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Abstract

The aim of this article is to study the noncontrollability of the heat equa-
tion with double singular potential at an interior point and on the boundary of
the domain.
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1. Introduction. We suppose that 2 is a star-shaped domain with respect
to a ball centred at the origin, i.e.,

(1) Q={zeR"n =3 |z| <p(x)}, 00={r:|z| =)},

where () is a positive homogeneous function of 0-th order, ¢(x) € C%H(Q).
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Let us consider the singular parabolic problem

ug — Au— p¥(x)u = f(t,x), f(t,z) € L*((0,T) x Q),
(2) u(t,z) =0 for (t,z) € (0,T) x 09,
u(0,z) = up(x), wo(z) € L*(NQ),

where the potential
(3) U(x) = [a| 2 [1 = [2]"2* " (2)]

is singular at the origin of the domain 2 and on the whole boundary 9f).
In the pioneering paper [!] it is proved that for @ ¢ R", 0 € Q, n > 3,

9\ 2
problem (2) with ¥(z) = |z| 2 is well-posed for p < <712> and has a global

2
solution. However, for u > (n2> , up > 0 and f > 0, problem (2) is ill-posed,

i.e., there is complete instantaneous blow-up, see [2]

The motivation for the investigations of the above problem is the applications
in quantum mechanics, for example in [}], where this model is derived to analyze
the confinement of neutral fermions, see also [4]. Other applications appear in
molecular physics [?], in quantum cosmology [°], electron capture problems ||,
porous medium of fluid [?].

The results in [!] are extended in different directions, for example for general
positive singular potentials, equations with variable coefficients, the asymptotic
behaviour of the solutions, semilinear equations, etc., see [*13].

Most of the studies of controllability theory are in the case of interior singu-
larities, see ['3715]. The threshold for controllability or noncontrollability of (2)

2
is the optimal constant <n2> for U(z) = |z|72 in the corresponding Hardy
2
inequality. The boundary controllability of (2) in ['%] is proved for u < nz, where
2
™ is the optimal constant in the Hardy inequality when the potential is singular
at a boundary point, i.e., 0 € 9.
Finally, let us mention the result in [}] for the potential

U(x) =d *(z), d(z)=dist(z,00), QCR", n>3

which is singular on the whole boundary 0€2. The authors prove existence of a
unique global weak solution of (2) for u < 1/4, where 1/4 is the optimal Hardy
constant. When g > 1/4, then there is no control which means that the blow-up,
phenomena cannot be prevented, see Theorem 5.1 in [17].

In the present paper we consider the case of potential (3) singular at an in-
terior point and on the whole boundary of the domain 2 C R"™, n > 3. We prove
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_9\2
existence of a global weak solution for y < (nz> and boundary noncontrolla-

—-2\° —-2\?
bility of (2) for u > <nZ) , where (712> is the optimal constant in Hardy

inequality, see (4) below.

2. Preliminaries. We recall Hardy inequality for the double singular poten-
tial (3).

Theorem 1. Suppose Q CR"™, n >3, 0 € Q and Q is a star-shaped domain
with respect to a ball centred at the origin satisfying (1). For every u(x) € HE ()
the inequality

_9\? uf?
4 / Vul? dx > <n> / dx
) o VY 2 ) Jo WP 2 o)

2
holds. The constant <712> is optimal.

Proof. The proof follows from Theorem 1.1 in ['¥] for special choice of the pa-

1 1
rametersa =1, § =1, p = 2 and hence vy = 2 kE=n-2¢(s) = —" (1 — sn_2),
n—

v(z) =1, w(z) = (n — 2)\3:|71 (1 — \x|<p*1(a;))_1. The optimality of the constant

2
with a greater one. However, equality in (4) is not achieved for any u(x) € Hy (1),

except in the trivial case u(z) = 0. O
2
For p1 < <n2> problem (2) with right-hand side f(t,z) € L*((0,T) x Q)

—92\2
<n ) is proved in Theorem 1.2 in [*¥] which means that it cannot be replaced

has a global solution for every ¢ > 0 by means of Hardy inequality (4).
Theorem 2. Suppose Q = {|z| < ¢(x)} C R", n > 3, is a star-shaped

_9\?
domain with respect to a small ball centred at the origin. Then if u < <n ) ,
n

problem (2) with U (z) given by (3) has a global solution u(t,x), such that
(5)  u(t,z) € L™ ([0,7), L*(Q)) U L* ((0,7), W'*(Q)) for all 7> 0.

Proof. For the reader’s convenience we sketch the proof. We consider the
truncated function ¥y (z) = min{N,¥(z)}, N = 1,2,.... Let un(t,x) be the
solution of the truncated problem

UNt — Auy = M\IIN('%')UN + f(t,ﬂl’), t>0, Te,
(6) un(t,z) =0 for t >0, ze€dQ,
un(0,2) = up(x) for x € Q.

