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REPRESENTATIONS AND POSITIVE DEFINITE

FUNCTIONS ON HYPERGROUPS
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Abstract. Some relationships between representations of a hypergroup X ,
its algebras, and positive definite functions on X are studied. Also, various
types of convergence of positive definite functions on X are discussed.

1. Introduction. The theory of locally compact hypergroups in har-
monic analysis was initiated with a slight difference independently by Dunkl [5],
Jewett [8], and Spector [19] in the early 1970’s. In 1968, Pym [14] also considered
convolution structures which are close to this theory. Ross [16] gives a nice survey
of the subject; see also [17] and [18].

Nevertheless, the term “hypergroup” is used long before by a number of
mathematicians to describe some different and important mathematical struc-
tures. For examples see Bruck [2] and Delsarte [4].

Furthermore, the ideas of hypergroups in analysis appear in works of Del-
sarte [3] in 1938 and Levitan [11] in 1940 on generalized translations operators.
In the early 1950’s, using these ideas, Berezansky and Krein studied some struc-
tures similar to hypergroups in harmonic analysis and called them hypercomplex
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systems. The theory of generalized translation operators and hypercomplex sys-
tems and their connections with harmonic analysis are explained in Berezansky
and Kalyuzhnyi [1].

While the hypergroup structure of Jewett has become the standard in
many papers of harmonic analysis, here we follow that of Dunkl [5], Definition 1.1
without the commutativity assumption, that is more general than that of Jewett.
Suppose that X is a locally compact Hausdorff space, M(X) is the Banach space
of all complex regular Borel measures on X, and Mp(X) is the set of all probability
Borel measures on X. As usual, we reserve the symbols Cb(X), C0(X), and
C00(X) for the spaces of bounded continuous complex-valued functions on X,
those that vanish at infinity, and those that have compact support.

The space X is called a hypergroup if there is a map λ from X × X into
Mp(X) with the following properties:

(i) for each x, y ∈ X, the measure λ(x,y) has compact support.
(ii) for each f ∈ C00(X), the mapping (x, y) 7→

∫

X f(t) dλ(x,y)(t) is con-
tinuous, and the mappings x 7→

∫

X f(t) dλ(x,y)(t) and x 7→
∫

X f(t) dλ(y,x)(t) are
in C00(X) for all y ∈ X.

(iii) the convolution ∗ on M(X) defined implicitly by

∫

X
f(t) d(µ ∗ ν)(t) =

∫

X

∫

X

∫

X
f(t) dλ(x,y)(t) dµ(x) dν(y)

(µ, ν ∈ M(X), f ∈ C0(X)), is associative.
(iv) there is a point e ∈ X (the identity) such that λ(x,e) = δx = λ(e,x) for

all x ∈ X, where δx denotes the Dirac measure at x.
For a hypergroup X, define L(X) to be the subalgebra of M(X), consist-

ing of all measures µ for which the mappings x 7→ δx∗ |µ | and x 7→|µ | ∗δx from
X into M(X) are norm continuous. Then L(X) is a closed ideal in M(X) (see
Medghalchi [12] or [13]).

Throughout this paper, X will denote a hypergroup with

X = The closure of the set
⋃

{supp(µ) : µ ∈ L(X) }.

Finally, we assume that the reader is familiar with the representation theory of
normed algebras. However, we recall that a representation T of an algebra A
by bounded operators on a normed space E is said to be cyclic if there exists a
vector ζ ∈ E, cyclic vector, such that the linear subspace {Txζ : x ∈ A} is dense
in E. The representation T is said to be nondegenerate if for every 0 6= ξ ∈ E,
there exists an element x ∈ A such that Txξ 6= 0.
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2. Some relations between representations of X and represen-
tations of L(X). In [9], Lashkarizadeh-Bami generalized to a large family of
topological semigroups parts of well-defined theory of representations of topolog-
ical groups. In this section, we develop these results for hypergroups. We begin
with the following definition.

Definition 2.1. Let E be a reflexive Banach space. A representation V
of X by bounded operators on E∗, the dual space of E, is a mapping x 7−→ Vx of
X into B(E∗), the space of all bounded operators on E∗, such that the following
hold:

(i) the function t 7−→ 〈Vtξ, η〉 is bounded and continuous on X for all
ξ ∈ E∗ and η ∈ E.

