Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Serdica
Mathematical Journal

Cepauka

MareMaTnuyeCcKo CIIMCAHUE

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic reprints.
Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to third party websites are prohibited.

For further information on

Serdica Mathematical Journal
which is the new series of

Serdica Bulgaricae Mathematicae Publicationes
visit the website of the journal http://www.math.bas.bg/~serdica

or contact: Editorial Office

Serdica Mathematical Journal

Institute of Mathematics and Informatics
Bulgarian Academy of Sciences
Telephone: (+359-2)9792818, FAX:(+359-2)971-36-49
e-mail: serdica@math.bas.bg



Serdica Math. J. 27 (2001), 67-90 Serdica
Mathematical Journal

Institute of Mathematics
Bulgarian Academy of Sciences

FORMATION OF SINGULARITIES FOR WEAKLY
NON-LINEAR N x N HYPERBOLIC SYSTEMS

Chiara Boiti, Renato Manfrin

Communicated by I. D. Iliev

ABSTRACT. We present some results on the formation of singularities
for C'-solutions of the quasi-linear N x N strictly hyperbolic system U, +
A(U)U, =01in [0,+00) x R, . Under certain weak non-linearity conditions
(weaker than genuine non-linearity), we prove that the first order derivative
of the solution blows-up in finite time.

Introduction. In this paper we consider the quasi-linear strictly hy-
perbolic system

U +AU)U, =0 in [0, +00) X R,
where A(U) is an N x N matrix with C*(R")-entries.

We look for sufficient conditions to obtain blow-up for the C''-solution of
the associated Cauchy problem with small compactly supported initial data.
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Denoting by A;(U), for j = 1,..., N, the distinct real eigenvalues of the
matrix A(U), and by r;(U) and [;(U) the relative right and left eigenvectors with
|7ill =1 and I; - r; = d;;, we shall consider the following non-linear condition:
(0.1) VX;(Uj(s))-rj(Uj(s)) # 0 on a dense subset of Ry, for j =1 or N
along the j-th characteristic trajectory U;(s) defined by

d
ds
U;(0)=0.

This condition is weaker than the condition of genuine non-linearity

Uj(s) =7j(U;j(s)) j=1,...,N

VN U)-rj(U)#0  YUERY, Vj=1,...,N

introduced by Lax in [8].

Remark, moreover, that our condition (0.1) seems to be “quite sharp”
to obtain blow-up, since in [16] the existence of a unique global C'!-solution of
the Cauchy problem for small initial data under the weakly linearly degenerate
condition

VA;i(Uj(s)) - r;(Uj(s))

0 Vj=1,....,N

is proved.
Under the above assumption (0.1), we obtain the formation of singularities
for the C'-solution of the Cauchy problem

U, + A(U)U, =0

U(0,2) = eUy(z) € CL(R)

for € small enough, if the following condition on the initial data is satisfied:

(0.2) 1j(0) - Ug(x) # 0

for j =1 or N (according to which j =1 or N makes condition (0.1) valid).

If we consider, as in [16] and [17], the example of the one-dimensional gas
dynamics, we find that our condition (0.2) is in this case necessary and sufficient
to obtain blow-up (see §2, Example 2.4).

Finally, (see Theorem 3.1 below), we give also some sufficient conditions
for the formation of singularities in the case of general (not necessarily small)
initial data, but only in the case of 3 x 3 systems.
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1. Preliminaries. Given the system
(1.1) U+ AU)U, =0 in [0, 4+00) X R,,

we shall assume in the following that the matrix A(U) has C*(R") entries and
N real distinct eigenvalues

MU) < U) <...<AyU) YUeRY,
We can then choose N right eigenvectors r1(U),...,rn(U):
AU)ri(U) = X\(U)ri(U) VU e RY,
and N left eigenvectors {1 (U),...,In(U):
LU)AU) = NU)L(U) VU eRY,
normalized such that
Iri(U)|lgy =1 and L;(U)-r;(U)=6; VU €eRY,
forall¢,7=1,...,N.

