistor
space of a manifold M depends on the choice of a connection on M. In this section, we
consider the following two cases: (i) M is a Riemannian manifold endowed with its Levi-
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Civita connection; (ii) M is a Riemannian manifold endowed with a metric connection
with totally skew-symmetric torsion.

Let J be a compatible almost-complex structure on M. Considering M with the
orientation determined by J, the map from M into the twistor space determined by J
takes its values in the positive twistor space.

In what follows, the positive twistor space Z4 is simply called “the twistor space” of
(M, g) and is denoted by Z.

In the next two paragraphs, (M, g) denotes a four-dimensional Riemannian manifold
with a compatible almost-complex structure J. The twistor space is considered as the unit
sphere subbundle of AiTM . Under this interpretation of the twistor space, the map from
M into Z determined by J is the section J = J” of AiTM where J” is defined via (4).
Note also that for the curvature terms in Proposition 1 we have (JoV xJ)" = J"xVxJ",
the vector-cross product in the fibres of AiTM .

As is well-known, in dimension four, there are three basic classes in the Gray-Hervella
classification [39] of almost-Hermitian structures: Hermitian, almost-K&hler (symplectic)
and Kéhler structures. If (g,J) is Kéahler, the map J : (M,g) — (Z,h) is a totally
geodesic isometric imbedding. So, we shall discuss the cases when the structure (g, J) is
Hermitian, i.e. J is integrable and when (g, J) is almost-Kéhler.

8.1. The base manifold is endowed with the Levi-Civita connection. Denote
the Ricci tensor of (M, g) by p and let p* be the *-Ricci tensor of the almost-Hermitian
manifold (M, g, J). Recall that the latter is defined by

P (X,Y) =Trace{Z — R(JZ,X)JY}.
Note that p*(X,Y) = p*(JY, JX) by the identity g(R(JZ,X)JY,Z) =
—g9(R(Z,JY)J(JX),JZ). Equivalently, p*(X, JX) = 0.

The case of integrable J. Suppose that the almost-complex structure J is inte-
grable. Denote by B the vector field on M dual to the Lee form § = —0Q o J with respect
to the metric g.

Using Proposition 1, one can prove the following.

Theorem 6 ([24]). Suppose that the almost-complex structure J is integrable. Then
the map J : (M, g) — (Z, h) is harmonic if and only if df is a (1,1)-form w.r.t. J and
p(X,B) = p*(X, B) for every X € TM.

The proof of this result and (10) give

Corollary 2. The map J : (M,g9) — (Z,h:) representing an integrable almost-
Hermitian structure J on (M, g) is a harmonic section if and only if the 2-form df
is of type (1,1) w.r.t. J.

Remark 7. The 2-form df of a Hermitian surface (M, g, J) is of type (1,1) if and
only if the x-Ricci tensor p* is symmetric ([24]).

Remark 8. In higher dimensions, Theorem 6 holds for locally conformally Kahler
manifolds (M, g, J) with dim M > 6. This follows from Theorem 10 below.

The case of symplectic J. Recall that an almost-Hermitian manifold is called
almost-Kéhler (or symplectic) if its fundamental 2-form is closed.

The Nijenhuis tensor N(X,Y) of J is skew-symmetric, so it determines a section of
the bundle Hom(A?T M, T M) denoted again by N. Denote by A2TM the subbundle of
A% TM orthogonal to J (thus AFT,M = Vy,).
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Under this notation we have the following.
Theorem 7 ([24]). Let (M,g,J) be an almost-Kdihler 4-manifold. Then the map
J:(M,g) = (Z,hy) is harmonic if and only if the *-Ricci tensor p* is symmetric and
Trace{AJTM 3> a — R(7)(N(a))} = 0.
The proof makes use of Proposition 1 and the Weitzenbock formula.

Example 37 ([24]). Primary Kodaira surfaces. Every primary Kodaira surface
M can be obtained in the following way [48, p.787]. Let ¢k (z,w) be the affine transfor-
mations of C? given by

or(z,w) = (z + ag, w + agz + by),
where ay, bi, k = 1,2, 3,4, are complex numbers such that
ar =az =0, Im(asas) =mby #0, be #0
for some integer m > 0. The maps ¢y, generate a group G of transformations acting freely

and properly discontinuously on C2, and M is the quotient space C? /G. The complex
two-dimensional manifold M = C?/G is compact.

It is well-known that M can also be described as the quotient of C? endowed with a
group structure by a discrete subgroup I'. The multiplication on C? is defined by

(aab)'(sz):(Z+aaw+az+b)a (aab)v(sz)ec2a
and T' is the subgroup generated by (ax,br), k =1,...,4 (see, for example, [11]). Every
I'-left-invariant object on C? descends to a globally defined object on M and both of
them will be denoted by the same symbol. Thus, instead on M, we shall deal with
I'-left-invariant objects on C2.