(ii)
∫

X 〈Vtξ, η〉 dλ(x,y)(t) = 〈VxVyξ, η〉 for all x, y ∈ X, ξ ∈ E∗, and
η ∈ E.

The representation V is said to be bounded if there is a positive real
number k such that ‖ Vx ‖≤ k for all x ∈ X; the infimum of all such k will be
denoted by ‖ V ‖.

Theorem 2.2. Let E be a reflexive Banach space and V be a bounded
representation of X by bounded operators on E∗. Then for every subalgebra A of
M(X), the formula

〈Tµξ, η〉 =

∫

X
〈Vtξ, η〉 dµ(t) (µ ∈ A, ξ ∈ E∗, η ∈ E)

defines a bounded representation T of A by bounded operators on E∗ with ‖T‖ ≤
‖V ‖.

P r o o f. The proof is similar to that given for Theorem 22.3 of [6], in the
group case, so we omit it. �

The following two lemmas are needed for the proof of the main result of
this section. We omit the proof of the first lemma, since it is straightforward.

Lemma 2.3. If f ∈ Cb(X) is such that
∫

X f(x) dµ(x) = 0 for every
µ ∈ L(X), then f(x) = 0 for all x ∈ X.

Lemma 2.4. Let µ ∈ L(X), ν ∈ M(X), and let τ be a continuous linear
functional on L(X). Then

τ(µ ∗ ν) =

∫

X
τ(µ ∗ δt) dν(t) and τ(ν ∗ µ) =

∫

X
τ(δt ∗ µ) dν(t).
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P r o o f. We first show that µ ∗ δx ∈ L1(X, |µ | ∗ |ν |) for all x ∈ supp(ν).
To this end, let K be a compact subset of X and |µ | ∗ |ν | (K) = 0. Then

∫

X
|µ | ∗δx(K) d |ν | (x) =

∫

X

∫

K
d |µ | ∗δx(y) d |ν | (x) =|µ | ∗ |ν | (K) = 0.

Thus, since the function x 7−→|µ | ∗δx(K) is in Cb(X), it follows from Lemma 2.3
that |µ | ∗δx(K) = 0 for all x ∈ supp(ν).

Now, since τ is a bounded linear functional on L1(X, | µ | ∗ | ν |), by the
Radon-Nikodym theorem, there exists a bounded Borel measurable function g on
X such that τ(σ) =

∫

X g(t) dσ(t) for all σ ∈ L1(X, |µ | ∗ |ν |). Hence

τ(µ ∗ ν) =

∫

X
g(t) d(µ ∗ ν)(t) =

∫

X

∫

X

∫

X
g(t) dλ(y,x)(t) dµ(y) dν(x)

=

∫

X

∫

X
g(y) d(µ ∗ δx)(y) dν(x) =

∫

X
τ(µ ∗ δx) dν(x).

The proof of the other formula is similar. �

Let V be a representation of X by bounded operators on E∗, where E is
a reflexive Banach space. Then V is said to be faithful if for each x, y ∈ X with
x 6= y, we have Vx 6= Vy. A subspace M of E∗ is said to be invariant under V if
Vx(M) ⊆ M for all x ∈ X.

We are now ready to state and prove the main theorem of this section.

Theorem 2.5. Suppose that T is a bounded cyclic representation of
L(X) by bounded operators on E∗, where E is a reflexive Banach space. Then
there exists a unique bounded representation V of X by bounded operators on E∗

with Ve = I such that ‖ V ‖=‖ T ‖ and

〈Tµξ, η〉 =

∫

X
〈Vtξ, η〉 dµ(t) (µ ∈ L(X), ξ ∈ E∗, η ∈ E).(1)

Furthermore, VxTµ = Tδx∗µ and TµVx = Tµ∗δx
for all x ∈ X and µ ∈ L(X).

If T is faithful, then V is faithful, and in this case Vx 6= 0 for every x ∈ X.
Moreover, T and V have the same closed invariant subspaces.

P r o o f. By Proposition 1 of [12], there exists a bounded approximate
identity (µα)α∈J for L(X) with ‖ µα ‖= 1 for all α ∈ J . Let ζ ∈ E∗ be a fixed
cyclic vector for T ; thus the linear subspace

S = {Tµζ : µ ∈ L(X)}
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of E∗ is dense in E∗. For every x ∈ X and µ ∈ L(X), we have

‖ Tδx∗µ − Tδx∗µα∗µ ‖≤‖ T ‖ ‖ µ − µα ∗ µ ‖ .