Definition 1.1. We call i-th characteristic trajectory U;(s) the solution
of the Cauchy problem

d
1.2) 75 Ui(s) = 1i(Ui(s))
U;(0) =0,
fori=1,...,N.

Definition 1.2. Given, for some T > 0, a solution U(t,x
R,)N of the hyperbolic system (1.1), and given p = (tp,x,) € |
denote by x;(t,p) the solution of the Cauchy problem

€ CY([0,T) x
T)

)
0, X Ry, we

d
(1.3) ¢
xl(tpup) = Tp
fori=1,...,N. The application

1s then called the i-th characteristic curve passing through p, and we denote its
trace on the (t,z)-plane by T';(p):

Li(p) ={(t,z) € [0,T) xR : z=uz;(t,p)}.
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When p = (0,y) we shall also write x;(t,y), vi(t,y) and T;(y) instead of,
respectively, z;(t,p), vi(t,p) or I'i(p).

We now follow F. John, considering however C!-solutions (instead of C-
solutions) U(t,z) of (1.1), and defining, fori =1,..., N,

wi(t,x) = L;(U(t,x)) - Up(t,x).
By the choice of the eigenvectors of A(U), we immediately obtain that

N N
Ur = E wiry, Up=— E AWiT; .
=1 i=1

We shall need in the sequel the following John’s formula for a solution
U e CY[0,T) x R,)™ (for the proof in the case of C''-solutions see [12]):

w;(vi(t1,p)) — wi(vi(to, p)) =

14 ty N
. = / > iinU (ilr, p))w; (a7, ) )wie (i (7, p) ) dr
to k=1

for all tg,t; € [0,T) and i = 1,..., N, where 7,5 = 7;;x(U(t,x)) are given by:

(1.5) ’yl-jk = ()\j — )\k)liDTk{Tj} — (5sz)\1 . Tj

(here Dry{r;} denotes the differential of U — 7 (U) applied to r;).
In particular, it will be useful to notice that

Yiii = =V i - T
Let us finally recall two lemmas from [12] that we shall need in the fol-
lowing:
Lemma 1.3. Let U(t,z) € CY([0,T) x R,)N be the solution, for some
T > 0, of the hyperbolic Cauchy problem

U, + A(U)U, =0
(1.6)
U(0,2) = Uy(x) € CLR,)N .

Assume, moreover, that for some real o« < 3 and i, € {1,...,N}

wi(0,2) =0 Vo€l f], i€ {l,...,N}\ {io}.
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Then, for i # i, we have that w;(t,z) =0 in the region

QO ={(t,x): 0<t<T, zp(t,a) <z <zt B3},

where
C=min{l <i<N: i#i}, m=max{l <i<N: i#i,}.

Lemma 1.4. Let U(t,z) € CY([0,T) x R,)YN be the solution, for some

T > 0, of the hyperbolic Cauchy problem (1.6).
Assume, moreover, that, for fired 8 € R, i, € N, with 1 < i, < N, and
p:Tp) € ([0,T) x Ry) \ I, (B), the graphs I';,_1(p) and I';,41(p) intersect

It follows that if

wi(t,z;, (t,0)) =0 Vte[0,T), ie{l,...,N}\ {io}

then also

wi(t,z) =0 in Qio, 3,p) for i # 1o,
where Q(iq, B,p) is the region bounded by T'; (5), I'i,—1(p) and T';_+1(p).

2. Blow-up for IN X N hyperbolic systems with small initial data.
Using the notation introduced in the previous section, we now prove:

Theorem 2.1. Let us consider the hyperbolic Cauchy problem in [0, 400) x
R,:

2.1) { U, + A(U)U, =0

U(0,z) =eUs(x),

where e € R, U, € CL(R,)N, and A(U) is an N x N matriz with C*(RY) entries
and N distinct real eigenvalues

(2.2) M) < U) <...<AyU) YU eRM.
Let us assume, moreover, that
d
(2.3) d—)\i(Ui(s)) #0 on a dense subset of Ry
s

and

(2.4) 1:(0) - Uy(x) 0
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both fori =1 or fori= N.
Then, for € # 0 small enough, the C'-solution of the Cauchy problem
(2.1) must develop some singularities in finite time.