As in [21], take a frame of left-invariant (under the group C?) vector fields Ay, ..., Ay
such that

(11) [Al, AQ] = —2A4, [A“ AJ] =0 otherwise.
These identities are satisfied, for example, by the following left-invariant frame
0 0 0 0 0 0 0 0
12 A= —— —ax— —, Ay = — — —, A3=—, As=—
(12) ! ox x8u+y8v’ 2 8y+y8u+x8v’ 57 0w YT o
where z + 1y = 2z, u + v = w.
Let g be the Riemannian metric for which the frame Ay, ..., A4 is orthonormal.

Complex structures on primary Kodaira surfaces. It is a result by K. Hasegawa [41]
that every complex structure on M is induced by a left-invariant complex structure on
C?. Tt is not hard to see ([52, 21]) that a left-invariant almost-complex structure .J on
C? compatible with the metric g is integrable if and only if it is given by

(13) JA1 :€1A2, JA3252A4, El,EQZil.

Denote by 6 the Lee form of the Hermitian structure (g, J), where J = Jg, ., is defined
by means of the latter identities.

Using (11), one can easily find that the non-zero covariant derivatives V4, A; are
Va, Ay ==V, A1 = —As, Va4, Ai=Va, A=A, Vu,A1 =Vy,A =—-A1.
This implies that the Lie form is (X ) = —2e19(X, A3). Therefore
(14) B =-2¢43, VO=0.
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Thus, df = 0. Set for short R;;x = R(A1,A;j)Ak. Then the non-zero R;j;, are
Rz = =3As, Ryoo =3A;, Riy = Ay,

Rigg = —A1, Roso = Ay, Ross = —As.
Set also p;; = p(Ai, Aj), pi; = p*(Ai, Aj). Then
(15) pij =0 and p;; =0 evcept
p11=paz=—2, pau=2, pj=pp=-3
It follows from (14), (15) and Theorem 6 that the map J : (M, g) — (Z, ht) corresponding
to J is harmonic.

It is easy to give an explicit description of the twistor space (Z, h;) ([21]), since AiM
admits a global orthonormal frame defined by

8-1"_ =141 NAg +e5A3 N Ay, S; = A1 NAg +e180A4 N A,
S; =eg9A1 NAy+ 145 N As.

3
Then we have a natural diffeomorphism f : Z = M x S? defined by kasg(p)) —
k=1
(p, x1, T2, x3) under which J becomes the section p — (p, 1, 0,0). Denote the pushforward
of the metric hy under f again by h;. For x = (21, 22, 23) € 52, set
ui(z) = e1e2(—x3,0,21), ua(x) = e2(x2, —21,0),
ug(x) =0, us(x) =e1(0,x3, —22).
3
The differential f, sends the horizontal lifts A? i = 1,...,4, at a point o = Z zisi (p) €

k=1
Z to the vectors A; + u; of TM @& T'S2. Then, if X, YGTMzmdPQETS2

h(X+PY+Q)_g(XY+t< ZgXAul ZgYA e >

where (-,-) is the standard metric of R?.

Almost-Kdihler structures on primary Kodaira surfaces. Now suppose again that J is
a left-invariant almost-complex structure on C? compatible with the metric g. Then the
almost-Hermitian structure (g, J) is almost-Kéhler (symplectic) if and only if J is given
by ([52, 21])

JA] = —e18inpAz + 160 cos pAy, JAs = —cospAz —easinpAy,
JAs = e1sinpA; + cospAy, JAL = —e169c08pA; + eg8in p Ay,

€1,62 = £1, ¢ € [0, 2m).
The Nijenhuis tensor of such a structure is not zero, so it is not Kahlerian. Suppose that
J = Je, e, is determined by these identities and set

16) E1 =A;, Es= —e1sinpAs +e169cos pAy,
16
E3 = cos Az + easinpAy, Ey= As.

Then E4q,..., E4 is an orthonormal frame of T'M for which JE; = E5 and JE3 = Ejy.
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Computing the curvature components R(E;, E;)Ey, then p*(E;, E;), one can see that
the *-Ricci tensor is symmetric. Define an orthonormal frame sl+, 1=1,2,3, of A?,_TM
by means of En, ..., Ey via (5). Computing the values N (E;, E;) of the Nijenhuis tensor,
one gets

Trace{A2TM > a — R(7)(N(a))} = R(s2)(N(s2)) + R(s3)(N(s3)) = 0.
Thus, by Theorem 7, J defines a harmonic map (M, g) — (Z, ht).

As in the preceding case, it is easy to find an explicit description of the twistor
space Z of M and the metric h; ([21]). The frame {s],s3,s4} gives rise to an obvious
diffeomorphism f : Z = M x S? under which J becomes the map p — (p,1,0,0).
The differential f, of this diffeomorphism sends the horizontal lifts Eih, i=1,...,4, to
Ei4+u, €TM® TSQ, where

uy(x) = (23162 COS P, T3e2 SIN Y, —T1E182 COS Y — T2E2 SiN P),
ug(x) = (xee169 COS P, —w1182 08 0, 0),  uz(x) = (r2e28in ¢, —x162 sin p, 0)
(x

ug(x) = (—w3easin p, r3612 COS ©, T1E2 SIN Y — ToE1E2 COS P).