Multiplying the equation in (6) with uy and integrating by parts we get from
Hardy’s inequality (4) the following estimates for every T' > 0, see Theorem 4.1
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in [

T
/|uN(T,x)|2dx—|—/ /|VuN(t,x)2dxdt
Q
:/ 2(z) da +“+C/ /\I/N Y, (¢, ) da dt
C Iz
\I/N uNtxda:dt+ ftaruNtx)dxdt

§/ 2(x) dx +M+C /]VuNxt)lzdxdt C m(C =) / /uNtx ) dx dt
Q

m(C = u//uNtxdxdt+ C //f2txdxdt
n)

—92\2
where m = ingf]\ll(:z) >0and C = <n 5 > . Since p < C we get from (7) the
Te

energy estimate

_ T
/|uN(a:,T)]2dm+C20'u/ /|VuN(x,t)|2d1:dt
Q
/]uo \2d$+7(c M/ /fzt:c ) dx dt.

From the comparison principle upy (¢, z) is a nondecreasing sequence of functions
because Uy (x) > Wys(z) for every z € Q, ¢t > 0 and N > M. We can pass to
the limit N — oo by using Theorem 4.1 in [*°]. Thus the global solution u(t, x)
of (2) is defined as a limit of the solution uy(t,z) of the truncated problem (6)

and u(t, z) has the regularity properties given in (5). O
2

n
Thus the natural question is whether — is the sharp constant for

global existence of the solutions to (2). In the present paper we give more precise

2
answer. When p > (712> we prove null-noncontrollability of (2), i.e., it is

not possible for given ug(z) € L*(Q) one to find a control function f(t,z) €
L%((0,T) x Q) localized in (0,T) x w, w € 2\ {0} such that there exists a solution

of (2). In this way we can not prevent the blow-up phenomena acting on a subset

n—2\2

for u >

We recall also the classical Hardy inequality

n—2 2 u?
(8) /|Vu|2dyz< ) /zdy
Q Q |y!
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for every u € H}(Q) in a bounded domain Q € R", n > 3 and optimal constant

("g2>2, see [2].

3. Main result In Theorem 3 below we prove that problem (2) cannot be
stabilized due to the explosive modes concentrated around the singularities when

—2
> (n 5 ) . For this purpose, following the idea of optimal control, see [*4], we

1
consider for any ug € L*(Q2) the functional Jy, (u, f) = / u?(t, ) dx dt +
2 Jax(o,1)
1 T
2/ [ flz-1( dt defined in the set
0

D(ug) = {(u, f) € L* ((0,T); Hy () x L* ((0,T); HH()) },

where u(t, x) satisfies (2). Here f (¢, x) is the control which is null in (0,7) x (Q\©),
we 2\ {0}
We say that (2) can be stabilized if there exists a constant Cy such that

inf  Jy, (u, f) < Colluol|? for every ug € L*(9).
(. f)eD (o) o(us f) < Coll 0HL2(Q) y uo (€)

Let us consider the regularized problem

ur — Au— pVeu = f(t,z) for (t,z) € (0,T) x Q,
9) u(t,z) =0 for (t,z) € (0,T) x 09,
u(0,2) = ug(z) for z € Q,

where

(10) U (2) = (2| + &) 2 (142 — o] 2> " (2)) .

For every € > 0 problem (9) is well-posed. For the functional

1 1 (T
I () =1 / Wty 7) dtde + © / 1 lar-s s
2 Jo,mxn 2 Jo

where f is localized in (0,7) X w, w € Q\ {0} and u is a solution of (9), we have
the following result.

2\ 2
Theorem 3. Suppose u > (712> ,w€Q\{0}, n>3 and f is localized

in (0,T) xw. Then there is no constant Cy such that for all e > 0 and ug € L*()

) 2
fe%’llf(f) T (f) < Colluollz2 (s

where Dy(f) = {f € L* ((0,7); H*(Q))}.
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In order to prove Theorem 3 we need the following spectral estimates for the
operator

(11)

Lf(u) = —Au—p¥.u in Q,
u=0 on ON.

Let A] be the first eigenvalue of (11), ¢f(z) be the corresponding first eigenfunc-
tion, [|65(2) | 2@ = 1, Le.,

(12> _quﬁ - M\IJE(I’)QZ)‘% = )‘i iv WS 97
$7=0, x€09

and W, (x) is defined in (10).

—92\?2
Proposition 1. Suppose u > (n ) , n>3. Then we have
(13) lim Af = —o0
e—0

and for all p> 0,5 >0, p< (1 =0)p(x), Ups={x:p<|z|<(1—-06ep(x)},
(14) il_{% 161l 21w, 5) = 0.