It follows that

Tδx∗µ(ζ) = lim
α

Tδx∗µα∗µ(ζ).

We denote this limit by UxTµζ; so

UxTµζ = lim
α

Tδx∗µα
(Tµζ) = lim

α
Tδx∗µα∗µ(ζ) = Tδx∗µ(ζ).(2)

To prove that Ux is well defined, we suppose Tµ1ζ = Tµ2ζ, where µ1, µ2 ∈
L(X). Then for each α ∈ J , we have

Tδx∗µα∗µ1(ζ) = Tδx∗µα
(Tµ1ζ) = Tδx∗µα

(Tµ2ζ) = Tδx∗µα∗µ2(ζ).

Now, by (2), we get

Ux(Tµ1ζ) = lim
α

Tδx∗µα∗µ1(ζ) = lim
α

Tδx∗µα∗µ2(ζ) = Ux(Tµ2ζ).

This shows that U is well defined.

On the other hand, for each α ∈ J , we have

‖ Tδx∗µα
(Tµζ) ‖≤‖ T ‖ ‖ Tµζ ‖ (x ∈ X,µ ∈ L(X)).

Therefore ‖ Ux ‖≤‖ T ‖ for all x ∈ X by (2). Thus for each x ∈ X, Ux is
a bounded operator on S and hence we can extend Ux uniquely to a bounded
operator Vx on E∗ with ‖ Vx ‖=‖ Ux ‖.

Now let ξ ∈ E∗ and η ∈ E. Then for every µ ∈ L(X) and every x, y ∈ X,
we infer that

‖ Vxξ − Vyξ ‖ ≤ ‖ Vxξ − VxTµζ ‖ + ‖ VxTµζ − VyTµζ ‖

+ ‖ VyTµζ − Vyξ ‖

≤ ‖ T ‖ ( ‖ ξ − Tµζ ‖ + ‖ δx ∗ µ − δy ∗ µ ‖ ‖ ζ ‖ ).

Since the mapping t 7−→ δt ∗ µ is norm continuous on X and S is dense in E∗,
the mapping t 7−→ 〈Vtξ, η〉 is bounded and continuous on X.

For each fixed η ∈ E, the mapping

µ 7−→ 〈Tµζ, η〉 (µ ∈ L(X)),
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defines a bounded linear functional on L(X). So by Lemma 2.4, for each µ ∈ L(X)
and ν ∈ M(X), we have

〈Tν∗µζ, η〉 =

∫

X
〈Tδt∗µζ, η〉 dν(t).(3)

Now, let x, y ∈ X. Then for every µ ∈ L(X), we obtain that

〈VxVyTµζ, η〉 =
〈

Tλ(x,y)∗µ(ζ), η
〉

=

∫

X
〈Tδt∗µ(ζ), η〉 dλ(x,y)(t)

=

∫

X
〈VtTµζ, η〉 dλ(x,y)(t)

Thus, since for each η ∈ E both functions

ξ 7−→ 〈VxVyξ, η〉 and ξ 7−→

∫

X
〈Vtξ, η〉 dλ(x,y)(t)

are linear and bounded on E∗, and S is dense in E∗, it follows that

〈VxVyξ, η〉 =

∫

X
〈Vtξ, η〉 dλ(x,y)(t) (x, y ∈ X, ξ ∈ E∗, η ∈ E).

Hence V defines a bounded representation of X by bounded operators on E∗ with
Ve = I and ‖ V ‖≤‖ T ‖.

Now, fix µ ∈ L(X) and η ∈ E. Then for every ν ∈ L(X), it follows from
(3) that

〈TµTνζ, η〉 = 〈Tµ∗ν(ζ), η〉 =

∫

X
〈VtTνζ, η〉 dµ(t).

This establishs the formula (1) since S is dense in E∗. We also have

| 〈Tµξ, η〉 |=|

∫

X
〈Vtξ, η〉 dµ(t) |≤‖ V ‖ ‖ ξ ‖ ‖ η ‖ ‖ µ ‖

for all ξ ∈ E∗, η ∈ E and µ ∈ L(X) which implies that ‖ T ‖≤‖ V ‖. Therefore
‖ V ‖=‖ T ‖.