for x = (x1,72,73) € S?. Then, if X,Y € T,M and P,Q € T,,S?,

(17) (X +P,Y +Q) = g(X,Y) +1t <P — Zg(X, Eiui(x),Q =Y g(Y, Ej)u; (x)> .

j=1

Example 38 ([24]). Four-dimensional Lie groups with a non-integrable left-
invariant almost-Kahler structure. By a result of A. Fino [36], for every left-invariant
(non-integrable) almost-Kéahler structure (g, J) with J-invariant Ricci tensor on a 4-
dimensional Lie group M, there exists an orthonormal frame of left-invariant vector
fields Eq, ..., F4 such that

JE, =F,, JE3s=1FE,

and
82 52 _ t2
[E1, Bl =0, [Ey, E3] =sEy + TEQ; (B, Ey] = E, —sE»
2 — 2 s2 + t2
[E2, B3] = —tEy — sEy, [Ey, Ey4] = —sEy — Ey, [Esz, By =— Es

2t
where s and ¢t # 0 are real numbers. Using this table one can compute the *-Ricci and
Nijenhius tensors. The computation shows that J defines a harmonic map by virtue of
Theorem 7.

Example 39 ([24]). Inoue surfaces of type S°. Let us recall the construction
of these surfaces ([45]). Take a matrix A € SL(3,Z) with a real eigenvalue o > 1
and two complex eigenvalues 3 and 3, 3 # B. Choose eigenvectors (a1, az,as) € R? and
(b1, ba,b3) € C? of A corresponding to a and 3, respectively. Then the vectors (ay, az, as),

(b1, b2,b3), (b1,ba,b3) are C-linearly independent. Denote the upper-half plane in C by
H and let T" be the group of holomorphic automorphisms of H x C generated by

go: (w,2) = (qw,Bz), ¢i:(w,z) = (wW+a;,z+b;), i=1,2,3.

The group I' acts on H x C freely and properly discontinuously. Then M = (H x C)/T
is a compact complex surface known as the Inoue surface of type S°. It has been shown

64



by F. Tricerri [64] that every such a surface admits a locally conformally K&hler metric
g obtained from the I'-invariant Hermitian metric

1
(18) g:ﬁ(du®du+dv®dv)+v(d:c®d:c+dy®dy), u+iveH, z+iyeC.

Instead on M, we work with I'-invariant objects on H x C. Let 2 be the fundamental 2-
form of the Hermitian structure (g, J) on Hx C, J being the standard complex structure.
Then

dQ) = ld’u/\Q.
v

Hence the Lee form is § = dInwv. In particular, df = 0, i.e. (g,J) is a locally conformally
Kahler structure. Set

0 0 1 0 1 0
1 FEi=v— FEy =v— Ey= —— Ey=——.
(19) ! U@u’ 2 Uav’ 3 Vo dx’ 4 Vv oy

These are I'-invariant vector fields constituting an orthonormal frame such that JE; =
E5, JE3 = E4, and E; = B, the dual vector field of 8. In fact, what is important for
our considerations is not the specific definition of the vector fields (19), but the property
that F1,..., B4 constitute an orthonormal frame of I'-invariant vector fields such that

JElzlgg7 JE3:E47
1 1
(20) [EI;EQ] = 7E17 [EQ;ES] = 7§E3; [E27E4] = 7§E47
all other [E;, E;] = 0.

Then we have the following table for the Levi-Civita connection V of g:
Vg, Er=E, Vg E,=—E,

1 1 1 1
Vi, By = §E37 Ve, E3 = —§E27 Vg, By = §E47 Ve, By = —§E27
and all other Vg, E; = 0. It follows from these identities that B = E, and

1
p(Er,B) =p"(Er,B)=0 fork=1,3,4, p(E2,B)= 3
By Corollary 2, J : (M, g) — (Z, ht) is a harmonic section. However J is not a harmonic
map by Theorem 6.

p*(EQaB) =-L

8.2. The base manifold is endowed with a metric connection with to-
tally skew-symmetric torsion. Let (N,h), (N',h') be Riemannian manifolds and
f: N — N’ asmooth map. If f*T N’ is the pull-back bundle of the bundle TN’ under
the map f, we can consider the differential f, : TN — TN’ as a section of the bundle
Hom (TN, f*T'N’). Suppose we are given connections D and D’ on TN and T'N’, respec-
tively. Denote by D™ the connection on f*T'N” induced by the connection D’ of TN'.
The connections D and D™ give rise to a connection D on the bundle Hom(T' N, f*T'N").
Define a bilinear form on N setting

II;(D,D')(X,Y) = (Dx f)(Y), X,Y €TN.
If D and D’ are torsion-free, this form is symmetric. Recall that the map f is harmonic
if for the Levi-Civita connections V and V' of TN and T N’,
Tracey, [1;(V, V') = 0.
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Now, suppose that D and D’ are metric connections with totally skew-symmetric torsions
T and T’ i.e. the trilinear form

T(X,Y,Z)=hT(X,Y),Z), X,Y,ZecTN,
is skew-symmetric, and similarly for 7'(X,Y,Z) = W/(T'(X,Y), Z). Recall that, on a
Riemannian manifold, there is a unique metric connection with a given torsion; for an
explicit formula see, for example, [40, Sec. 3.5, formula (14)]. Since the torsion 3-forms
T and 7' are skew-symmetric,

1 1

(21) DXY:VXY+§T(X,Y), D’XY:V’XYJrET’(X,Y).