Proof. Let suppU, C [a, 8] with o < 3.

Let us first recall that by the local existence theorem for hyperbolic sys-
tems (cf. [4]) there exists T, > 0 such that the Cauchy problem (2.1) admits a
unique solution U € C([0,7.) x R,)", and T. — +o00 as € — 0. More precisely,

C
by direct inspection of the proof, we know that T, > ‘—| provided € # 0 is small
3

enough.
Besides, for every fixed T' > 0 there exist ¢ = ¢(T") > 0 and § =6(T") > 0
such that for |e| < ¢ the solution exists in [0,7] x R and

(2.5) 1Tl (0,77 xr )N < clel-

For the next we now need to fix some 7, > 0 so that using the estimate
(2.5), for € small enough, the graphs I';(cr) and I';(3) of the characteristic curves
7i(t, ) and v;(t, B) intersect in the strip [0,75] x R if i > j.

Remark that since we have compactly supported initial data, by the finite
speed of propagation property

U(t,x) =0 for z<a+4+A(0)t andfor z> 3+ Ay(0)t, t>0.

Therefore, if U(t,z) € C([0,7.) x R,)" is the (local) solution of the
Cauchy problem (2.1), then U (t, z) is uniformly bounded on every strip [0, 7] xR,
with 0 < T' < T, and this implies that for every p = (t,,z,) € [0,7;) x R, the
characteristic curves 7;(t,p) are defined for all ¢t € [0,T%).

Let us set
A= min (Ai(0) = X(0)),
and fix then
00—«
T, =2 .
A

By definition of A, since the eigenvalues \;(U) are continuous functions
of U € RY, we can find p > 0 such that

(26) Ul IVIiey <p = Aesa(U) = M(V) > 2 Vim1,.. N1,
By (2.5) we can then find ¢ = ¢(7,) > 0 and 6 = §(7},) > 0 such that

. ) p
(2.7)if |e|[<eo= mln{é, E}’ then [|U|lcoo,,)xz)n <IU e 0,1 xmyv Sclel < p,
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and hence by (2.6):

(28) /\Z‘Jrl(U(tl,l‘l)) — /\i(U(tQ,.TQ)) Z V(tl,xl), (tg,l‘g) S [O,TO] X R,

| >

foralli =1,...,N — 1. Then we can easily see that in this strip [0,7,] x R all
the graphs I';(a) and T'j(0) intersect if ¢ > j. Indeed, by (2.8) it follows that for
all t € [0,T,] we have z;(t, 3) — zi(t,a) < 8 — a — 5t. This will be useful in the
sequel.

Let us now take |e| < g9, assume by contradiction that the solution U €
C1(]0,T,) xR)" is in fact defined and C' on the whole [0, +00) xR, and prove that
it must develop, on the contrary, some singularities at some finite time T' > T},.

Let us first recall (cf. [5]) that in the regions Cy and Dy_1, where

(2.10)  D; ={(t,z) € [0,400) xR: = > z(t,0)} i=1,...,N,

(2.9) C; ={(t,x) €[0,400) xR: x <z;(t,a)} i=1,...,N

the solution U(t,x) is a simple wave, i.e.:

(2.11) wa(t,z) = - =wn(t,x) =0 in Cy
and
(2.12) wy(t,z) = =wn_1(t,2) =0 in Dy_1.

Let us assume conditions (2.3) and (2.4) to be satisfied for ¢ = N and let
us then prove the formation of singularities in the region Dy_; (analogously, if
conditions (2.3) and (2.4) are satisfied for ¢ = 1, then the blow-up occurs in C5).