Lemma 2.3 together with the formula (1) imply the uniqueness of V .
By the use of (1), one can easily prove that

VxTµ = Tδx∗µ and TµVx = Tµ∗δx
(x ∈ X,µ ∈ L(X)).
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We now suppose that T is faithful. If x, y ∈ X with x 6= y, then there
exists a function f ∈ C0(X) such that f(x) 6= f(y). Therefore, Lemma 2.3 implies
that

∫

X
f dδx ∗ µ 6=

∫

X
f dδy ∗ µ for some µ ∈ L(X).

Thus δx ∗ µ 6= δy ∗ µ and hence VxTµ = Tδx∗µ 6= Tδy∗µ = VyTµ. So Vx 6= Vy; that
is V is faithful.

To prove the last assertion of the theorem, we consider a closed linear
subspace M of E∗. If M is invariant under T , x is in X, and ξ is a vector in
M with Vxξ 6∈ M , then there exists η ∈ E∗∗ = E such that 〈Vxξ, η〉 = 1 and
〈m, η〉 = 0 for all m ∈ M , and thus Lemma 2.3 together with (1) show that
〈Vtξ, η〉 = 0 for all t ∈ X. In particular 〈Vxξ, η〉 = 0; this contradiction shows
that M is also invariant under V . The converse is an easy consequence of (1),
and the proof is complete. �

For the rest of this paper, we assume that X has an involution ∗; i.e. a
continuous mapping x 7−→ x∗ from X onto X such that (x∗)∗ = x and λ∗

(x,y) =

λ(y∗,x∗) for all x, y ∈ X, where the adjoint µ∗ of a measure µ ∈ M(X) is defined
by µ∗(f) =

∫

X f(x∗) dµ(x) for all f ∈ C0(X).
A representation V of X by bounded operators on a Hilbert space H is

called ∗-representation if Vx∗ = V ∗

x for all x ∈ X, where V ∗

x is the adjoint operator
of Vx on H. It is obvious that a ∗-representation V of X is bounded if and only
if ‖ Vx ‖≤ 1 for all x ∈ X.

In the next theorem, we extend the preceding result to nondegenerate (not
necessarily cyclic) ∗-representations of the Banach ∗-algebra L(X) by bounded
operators on a Hilbert space H and the bounded ∗-representations of X by
bounded operators on H.

Theorem 2.6. A mapping µ 7−→ Tµ from L(X) into the Banach ∗-
algebra of bounded operators on a Hilbert space H is a (bounded) nondegenerate
∗-representation of the Banach ∗-algebra L(X) if and only if there exists a unique
bounded ∗-representation V of X by bounded operators on H with Ve = I such
that ‖ V ‖= 1 and

〈Tµξ, η〉 =

∫

X
〈Vtξ, η〉 dµ(t) (µ ∈ L(X), ξ, η ∈ H).(4)

In this case, VxTµ = Tδx∗µ and TµVx = Tµ∗δx
for all µ ∈ L(X) and x ∈ X.

If T is faithful, then V is also faithful, and in this case Vx 6= 0 for every x ∈ X.
Moreover, T and V have the same closed invariant subspace.
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P r o o f. Suppose that T is a nondegenerate ∗-representation of L(X) by
bounded operators on H. Then by Theorem 21.13 of [6], H is the direct sum
of subspaces {Hγ}γ∈Γ which are closed, pairwise orthogonal and invariant under
T , such that for each γ ∈ Γ , T (γ) (the restriction of T to Hγ) is a cyclic ∗-
representation of L(X) by bounded operators on Hγ . So, by Theorem 2.5, there

is a bounded representation V (γ) of X by bounded operators on Hγ with V
(γ)
e = I

such that ‖ V (γ) ‖=‖ T (γ) ‖ and

〈

T (γ)
µ ξγ , ηγ

〉

=

∫

X

〈

V
(γ)
t ξγ , ηγ

〉

dµ(t) (µ ∈ L(X), ξγ , ηγ ∈ H).(5)

Every ξ ∈ H has a unique representation ξ =
∑

γ∈Γ ξγ , where ξγ ∈ Hγ , only a
countable number of ξγ are nonzero, the series is convergent in the norm of H, and

‖ ξ ‖2=
∑

γ∈Γ ‖ ξγ ‖2; let Vx be the operator on H defined by Vxξ =
∑

γ∈Γ V
(γ)
x ξγ .