A simple computation gives the following.

Proposition 2 ([26]). Let f : (N,h) — (N',h’) be a smooth map of Riemannian
manifolds endowed with metric connections D and D’ with totally skew-symmetric tor-
sions T and T'. Denote the Levi-Civita connections of (N,h) and (N,h') by V and V'.
Then

Tracey, [1;(D, D') = Trace, I1¢(V,V').
Corollary 3. A map f: N — N’ is harmonic if and only if
Tracey, [1;(D,D") = 0.

This observation suggests that the metric connections with skew-symmetric torsion
can be used for studying harmonic maps between Riemannian manifolds endowed with
additional structures that are preserved by such connections.

Now, let again (M, g) be an oriented (connected) Riemannian manifold of dimension
four, J a compatible almost-complex structure on it and J : M — Z the map of M into
the positive twistor space determined by J.

Let D be a metric connection on M. As we have noted, any metric connection gives
rise to a splitting T'Z = H @ V into horizontal and vertical subbundles which allows one
to define a 1-parameter family of Riemannian metrics hy = htD on the twistor space as
in (6).

Denote the Levi-Civita connection of h; by D. One can compute the second funda-
mental form

II;(D, D)
along the same lines as in the case of Levi-Civita connections.

Suppose that the metric connection D has totally skew-symmetric torsion T', so
T(X,Y,Z) = g(T(X,Y), Z) is a skew-symmetric 3-form. Let * : A*T*M — A*=*T*M,
k=0,...,4, be the Hodge star operator. Set 7 = %7 . Clearly, the 1-form 7 uniquely
determines the 3-form 7T, hence the connection D.

Let RP be the curvature tensor of the connection D. The Ricci tensor and #-Ricci
tensor of D are defined by

pp(X,Y) = Trace{Z = g(R”(X, 2)Y, Z)},
P (X,Y) = Trace{Z — g(RP(JZ,X)JY, Z)}.
As above, we denote the Lee form of the almost-Hermitian manifold (M, g, J) by 6, so
0=—000J.
Further on, we shall frequently identify 7'M and T*M by means of the metric g.
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The case of integrable J. Using Corollary 3 and the formula obtained for I75(D, l~))
in [26], one can prove the following.

Theorem 8. ([26]) An integrable almost-Hermitian structure J determines a har-
monic map J : (M, g) — (Z,hP) if and only if 2-form

df —dr — 15T
is of type (1,1) with respect to J and for every X € TM
pD(XaB) - pE(XaB) - pD(XvT) + PE(X; T) =0.

Remark 9. Note that for the Levi-Civita connection, i.e. 7 = 0, this theorem

coincides with Theorem 6.

Remark 10. If D is the metric connection with totally skew-symmetric torsion deter-
mined by the 1-form 7 = 6, the conditions of this theorem are trivially satisfied. In fact,
in this case, D is Bismut-Strominger connection [7, 62], the unique metric connection
with totally skew-symmetric torsion preserving the complex structure (DJ = 0). Actu-
ally, the fact that the map J is harmonic when we endow M with the Bismut-Strominger
connection follows directly from the formula obtained for the second fundamental form of
J. It is natural to ask if there are other metric connections with totally skew-symmetric
torsion on M for which J is harmonic.

Example 40 ([26]). Primary Kodaira surfaces. In the notation above, let J be
the complex structure defined by (13). Denote the dual frame of Ay, ..., Ay by a1, ..., a4.
Thus § = —2e1a3. Any left-invariant 1-form 7 is of the form 7 = aja1 + -+ + aqay,
where aq,...,a4 are real constants. The form

df —dr — 15T = 2(61 — 1)@40&1 N Qg — 281(&20&1 Noy —arjag N\ 0&4)
is of type (1,1) w.r.t. J if and only if a; = az = 0. Let D be the metric connection with
totally skew-symmetric torsion 7" determined by the form 7. It is not hard to obtain the
1
values of Dg, A; =V a4, A5+ §T(Ai, Aj), 1,7 =1,...,4, then to compute the components
RD(Ai,Aj)Ak of the curvature tensor of D. Of course, the next step is to compute
pp(A;i, Aj) and pp(Ai, Aj). As a result, one sees that the identity
pp(Z,B) = pp(Z,B) = pp(Z,7) + pp(Z,7) =0
is satisfied for every Z € T'M if and only if
(1—61)&42(), (1—51)(2—&3)@420.

Clearly, if £1 = 1, the system is satisfied for any a3 and a4, and if €1 # —1, the solution
of the system is a4 = 0, ag-arbitrary. Thus, on a Kodaira surface, there are many

metric connections with totally skew-symmetric torsion for which the complex structures
J defines a harmonic map from (M, g) into its twistor space (Z,h) .