By (2.12)

Uy(t,x) = wn(t,z)rn(U(t, z)) in Dy_q

d
and hence, denoting by e for i € {1,..., N}, the derivation in the direction of

(
the i-th characteristic curve, in Dy_1 we have:

LU(t2) = Uilt,2) + A (U 2) Ut 2)

N
= U(t,x) + AN(U(t, x))wn (¢, 2)ry (U(t, z))
=U(t,x) + AU (t,2))Up(t,z) =0.

This means that for all p = (¢,,2p) in Dy_1

U(t,zn(t,p)) = Ulty, zp) vVt > t,
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and hence

aN(t,p) = zp + AN(U(tp, zp))(t — tp) Vp€ Dn_1, t > 1p,

i.e. I'ny(p) is a straight line for each p € Dy_1.

We shall prove the formation of singularities by showing that some of these
graphs I'n(y) = I'n(0,y), for y € [o, 3], intersect in Dy_;, contradicting the
uniqueness property of solutions of the Cauchy problem (1.3) if U € C(]0, +-00) x
R, )N,

Since the 'y (y)’s are straight lines in Dy _1, the intersection depends on
their slope and hence on their angular coefficient along I'y_1(3).

By the above arguments it’s now clear that to prove our theorem it’s
enough to show that ¢t — An(U(t,zn—-1(t,3))) is not monotone decreasing for
t € [0,400).

To this aim we first remark that

%U(t,xN,l(t,B)):Ut(t,xN,l(t,B))—F/\N,l(U(t,xN,l(t,B)))Ux(t,a:N,l(t,ﬂ))
= An=1(U(t, an-1(¢,8))) = An(U(t, an-1(¢, 8)))]-
'wN(tv fol(tv B))TN(U(tv ITN-1 (t7 ﬂ)))
U(Oa $N—1(0> ﬁ)) = U(Ov ﬁ) =0,
and hence

(2.13) U(t,en-1(t,B)) = Un(¢n(t)  VE>0,
where ¢ (t) is the solution of the Cauchy problem

On(t) = Av-1(Un(¢n (1)) = AN (Un(on (0)]wn (, 2n-1(t, 5))
(2.14)

¢n(0) = 0.
Indeed, this can be easily checked by computing the derivative of Uy (¢n(t))
and noticing then that U(t,zn_1(¢,3)) and Un(¢n(t)) satisfy the same Cauchy
problem.

But to prove that Ax (Un(¢n(t))) is not monotone decreasing, it’s enough

to show that ¢ () is not monotone. As a matter of fact, if ¢ (¢) is not monotone
we can then find 0 < t; < t9 < t3 such that

N (t1) = on(t3) < dn(ta)

or

on(t1) = on(t3) > on(t2).
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This implies that

AN(Un(¢n(t1))) = An (Un (on (13))) -
But An(Un(¢n(t))) is not constant in [¢1,t3], since by assumption (2.3) we have

that d—)\ ~(Un(s)) does not vanish identically in the interval of extremities ¢y (¢1)
s

and ¢ (t2).

To prove, finally, that ¢x(t) is not monotone, it’s enough to show, by
(2.2) and (2.14), that wy(t,zn—1(t,3)) changes sign for some t > 0.

To this aim we first begin by estimating the sign of wy(t,xn(t,y)) for
t > 0 and y € [, 5]. This will give also the estimate of wy (¢,zn_1(t, 5)) when
the characteristic curve yy(t,y) intersects the characteristic curve yn_1(t, 3).

For this reason we can restrict here to consider 0 < t < Ty, since all
graphs 'y (y), for y € [a, (], intersect I'n_1 () for 0 < ¢t < Ty, by the choice of
T,.

By John’s formula (1.4):

wx(t,zx(t,y)) =

(215) —un(0,9)+ Otéw (.o (), 2 ) Yo, o (),
where

(2.16) wy (0,y) = el (0) - Ul(y) + O(e?).

Let us now estimate the integral in (2.15).
Since the v;;’s, given by (1.5), are continuous functions of U, we can find,
because of (2.7), a real constant M > 0 such that

(2.17)  |pU(r, 2N (T,y)))| < M Vrel0,T,], y€R, i,j,k=1,...,N.