Then for every x, y ∈ X, we have

‖ Vxξ − Vyξ ‖2=
∑

γ∈Γ

‖ V (γ)
x ξγ − V (γ)

y ξγ ‖2 (ξ, η ∈ H).

Hence the function x 7−→ 〈Vxξ, η〉 is bounded and continuous for all ξ, η ∈ H.
We also have

∫

X
〈Vtξ, η〉 dλ(x,y)(t) =

∑

γ∈Γ

∫

X

〈

V
(γ)
t ξγ , ηγ

〉

dλ(x,y)(t)

=
∑

γ∈Γ

〈

V (γ)
x V (γ)

y ξγ , ηγ

〉

= 〈VxVyξ, η〉 .

From (5) follows immediately (4). Lemma 2.3 together with (4) imply that Vx∗ =
V ∗

x for all x ∈ X. Thus V is a bounded ∗-representation by bounded operators
on H with Ve = I such that ‖ V ‖= 1 and (4) holds.

The converse is an easy consequence of Theorem 2.2 with the aid of
Lemma 2.3. The rest of the proof is similar to the proof of the corresponding
part of Theorem 2.5. �

Corollary 2.7. Let τ be a linear functional on the Banach ∗-algebra
L(X). Then the following are equivalent:

(i) τ is positive, i.e. τ(µ ∗ µ∗ ) ≥ 0 for all µ ∈ L(X);
(ii) there exist a bounded ∗-representation V of X by bounded operators

on a Hilbert space H with Ve = I and an element ζ of H such that

τ(µ) =

∫

X
〈Vxζ, ζ〉 dµ(x) (µ ∈ L(X)).
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P r o o f. Suppose that τ is positive. Then, since L(X) has a bounded
approximate identity [12], by Corollary 32.28 of [7] and Theorem 21.24 of [6],
there exists a cyclic ∗-representation T of L(X) by bounded operators on a Hilbert
space H with a cyclic vector ζ such that τ(µ) = 〈Tµζ, ζ〉 for all µ ∈ L(X). Now,
(ii) is an immediate consequence of Theorem 2.6. Conversely, suppose that (ii)
holds. Then the formula

〈Tµξ, η〉 =

∫

X
〈Vxξ, η〉 dµ(x) (µ ∈ L(X), ξ, η ∈ H),

defines a ∗-representation T of L(X) by bounded operators on H, by Theorem
2.6. In particular, τ(µ) = 〈Tµζ, ζ〉, and so τ(µ ∗ µ∗) = 〈Tµ∗ζ, Tµ∗ζ〉 ≥ 0 for all
µ ∈ L(X). �

3. Some relations between representations of X and positive
definite functions on X. A continuous function ϕ : X −→ C is said to be
positive definite if for every finite subsets {x1, . . . , xn} of X and {c1, . . . , cn} of
C,

n
∑

i=1

n
∑

j=1

cicj

∫

X
ϕ(t)dλ(xi,x∗

j )(t) ≥ 0.

We denote by P (X) the set of all bounded positive definite functions on X.

Theorem 3.1. Let ϕ ∈ Cb(X). Then the following are equivalent:
(i) ϕ ∈ P (X);
(ii) the linear functional µ 7−→

∫

X ϕ dµ is positive on L(X);
(iii) there exists a bounded ∗-representation V of X by bounded operators

on a Hilbert space H with Ve = I such that ϕ(x) = 〈Vxζ, ζ〉 (x ∈ X) for some
ζ ∈ H.

P r o o f. By Lemma 2.3 and Corollary 2.7, (ii) implies (iii). Also, it is
trivial that (iii) implies (i). Now, suppose that (i) holds. To prove (ii), we only
need to establish

∫

X ϕ d(µ ∗ µ∗) ≥ 0 for all µ ∈ L(X) which are of the form
fν, where f is a continuous function on X with compact support E and ν is a
positive measure in L(X). To this end, we note that

∫

X
ϕ d(µ ∗ µ∗) =

∫

X

∫

X
g(x, y) dν(x) dν(y),

where g(x, y) = f(x) f(y)
∫

X ϕ(t) dλ(x,y∗)(t) for all x, y ∈ X. But g is continuous

on X × X, supp(g) ⊆ E × E and g(x, y) = g(y, x) for all x, y ∈ X. So, it is easy
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to see that for every ε > 0, there exists a partition {E1, . . . , En} for E into Borel
sets such that each Ei contains a point xi which satisfies

| g(x, y) − g(xi, xj) |< ε/ ‖ ν ‖2 ((x, y) ∈ Ei × Ej, 1 ≤ i, j ≤ n).