Example 41 ([26]). Inoue surfaces of type S°. Recall that the map J : (M, g) —
(Z, ht) is not harmonic, if we use the Levi-Civita connection of (M, g) in order to define
the metric h¢, but it is harmonic if we use the Bismut-Strominger connection of (M, g, J).

In the notation of Sec. 8.1, denote the dual frame of of the frame of vector fields E, ..., Ey
by n1,...,m4. The 1-forms 7;,...,ns are I-invariant. Take a I'-invariant 1-form 7 =
ai1n + - -+ aqng where ay, ..., aq are real constants. Denote by D the connection which

is metric w.r.t. g and has totally skew-symmetric torsion determined by 7. Proceeding
in a way similar to that in the preceding example, one can see that the map J : (M, g) —
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(Z,hP) is harmonic exactly when 7 coincides with the Lee form 6, i.e. D is the Bismut-
Strominger connection.

The case of symplectic J. As above, let AZT'M be the subbundle of Ai_TM
orthogonal to RJ. Set

kp(X) = Trace{A2TM > a — g(R”(N(a) A X),a)}, X € TM.
Note that if D is the Levi-Civita connection,
9(RP(N(a) A X),a) = g(R”(a)N(a), X),
hence
kp(X) = g(Trace{A2TM > a — RP(a)(N(a))}, X).
Let p* be the *-Ricci tensor of (M, g, J) with respect to the Levi-Civita connection.

Theorem 9. ([60]) Let (M,g,J) be an almost-Kihler 4-manifold. Then the map
J:(M,g) — (Z,hP) is harmonic if and only if for every X,Y € TM the tensor

20" (X, ) +dr(X.Y) ~ Lg(N(X.¥),7)

is of type (1,1) with respect to J and
kp(X) + pp(X,7) = pp(X,7) =0

Remark 11. If D is the Levi-Civita connection, then 7 = 0 and this theorem coin-
cides with Theorem 7.

Remark 12. By [38, Proposition 4], an almost-Kéhler manifold admits a metric
connection D with totally skew-symmetric torsion for which the almost-complex structure
J is parallel (DJ = 0) if and only if the structure is Kéhlerian. Thus, in this case the
Bismut-Strominger connection is the Levi-Civita one.

Example 42 ([60]). Primary Kodaira surfaces. As above, we view each primary
Kodaira surface M as the quotient of C? considered as a multiplicative group by a
subgroup I'. In general, we do not make any difference between I'-invariant objects
on C? and objects on M = (CQ/F. Let Ap,..., A4 be a frame of left-invariant vector
fields satisfying the commutation relations (11), say the frame (12). Also, let g be
the Riemannian metric for which this frame is orthonormal. Let FE4,...,E4 be the
g-orthonormal frame defined by (16). As we have remarked, if J = J,, ., is the almost-
complex structure for which JE; = FE5, JE3 = Ey, then (g,J) is an almost-Kéahler
structure (and any such a structure on M is of this type). Denote the dual frame of
Ei,...,E4 by 71,...,74. Any left-invariant 1-form on C? is of the form 7 = a;y; +- - - +
a47v4 where ai,...,a4 are real constants. Let D be the metric connection with totally
skew-symmetric torsion determined by the form 7. After a long computation, one can
see that J determines a harmonic map from (M, g) to (£, h;) if and only if the torsion
of the connection D is determined by the form 7 = asvys + asys, where the constants as
and ag satisfies the identity £1a2 cos ¢ + agsinp = 0.

Example 43 ([60]). Four-dimensional Lie groups with a non-integrable left-
invariant almost-Kahler structure. The description of four-dimensional Lie groups
M admitting a non-integrable left-invariant almost-Kéhler structure (g, J) with J-invari-
ant Ricci tensor found by A. Fino [36] has been given in the preceding paragraph. Let
D be the metric connection with totally skew-symmetric torsion determined by a left-
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invariant form 7. A tedious computation shows that J yields a harmonic map (M, g) —
(2, h?) if and only if 7 = 0, i.e. D is the Levi-Civita connection of the metric g.

9. Almost-Hermitian structures on Weyl manifold that are pseudo-harmonic
maps from the manifold into its twistor space. If g and g' = e/g are conformal
metrics, then clearly every g-orthogonal endomorphism of any tangent space T),M is g'-
orthogonal and vice versa. Hence the Riemannian manifolds (M, g) and (M, g') have the
same twistor space, i.e. the twistor space depends on the conformal class of g rather than
the metric ¢ itself. Recall that the definitions of the Atiyah-Hitchin-Singer and Eells-
Salamon almost-complex structures depend on the decomposition TZ = H & V into
horizontal and vertical parts, this decomposition being yielded by the Levi-Civita con-
nection of the metric on the base manifold M. As is well known [4], the Atiyah-Hitchin-
Singer almost-complex structures on Z defined by means of two conformal metrics g and
g' = e g coincide as well as their integrability condition (anti/self-duality). Thus, the
Atiyah-Hitchin-Singer almost-complex structure is invariant under conformal changes of
the metric of M. On the other hand, the Eells-Salamon almost-complex structures is
not conformally invariant [34]. In fact, it is not hard to show [28] that among all almost
complex structures on the twistor space defined by means of a morphism of the twistor
bundle ([29]), the Atiyah-Hitchin-Singer almost-complex structures is the only one which
is invariant under conformal changes of the base manifold metric.