Let us set

w(t) = max sup lwi(t, )]
This is a well defined bounded and continuous function of ¢ € [0,T,] (because of
(2.7)), since U(t,z) =0 for z < a4+ A1 (0)t or x > B+ An(0)t.
Therefore, as in (2.15), we find that

[l
=

it 211, y))] < w(0) /ka (rzi(r )P ()dr Vi

j,k=1
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and hence, from (2.17):

t
0 < w(t) < w(0) + NQM/ w2 (r)dr |
0
Therefore

w(t) < w(0)

1
e <t i Ty, ————— ;.
S T N2Muw(0) Vo< <m1n{ }

°" N2Mw(0)
Besides, we easily have, as in (2.16), that w(0) < |¢|L for some L > 0,
and hence

0<w(t) < el

1
<w(ty < — V0<t<min{To,7}.
1— [e|N2MTt |

eIN2ML
Then
N

t
| ¥ iU anru ot an (r)dr
jk=1
-2

t 2
< NQM/ L 4
o (1—|e|[N2MLr)?

9 2T’ , 1
- NPM— VO<t<mindT,, ———\
1— [e[N2MTt e|N2MT

and choosing
le] <e1 < min{go,%},
N2MLT,
we have that

¢ N
/ > iU (man () wj(r,an (7, y) Jwr (1, 25 (7, y) Jd

0 k=1
N2MT’T,
(2.18) < &2 2 VO<t<T,.
1—e,N2MLT,
Hence, from (2.15), (2.16) and (2.18):
(2.19) wn(t,an(t,y)) = eln(0) - Ugy) + O() YO <t < Ty, y € [, ], [e] < e

Since

d

In(0) - Uyly) = @(ZN(O) ~Us(y))
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is the derivative of a function with compact support in [a, 3], it must change sign
in the interval [o, 3]. Therefore, by (2.19), wy(t,xny—1(t, 5)) must change sign in
the interval [0,T,], provided ¢ is small enough.

This concludes the proof of Theorem 2.1. O

Remark 2.2. The assumption (2.3) seems “not too far” from being
sharp, since Theorem 4.1 of [16] shows that if

d

ds
then for e sufficiently small the Cauchy problem (2.1) admits a unique global
C'-solution.

/\z(UZ(S)):O VseR, Vi=1,...,N,

Remark 2.3. If we assume

d
ds
for i =1 or N, instead of (2.3) (which is still a little bit weaker than the genuine
non-linearity condition), then from the proof of Theorem 2.1 we can also give an
estimate of the life-span T of the solution of the form:

(2.20) )\Z(UZ(S)) #0 Vs € R,

C1

€]

C2

(2.21) dei,c0 > 0 such that <T. <

‘a .
Indeed,

AUt zy-1(1,0))
= Dot U an-1(0)) = A (Ut (6 B) o (61 (1,5))-
VANU(t,zn-1(t,0))) - rn(U(t, zn-1(t,3))) .

Since it is not restrictive to assume £ > 0 in (2.1), we can then choose
0 < € < ¢ sufficiently small, so that assumption (2.20) implies

(2.22) VAN(U(t zxn-1(t8) - rn(U(tan-1(t, 8) =1 >0  Vie[0,T)]
(223) V)‘N(U(tv fol(u ﬂ))) : TN(U(tv fol(u ﬂ))) < —-n < 0Vvte [07 TO]

for some 7 > 0, because of (2.7).
Let us assume, for instance, that (2.22) is satisfied. Then we fix [ya, y1] C
[ar, B] such that

(2.24) InN(0) - Up(y) < =0 <0 Yy € [y2,11],
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for some 6 > 0 (if (2.23) is satisfied, then we fix [y2,y1] C [o, 3] where Ix(0) -
Ul(y) > 6 > 0); this is possible since Ix(0) - Uy(y) has compact support in [«, (]
and is not identically zero because of (2.4).