Therefore, we conclude that

|

∫

X
ϕ d(µ ∗ µ∗) −

n
∑

i=1

n
∑

j=1

ν(Ei) f(xi)ν(Ej) f(xj)

∫

X
ϕ(t) dλ(xi,y∗

j )(t) |

≤ |

∫

X

∫

X
g(x, y) dν(x) dν(y) −

∫

X

∫

X
g(xi, yj) dν(x) dν(y) |≤ ε.

So, the result follows from the fact that ϕ is positive definite. �

Corollary 3.2. Let ϕ ∈ P (X). Then for every x, y ∈ X,
(i) | ϕ(x) |≤ ϕ(e),
(ii) |

∫

X ϕ(t) dλ(x,y)(t) − ϕ(x) |2≤ 2ϕ(e) [ ϕ(e) − Re ϕ(y) ].

P r o o f. By Theorem 3.1, there exists a bounded ∗-representation V of
X by bounded operators on a Hilbert space H with Ve = I such that for some
ζ ∈ H, ϕ(x) = 〈Vxζ, ζ〉 for all x ∈ X. Therefore, by Cauchy-Schwarz inequality
for every x, y ∈ X, we have

| ϕ(x) −

∫

X
ϕ(t) dλ(x,y)(t) |

2 = | 〈Vxζ, ζ〉 − 〈VxVyζ, ζ〉 |2

= | 〈ζ − Vyζ, V ∗

x ζ〉 |2

≤ ‖ ζ − Vyζ ‖2 ‖ V ∗

x ζ ‖2

≤ 2ϕ(e) [ ϕ(e) − Re ϕ(y) ].

This establishs (ii). The assertion (i) is trivial. �

4. Some types of convergence of positive definite functions on
X. The main result of this section is the following theorem.

Theorem 4.1. If (ϕn) is a sequence in P (X) which converges pointwise
to a continuous function ϕ on X, then ϕ ∈ P (X) and (ϕn) converges to ϕ in the
topology of uniform convergence on compact subsets of X.

This theorem was first proved by Raikov [15], and independetly by Yoshizawa
[20] for locally compact groups. Later, Lashkarizadeh-Bami [10] generalized this
result for foundation semigroups. In order to prove Theorem 4.1 we need to the
next theorem. We first state the following definition.
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Definition 4.2. For measures µ1, . . . , µm ∈ L(X), positive numbers
α, β, and function ϕ0 ∈ P (X), we denote by Fµ1,...,µm;α,β(ϕ0) the set of all ϕ ∈
P (X) such that

| ϕ(e) − ϕ0(e) |< α and |

∫

X
(ϕ − ϕ0) dµi |< β (i = 1, . . . ,m).

Then the family of the sets of the form Fµ1,...,µm;α,β(ϕ0) defines an open base for
a topology on P (X). We call it the F-topology of P (X).

Theorem 4.3. The F-topology and the topology of uniform convergence
on compact subset of X coincide on P (X).

P r o o f. Let K be an arbitrary compact subset of X, ϕ0 ∈ P (X), and
ε > 0. Choose a real number 0 < α < 1 such that α < ε/6 [ 1 + ϕ0(e) ], and α <
ε2/54 [ 1 + ϕ0(e) ]. Since ϕ is continuous, there exists a compact neighbourhood
U of e such that

| ϕ0(y) − ϕ0(e) |< α (y ∈ U).(6)

Now, there exists µ ∈ L(X) such that U
⋂

supp(µ) 6= Ø. Hence, if we put µ0 =
|µ | (U)−1χ

U
|µ |, then µ0 ∈ L(X), supp(µ0) ⊆ U , and µ0(U) = 1. By the defini-

tion of L(X), the mapping x 7−→ δx ∗ µ0 from X into L(X) is norm continuous.
Thus from the compactness of K, we infer that there exists x1, . . . , xm ∈ K such
that

{δx ∗ µ0 : x ∈ K} ⊆

m
⋃

i=1

{µ ∈ L(X) :‖ δxi
∗ µ0 − µ ‖< α }.(7)