Given a smooth manifold M endowed with a class ¢ of conformal Riemannian metrics,
it is natural to consider connections preserving the conformal class in the sense that for
every Riemannian metric g in ¢, there exists a 1-form ¢4 such that Dxg = ¢4(X)g for
every X € TM; obviously, such a form is unique. In the particular case ¢ = {g} and
¢g = 0, this condition reduces to the requirement that D is a metric connection. Of
special interest are those connections preserving ¢ that have vanishing torsion. These are
the Weyl connections studied in different aspects by many authors.

Let J be an almost-complex structure on M compatible with one, hence with all
metrics in the conformal class ¢. As above, give M the orientation induced by J and
consider J as map from M into the positive twistor space Z of the Riemannian metrics
in ¢. In this context, as we have already mentioned, it is natural to ask when the map
J : M — Z is pseudo-harmonic in the sense of G. Kokarev [49]. Here is the relevant
definition.

Let M and M’ be smooth manifolds endowed with torsion-free connections D and
D', respectively. Let g be a Riemannian metric on M. A smooth map ¢ : M — M’
is called pseudo-harmonic in [49] if the trace of its second fundamental form defined by
means of D and D’ vanishes, Trace, I1,(D,D") = 0. Clearly, this condition is invariant
under conformal changes of the metric g.

Let (M, ¢) be a conformal manifold and D a Weyl connection on it. For g € ¢, denote
the Levi-Civita connection of g by V9. Then
1
(22) DxY = VLY = Slpg(X)Y + ¢y (V)X — g(X, Y)gj],

where the 1-form ¢4 is determined by Dg = ¢, ® g and cpg is the dual vector field of
the form ¢, with respect to the metric g: g(gog,Z) = y(2). If g* = elg is another
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Riemannian metric in the conformal class, f being a smooth function, then
1
XY +Y(FX - g(X, Y)VIS],
pgr = df +0g, b= eI (h +VIF),
where V9 f is the gradient of f with respect to g, g(VIf, X) = X(f) for X € TM.

Note that if g is a Riemannian metric and ¢ is a 1-form on a manifold, there is a
unique Weyl connection for the conformal class ¢ of g such that ¢, = ¢. Indeed, for
any conformal metric ¢* = efg, set @g1 = df + @4. Then, by (23), the right-hand side
of (22) does not depend on the choice of a metric in ¢, so identity (22) defines a Weyl
connection.

Consider the bundle Z as a subbundle of the bundle A(T'M) of the endomorphisms
of T'M that are skew-symmetric with respect to one Riemannian metric in ¢, hence with

respect to all such metrics. Denote the connection on the vector bundle Hom(T'M, T M)
induced by D also by D. Endow the bundle Hom(T'M, T M) with the metric G(a,b) =

1
5 Trace,{TM > X — g(aX,bX)}, where g is a Riemannian metric in ¢. Clearly the

VLY = V&Y +

metric G does not depend on the particular choice of g. It is easy to see that the induced
connection D preserves the metric G (DG = 0) as well as the bundle A(T'M). The
horizontal space of the vector bundle A(T'M) with respect to D at a point I € Z is
tangent to Z, and we have the decomposition TZ = H@ V. Fix a metric g € ¢. As in the
preceding sections, using the decomposition TZ = H & V, we can define a 1-parameter
family of Riemannian metrics on Z setting §;(X" + V,Y" + W) = g(X,Y) + tG(V, W),
t > 0. Then the projection map 7 : (£,g:) — (M, g) is a Riemannian submersion with
totally geodesic fibres. Denote the Levi-Civita connection of g; by l~), and define a new
torsion-free connection D' = D', ; on Z as follows. Let I € Z. Let X,Y be vector fields
on M in a neighbourhood of p = w(I), and let V, W be vertical vector fields on Z in a
neighbourhood of I. Set
1

(24) ( IXth)I = (DXY)}IL + §RD(Xa Y)Iv

Dy X" = Dy X", D\wV =Dx»V, DyW = DyW.

Note that the summand R” (X,Y)I in the first formula is a vertical vector at I. Also,

the fibres of the bundle 7 : Z — M are still totally geodesic submanifolds when Z is
considered with the connection D’.

Suppose that the almost-complex structure J is integrable. Let

0=— 0QoJ
n—2
be the Lee form of the Hermitian structure (g, J). If n = 4, this form satisfies the identity
(25) dQ=0ANQ.