From (2.19) and (2.24) we deduce that there exists ¢’ > 0 such that

wy (t,zn(t,y)) < —ed’ vVt € [0,T,], y € [y2,91]

if € is small enough.

Denoting by (t1,21) and (t2,z2) the intersection points of, respectively,
I'n(y1) and T'n(y2) with T'y_1(3), we have that 0 < t; < to < T, (since I'n(y1)
and 'y (y2) cannot intersect for 0 <t < T,) and

wy(t,zn_1(t,8)) < —ed <0  Vte [ty,ts].
Finally, by (2.8), we obtain the estimate

d 8’
(2.25) (Ut ay-1(t8)) 2 =
This implies that the life-span 7. of the solution is bounded from above by
the time T when the straight line I'y(y;) intersects the straight line T'y(y2)
(in DNfl). .

To estimate this time T' let us set, for simplicity,

)\N,i — )\N(U(tzaxN—l(tzvﬁ))) for i = 1’2

In Dy_; the straight lines I'y(y;), for i = 1,2, are thus described by the
equations

>0 YVt € [tl,tg].

T = )\N,i(t —t;) + x4,
where x; = xny_1(t;, ). Therefore they intersect for

A ANt — 2 + AN 2t2

AN2 — AN
Note that Ay 2 > An,1 by the choice of ¢; and 5.
For e sufficiently small, because of (2.7):

Ani = An(0) + O(e) fori=1,2
and
z; = N (ti, yi) = yi + An(0)t; + O(e) fori=1,2.
Then

r1 — ANt — 22+ Anoto =y1 —y2 + O(e) .
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Moreover,

ANz — AN = AN(U(t2,zn-1(t2,8))) — AN(U(t1,2n-1(t1,8)))
to d
— [ S ana (s 9))ds
t1 S
(2.26) = EA(tQ — tl) + O(E)
for some A > 0 and for £ small enough, because of (2.25).
To estimate to — t1 let us still choose ¢ sufficiently small so that all char-
acteristic curves can be approximated by straight lines, and hence ¢; and ¢ can
be approximatively defined by:

B‘l‘)\N,l(O)ti :yi—i-/\N(O)ti-i-O(E), 1=1,2.
Then
B—ye _ B—uy
W0 =10 w0 =@ o6

o Y1 — Y2
= 3w w0 06

and hence, from (2.26):

ty—t; =

Ay — y2)
AN2 — A = + o(e).
N,2 N,1 " (0) = An1(0) ()
Therefore
= y1 — y2 + O(e) AN (0) — Av_1(0)
T= = +0(1).
eA(y1 — y2) eA (1)

+ o(¢)

AN(0) — An—1(0)
This gives a bound from above of the life-span 7. of the solution.
From the proof of Theorem VI of [4] we have a similar estimate also from
below, so that we finally obtain (2.21). O

Let us now consider an example of application of Theorem 2.1:

Example 2.4 (system of one-dimensional gas dynamics). The following
system in Ry x R, is considered in gas dynamics:

Ou+ 0yp =0
(2.27) Op + a(p, S)0zu =0
0SS =0,
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where u is the velocity, S the entropy, p the pressure and

a(p, S) € C*(R?), a(p,S) >0 Vp,SeR
is connected with the state equation of the gas p = p(7,.S) by the relation

(2.29) alp,5) = —2p(7,5).

where 7 is the specific volume. Remark that condition a(p,S) > 0 makes system
(2.27) strictly hyperbolic. Indeed, if we set U (t,z) = (u(t,x),p(t,x), S(t,x)), we
can rewrite system (2.27) in the standard form U; + A(U)U, = 0 with

0 1 0
AU)= [ ap,S) 0 0
0 0 O

The eigenvalues of A(U) are

MU) =—Va(p,S) <0=XU) < +a(p,S) =\
The normalized right eigenvectors r;(U) and left eigenvectors [;(U) are

given by:
1

Tl(U) = —t(17_ V a(p, S),O)

1+a(p,S)
ro(U) =*(0,0,1)