Proof. We assume by contradiction that Aj is bounded from below with a
constant C7. Then from the Rayleigh identity it follows that

(15) ,u/\Ifs(x)quxS/ \Vu]de—Cl/qux
Q Q Q

for every u € H}(Q). For every a > 1 we define uq, = a™u(az) so that (15)
becomes

(16) ,ua2”/ u?(ax) V. (z) do < a2"+2/ |Vu(az)|? de — Clazn/ u?(ax) d.
Q Q Q
After the limit € — 0 and then the change of variables az = y we get from (16)

0 | oy PO (= P ) dy

<i [ NugPd-c [
lyl<ap(y) lyl<ap(y)

For every u € C§°(£2) and for every fixed y we have
. _ e =2 _
Jim w®(y)ly[7* (1= " (e(y)a)*™) " = w?(y)lyl
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Hence suppu C {]y| < d¢(y)} for some § € (0,1). Then for every a > 1 and every
y it follows

w?()|yl 72 (1= ly" (e (y)a)*™)

Thus after the limit a — oo in (17) we get

U2
(18) | vuwPay=p | (v) dy

|y|?

2 2

<u(y)ly| 2 (1-6"7%) 7 < o0

for every u € C5°(Q2) and by the continuity (18) holds for every u € HE ().
Since p > (n;) , inequality (18) contradicts the Hardy inequality (8)
2

n—
with optimal constant 5 and (13) is proved.

In order to prove (14) let us consider a non-negative smooth function 7(x)
such that [|9||fe(gny < 1 and

1 forae {p< o] < (1))},
. P 1)
0, in {]m| < 5} U {<1 — 2> plx) < |z| < gp(:n)}
Multiplying (12) by n¢f(z) and integrating in 2 we get
1
(19) [ veifde = [ e de = [ v @D de+ 5 [ (@602 Ande

From (19), the choice of 7 and the unit L? norm of ¢5 it follows that

B 5 n—2
—/\i/ n(¢7)? do < 4pp~? [1 - <1 _ 2)
Q

By means of (13) we get lim/ n(¢5)% dz = 0 and hence
e—0 9]

n(x) =

1
+ §HA77HL°°(Q)-

(20) lim (¢5)*dz =0 for every U,s={p < |z| < (1 —0)p(z)}.

e—0 Up,6
p ) .
5 < || < (1— 2 o(x) ¢ it follows that

Now using (19), (20) for U

J

X3

)
272

V5[ do < /Q 0| V52 da

< |4pp~? (1 - (1 N 2) ) i §||A77HL°°(Q) /U (¢1)" da 0 0,

L
2

which proves (14). O

NSy
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Proof of Theorem 3. Due to (13) we fix ¢ > 0 sufficiently small such that
A < 0 and choose ug = @7, [|¢]llr2() = 1, where ¢ is the first eigenfunction

of (11). Let us consider the functions a(t) = / u(t, r)¢] dz, b(t) = (f, d7) 20
Q

Simple computations give us
At = [ 6 (But pbe(oyu+ fdo
Q
— [ @6+ w0 ude + [ 165 do
Q Q
_ —Ai/ﬂﬁudﬁ/gfqﬁ de = —Xea(t) + b(t).

So a(t) satisfies the problem

d'(t) + Xa(t) = b(t), a(0)=1.

t
Hence a(t) = e 1! +/ e M=9)p(s) ds and
0

T
/ u?(t, x) dacdtz/ a?(t) dt
(0,T)xQ 0
T T t 2
> ;/ e_2>‘§tdt/ </ e ME=9)p(s) ds> dt
0 0 0
L —oxer 1 /T —2X5t /t 2
> ——— (e — 1) + e Mt —1 b°(s) dsdt
i Jraxg ), (P |
L —oxer 1 /T —oast /T 2
> _1
> 4/\§<6 1 >+2)‘§06 1dt0b(s)ds

1 —2XST > e T —1 /T 2
= 1) =2 B(s)ds.
N (6 e ), U

Since b2(t) < [1f]l 11wy 165 11> w € @\ 0} we get from (21)

25T _q , eMT 1 T
i S e e 6l |l
Therefore either

2T ] o2MT

1 T
— < g to)lg-100) dt
e < oo 19iln [ 1 dr

or -
6—2)\1T -1

- < u?(t, x) dz dt.
8AT T /(o,T)xQ (t,2)
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In any case we have for every f localized in (0,7") X w, w € 2\ {0} the estimate

672)\§T -1 )¢
J?i f Z 1nf - ) !
o) { 16A] 4671 a1 ()

holds.
From Proposition 1, if w C U, 5 = {p < |z| < (1 — §)p(x)} for some positive
constants p, ¢, it follows that

li 165 1, = 0,

and hence lir% Jo (f) = oo which proves Theorem 3. O
E—
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