For n > 6, this identity is satisfied if and only if (g,.J) is a locally conformally K&hler
structure. If identity (25) is satisfied by a Hermitian structure (g, J), it is also satisfied
by any Hermitian structure (¢',.J) with ¢! = efg, f being a smooth function, since
Q' = ¢/Q and 6! = 0 + df by the first identity of (23). As is well-known, if n > 6,
identity (25) implies df = 0. Note also that, in any dimension, an Hermitian structure
(g, J) is locally conformally Kéhler if and only if dQ = 0 A2 and df = 0, see, for example,

70



[32, 66]. Clearly, if (g,.J) is such a structure, then for any metric g* conformal to g, the
structure (g*,.J) is also locally conformally Kéhler.
The Ricci and the * Ricci tensors are defined by

pp(X, Z) = Trace,{Y — g(RP(X,Y)Z,Y)},
(X, Z) = Trace, {Y — g(RP(JY, X)JZ,Y)},
where ¢ is a metric in the conformal class ¢. Clearly, pp and p}, do not depend on the
particular choice of the metric g.
Computing the curvature RY by means of (22), one can obtain the following formulas
for the tensors pp and pJ,.

Proposition 3. ([27]) Let py and p be the Ricci tensor and the x-Ricci tensor with
respect to a Riemannian metric g € ¢. Then

pp(X, 2) = po(X, 2) + "5 (Vo) (2) — 5(Vep)(X)

"2 leol0(X, 2) — 20(X)y(2)] ~ 5 (0 0)9(X. 2).

pb(X, 2) = (X, 2) + (Vo )(2) — L [(V5,)(X) — (Vo) (1)

1[0y (X)00(2) + 2g(TX)0y (1) ~ iy (X, 2)]

1 *
+5[07(J70g) = 04 (891)]9(X, 1 Z),
where the norms and the codifferential are taken with respect to the metric g.
As is well-known, py(X,Z) = py(Z, X) and py(X,Z) = py(JZ,JX). Proposition 3
and these identities imply the following.
Corollary 4. pp(X,Z) — pp(Z,X) = gd@g(x, 2).

00X, Z) — pip(JZ,TX) = dioy (X, Z) + dipy (JX, T 7).

Corollary 5. (1) The Ricci tensor pp is symmetric if and only if dpg = 0.

(2) The *-Ricci tensor p}, satisfies the identity pp(X, Z) = pp(JZ,JX) for all X, Z €
TM if and only if the (1,1)-component of dp, w.r.t. J vanishes.

Claim (1) is well-known. Note also that, by (23), the 2-form dp, does not depend on
the choice of g € ¢.

Under the notation above, we have the following.

Theorem 10 ([27]). Let (M, ) be a conformal n-dimensional manifold with a Weyl
connection D, let g € ¢ and set ¢ = 4. Suppose that J is a Hermitian structure
on (M,c) such that Lee form 0 of (g,J) satisfies identity (25). Let D’ be the torsion-
free connection on Z defined by (24). Then J determines a (D, D’)-pseudo-harmonic
map from M into the positive twistor space Z of (M,¢) if and only if the following two
conditions are satisfied.

(i) The 2-form
n(n —4)
d(f — —f
(0 — )+ 2 =2) Ao
is of type (1,1) with respect to J.
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(i4) For every tangent vector Z € TM,
n
(5= 1)del(0 = 9. 2) = dp(J (0 = @), T 2) = (6 = ) (J Z)dp(J")
—pp((0 = 9)F, Z) + pp(J(0 — ¢)F, TZ) =0
where  : T*M — TM 1is the isomorphism defined by means the metric g.

Corollary 6. In the notation of Theorem 10, if dim M = 4, J determines a (D, D’)-
pseudo-harmonic map from M into the positive twistor space Z of (M,c) if and only if
the 2-form d(0 — @) is of type (1,1) with respect to J and

(0 =) (JZ)dp(J") + pp((0 = )F, Z) = pp(J(0 — ¢)F, JZ) =0 for Z € TM.

Remark 13. If ¢ consists of a single metric g and we set ¢, = 0, then D is the
Levi-Civita connection of g and D’ is the Levi-Civita connection of g;. In this case,
Corollary 6 coincides with [24, Theorem 1].

If D is the Weyl connection determined by g and the 1-form ¢ = @, then conditions
(¢) and (4¢) of Theorem 10 are trivially satisfied, hence .J : M — Z is a pseudo-harmonic
map. This follows directly from the formula for the second fundamental form I7;(D, D")
obtained in [27] since DJ = 0 by (22) and the following well-known formula

2V )(Y) = g(JX,Y)0* — g(6*,YV)JX + g(X,Y)J6* — g(JO* YV)X.
In fact, D is the unique Weyl connection preserving the conformal class of g and such
that DJ = 0 ([66]).