1

kTB(U):T(nS) (1,Va(p, S),0)
and
_V1i+apS), - 3
ll(U)_ 9 a(p,S) ( (p,S), 170)

l2(U) = (0,0,1)

l3(U)_H$ \/ b, 71>0

2y/a(p,

The Cauchy problem considered in gas dynamics is the one obtained by
associating to system (2.27) the initial data

uw(0,2) =Ty + cuo(z), p(0,2) =7, +epo(x), S(0,2) =S5, +eSo(z),
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where ,,D,,S, € R are constants, while u,(x), po(z),S,(z) € CI(R,); € is a
parameter to be chosen sufficiently small.
Setting

U, = t(UoJ_?oago) €R® and Up(x) = t(uo(x),po(l‘),so(l‘)) S Col(R:r)ga
the Cauchy problem (2.27) is then of the same form as (2.1) shifted by a constant
U,:

Uy + A(U)U, = 0
(2.29)
U0,2) =U, +eU,(x) .

Let us verify whether the assumptions of Theorem 2.1 are satisfied. Set-
ting
Uj(s) = (u;(s),pj(s), S;(s)) for j =1,2,3,

we obtain, for j =1, 3:

ap(p;(s), So)
VA (8) -1y () = —2aD o)
2\/1 + a(p;(s), So)
since S;(s) = S, here. Note also that V3(Uz(s)) -r2(Ua(s)) = 0 since Ao(U) = 0.
Condition (2.3) of Theorem 2.1 is thus expressed here by:

(2.30) ap(pj(s),Sy) # 0 on a dense subset of Ry,
for j = 1 or 3, which will be verified if

ap(p,So) #0 on a dense subset of R,

by the strict monotony of p;(s).
Let us now verify condition (2.4), for i =1 or 3:

1+ a(p,,S,)

[\ a(@, So)u,(z) F pi(z)].
2¢/a(p,, So)
2.

This means that if condition (2.4) was not satisfied, then we should have

1j(Uo) - Up(z) =€
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and hence u/(z) = pl,(x) =0, i.e.

u(0, ) = Uy, p(0,2) =P, .

But in this case the Cauchy problem (2.29) would have the global solution
U(t,x) € C1([0,+0) x R) given by:

u(t,z) =7,, p(t,r)=7p, St,x)=2S5,+eS(z).

Note also that I3(0) - U} (x) = &S’ () which can be identically zero or not,
and, at the same time, the Cauchy problem (2.29) could have a global solution
or blow-up may occur.

We can conclude that in this example of one-dimensional gas dynamics
Theorem 2.1 is “quite sharp”, in the sense that if condition (2.30) is satisfied,
then condition (2.4) is necessary and sufficient to have blow-up in finite time (for
e sufficiently small).

Remark that from (2.28), by the local invertibility theorem, we can com-
pute:

_pTT(T) S) _ pTT(7_7 S)
pr(m.5)  a(p,S)
This shows that our condition (2.30) is weaker than the following condition of [17]:

(Ip(p, S) =

o~ — op _
(2.31) %p(?o,so) =0 forl<a<p, Wp(?o,so) #£0

for some integer 3 > 2, where 7, > 0 is determined by p, = p(7o, S,)-
Let us finally remark that if

ap(pj(s),80.) 70 Vs €R,

for j =1 or 3, instead of (2.30), then condition (2.20) is satisfied and hence, from
Remark 2.3, we obtain an estimate of the life-span T of the solution of the form
(2.21), i.e. T. ~ e~!, which is the same estimate obtained in [17] when (2.31) is
satisfied with 5 = 2.