We show that

Fµ0,µ1,...,µm;α,α(ϕ0) ⊆ {ϕ ∈ P (X) :| ϕ(x) − ϕ0(x) |< ε for all x ∈ K },

where µi = δxi
∗ µ0 for 1 ≤ i ≤ m. To this end, let ϕ ∈ Fµ0,µ1,...,µm;α,α(ϕ0) and

x ∈ K. Then, by (6) and (7), we have
∫

X
[ ϕ(e) − Re ϕ(y) ] dµ0(y) ≤ |

∫

X
[ ϕ(e) − ϕ(y) ] dµ0(y) |

≤

∫

X
| ϕ(e) − ϕ0(e) | dµ0(y)

+

∫

U
| ϕ0(e) − ϕ0(y) | dµ0(y)

+ |

∫

X
(ϕ − ϕ0) dµ0 |< 3α.
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Now, Corollary 3.2 (ii) and Holder’s inequality imply that

|

∫

X
ϕ dδx ∗ µ0 − ϕ(x) | ≤

∫

X
|

∫

X
ϕ(t) dλ(x,y)(t) − ϕ(x) | dµ0(y)

≤ [ 2 ϕ(e) ]1/2

∫

X
[ ϕ(e) − Re ϕ(y) ]1/2 dµ0(y)

≤

{

2 ϕ(e)

∫

X
[ ϕ(e) − Re ϕ(y) ] dµ0(y)

}1/2

≤ [ 6 ϕ(e) α ]1/2

≤ { 6 [ϕ0(e) + 1 ] α}1/2 < ε/3.

On the other hand, by (7), there is 1 ≤ i ≤ m such that ‖ δx ∗ µ0 − µi ‖< α, and
hence by Corollary 3.2 (i),

|

∫

X
(ϕ − ϕ0) dδx ∗ µ0 | ≤ |

∫

X
ϕ d(δx ∗ µ0 − µi) | + |

∫

X
(ϕ − ϕ0) dµi |

+ |

∫

X
ϕ0 d(µi − δx ∗ µ0) |

≤ ‖ δx ∗ µ0 − µi ‖ [ ϕ(e) + ϕ0(e) ] + α

< α [ ϕ(e) + ϕ0(e) + 1 ]

≤ 2α [ ϕ0(e) + 1 ] < ε/3.

We therefore have

| ϕ(x) − ϕ0(x) | ≤ | ϕ(x) −

∫

X
ϕ dδx ∗ µ0 | + |

∫

X
(ϕ − ϕ0) dδx ∗ µ0 |

+ |

∫

X
ϕ0 dδx ∗ µ0 − ϕ0(x) |< ε.

Conversely, let µ1, . . . , µm ∈ L(X), α, β > 0 and ϕ0 ∈ P (X). Then
there exists ε > 0 such that ε ≤ α, ε max{ ‖ µ1 ‖, . . . , ‖ µm ‖ } < β/2, and
ε [ ϕ0(e) + α ] < β/2. Now, choose a compact subset K of X such that e ∈ K
and | µi | (X \ K) < ε for all i = 1, . . . ,m. It is easy to check that

{ ϕ ∈ P (X) :| ϕ(x) − ϕ0(x) |< ε for all x ∈ K } ⊆ Fµ1,...,µm;α,β(ϕ0). �

We conclude this paper with the proof of the main result of this section.
P r o o f o f T h e o r e m 4.1. By Corollary 3.2, we have | ϕn(x) |≤ ϕn(e)

for all x ∈ X and n ≥ 1. Hence | ϕ(x) |≤ ϕ(e) for all x ∈ X; thus ϕ is bounded.
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By the Lebesgue Dominated Convergence Theorem, we have

m
∑

i=1

m
∑

j=1

cicj

∫

X
ϕn(t) dλ(xi,x∗

j )(t) −→

m
∑

i=1

m
∑

j=1

cicj

∫

X
ϕ(t) dλ(xi,x∗

j )(t)

for every subset {x1, . . . , xm} of X and {c1, . . . , cm} of C, and also

∫

X
ϕn(x) dµ(x) −→

∫

X
ϕ(x) dµ(x) ( µ ∈ L(X) ).

Therefore ϕ ∈ P (X) and (ϕn) converges to ϕ in the F-topology of P (X). Now
the result follows from Theorem 4.3. �
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