Example 44 ([27]). Primary Kodaira surfaces. Recall that we consider each
primary Kodaira surface M as the quotient of C? considered as a multiplicative group by
a certain subgroup I'. Let J = J;, ., be the left-invariant complex structure on C? defined
by (13). Denote the dual basis of A;,...,A4 by a1,...,a4. Thus § = —2¢1a3. Also, let
again g be the metric for which the frame A, ..., A4 is orthonormal. Any left-invariant
1-form ¢ is of the form ¢ = aj1 + - - - + aga4, where aq, ..., a4 are real constants. The
Levi-Civita connection V of the metric g is left-invariant. Thus, the connection D on C2
defined via (22) by means the metric g and the form ¢ is left-invariant, hence it yields a
Weyl connection on M denoted again by D. Applying Theorem 10, one can show that
J determines a (D, D')-pseudo-harmonic map M — Z if and only if one of the following
holds. (1) e = 1 and a1 = a2 = 0, as, ag-arbitrary; (2) e = —1 and aq, ag-arbitrary,
asz = —2¢1,a4 =0; (3) e2 = —1l and a; = az =0, ag # —2¢1, ag = 0. Thus, on a Kodaira
surface, there are many Weyl connections for which the complex structures J, ., are
pseudo-harmonic maps.

Example 45 ([27]). Inoue surfaces of type S°. Let M = (H x C)/I" be an
Inoue surface of type S° endowed with the metric g defined by (18). Let Ei, ..., E4 be
I-invariant g-orthonormal vector fields on H x C satisfying conditions (20). Denote the
dual frame of Fy, ..., E4 by n1,...,n4. Take a I'-invariant 1-form ¢ = a1m; + -+ - + aqams
where ay, ..., a4 are real constants. The Levi-Civita connection V of the metric g is I'-
invariant, hence the connection D on H x C defined via (22) by means the metric g and
the form ¢ yields a Weyl connection on M. One can prove that the complex structure J
of M is a pseudo-harmonic map from M into its twistor space only when ¢ = 6, i.e. D
is the Weyl connection determined by g and the Lee form 6 of (g, J).

The next statement is a weaker version of [58, Proposition 1.3]. Tt is an easy conse-
quence from Theorem 10 (as well from Theorem 8 in the four-dimensional case) and the
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uniqueness theorem for pseudo-harmonic maps [49] (respectively, for harmonic maps).

Corollary 7. Let J; and Jy be two Hermitian structures on a (connected) Rieman-
nian manifold (M, g). Suppose that J; and Jo have the same Lee form 0 satisfying iden-
tity (25). If J1 and Jo coincide on an open subset or, more-generally, if they coincide to
infinite order at a point, they coincide on the whole manifold M.

Remark 14. In fact, M. Pontecorvo [58] has proved that the conclusion of the above
corollary holds without the assumption on the Lee forms. The idea of his proof is inspired
by the theory of pseudo-holomorphic curves. It makes use of the observation in [34] that
an almost-Hermitian structure J on a Riemannian manifold M is integrable if and only
if the corresponding map J : M — Z is pseudo-holomorphic with respect to the almost-
complex structure J on M and the Atiyah-Hitchin-Singer almost-complex structure J;
on Z.
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ITIO9YTN EPMUTOBU CTPYKTVYPU, TYUCTOPHU IITPOCTPAHCTBA
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n XAPMOHNYHU N30BPAKEHU A

UNoxan TaBumoB

B mbpBara yacT Ha craTUATA CE IPUMIOMHS TIOHSITAETO 33 OYTH KOMILIEKCHA CTPYK-
Typa U Ce pa3TJIesKIaT HSIKOW TOMOJIOTUYHY MPENSITCTBUS 38 ChIECTBYBAHETO HA Ta-
KaBa cTpykTypa. OCBeH TOBa ca IPEeICTaBEHN OCHOBHU (DaKTH 38 TYHUCTOPHUTE TPOCT-
PaHCTBa KATO ApaMETPU3AIMOHHN [IPOCTPAHCTBA HA MOYTH EpMUTOBUTE CTPYKTYDH,
T.€. OPTOTOHAJTHHUTE ITOYTH KOMILJIEKCHH CTPYKTYpPH, BbpXy Pumanoso (mmm kKougOp-
MHO) MHOrooGpasue. BbB BrOpara 4acT ce pasmiexja HpobjeMbT Kora eIHa M0Y-
i EpMuToBa cTpyKTypa BbpXy PuManoBO min KOH(MDOPMHO MHOrOOOpa3ue Orpeaeis
XapPMOHWYHO WJIM TICEBJ0-XapPMOHUYHO U300paykeHne OT MHOrooO6pa3reTo B HErOBOTO
TYHCTOPHO HPOCTPaHCcTBO. OGCHKIAT Ce HEOT/IABHAIIHA Pe3yJITaT Ha aBropa (U Cb-
aBTOPH) 110 TO3U NMPOBJIEM IJIABHO B CIydas Ha YeTMPUMEPHO 6a30BO MHOroobpasue.

Tbit kKaTO TO3M 0630p € MpeIHA3HAYEH 33 IMUPOKA ayIUTOPUS, BKIIOUUTETHO CTY-
JIEHTU, U B JIBETE YaCTU MO-TOJISIMO BHUMAaHUE € OTJIeJIEHO Ha W3sICHSIBAIIU TIPUMEPH,
OTKOJIKOTO HA TEXHUYECKUTE IOAPOOHOCTH Ha JI0KA3aTeJICTBATA.