3. Blow-up for 3 X 3 hyperbolic systems with general initial
data. In the case of 3 x 3 hyperbolic systems we are able to give some sufficient
conditions for the formation of singularities, without the assumption of small
initial data. With respect to Theorem 2.1, we can also eliminate condition (2.4),
but we need to strengthen assumptions (2.2) and (2.3):
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Theorem 3.1. Let us consider the hyperbolic Cauchy problem in [0, 4+00) xR,

U +AU)U, =0
(3.1)

U0,z) =U,(z),
where U, € CL(R,)3, U, £ 0, and A(U) is a 3 x 3 matriz with C*(R3) entries
and real distinct eigenvalues \j(U) satisfying, for a suitable constant A > 0:

(3.2) Nit(U) = N(V)>A VUV ER? i=1,2.
Let us assume, moreover, that
d
(3.3) d—)\i(Ui(s)) >0 VseR and is different from zero on a dense subset
s
of Rg, fori=1,3
d
(3.4) d—)\g(Ug(s)) # 0 on a dense subset of R
s
d

(3.5) d—/\g(Ui(s)) >0 VseR and is different from zero on a dense subset
s
of Ry, fori=1,3.

Then, the Cl-solution of the Cauchy problem (3.1) must develop some
singularities in finite time.

Proof. Let suppU, C [a,f], with a < (3, and, by contradiction, let
U(t,x) be a C! global solution of (3.1) in [0, +00) X R,.

We use the same notation as in the proof of Theorem 2.1; in particular,
the regions C; and D; are defined by (2.9) and (2.10).

We can first remark that condition (3.2) ensure us that all the graphs
08—«

Arguing therefore as in the proof of Theorem 2.1, we can say that the
graphs I's(p), for p = (tp,x,) € Da, are straight lines which cannot intersect, so
that we must have:

I';(B) and I'j (o) must intersect for ¢ < j at some positive time T <

SXa(Ult,2a(6,5) SO Ve 20,

But U,(t,z) = ws(t, z)rs(U(t,x)) in Dy, and hence

(3.6) 0> %Ag(U(t,xz(t,B)))

= [)‘Q(U(t7$2(t7ﬂ))) - )‘3(U(t7$2(t7ﬂ)))]w3(t7$2(t7ﬂ)) :
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'V)\?)(U(t? T2 (t? ﬁ))) ’ T3(U(t? T2 (t? ﬁ)))
Recall that, from (2.13) and (2.14),

U(t,z2(t, B)) = Us(¢s(t))  Vt>0
with

(3.7 ¢5(t) = MUt 22(t, 8))) — As(U(t, 22(t, B)))ws(t, 22(t, B)) -
Therefore, if by contradiction
(3.8) ws(t, x2(t, 8)) <0 for some ¢ > 0,
then there exists § > 0 such that
ws(t,za(t,B)) <0  Vie(f—06,i+08) =1I.
This implies that
(3.9) os(t) >0  Vtel,

and hence ¢3(I) contains some interval T. By assumption (3.3) there must then
exist some s € I C ¢3([) such that

VA3(Us(3)) - r3(Us(s)) > 0.
Since 5 € ¢3(I) there is ¥ € I such that ¢3(') =3 and hence

VAU, 2(T', ) - r3(U(T, 22T, B))) = VAs(Us(¢s(T'))) - r3(Us(es(1'))) > 0.

But this contradicts (3.6), because of (3.9) and (3.7), since ¢ € I.
Then (3.8) cannot be satisfied, i.e.

(3.10) ws(t, z2(t,B)) >0 Vit > 0.
Analogously, I'i(p) are straight lines for p = (t,,z,) € Co which cannot
intersect, so that for all £ > 0

0< %M(U(t,@(t,a)))

= Mo(U(t, za(t,@)) = A(U(t, z2(t, @) wy (¢, 22(t, @) -
-V/\l(U(t7 X2 (t7 Oé))) : Tl(U(tv x?(tv a)))

and hence

(3.11) wi (t, z2(t, ) >0 vVt > 0.
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Let us now show that we cannot have, at the same time,

(3.12) ws(t, x2(t, 5)) =0 VYt >0
and
(3.13) wi (t, z2(t,a)) =0 Vt>0.

If this was the case, indeed, we should have:

7

LUt a(t, 0)) = Uit 2ot 0)) + XalU 1, 2200, D)V (1, 2201, )
= [/\Z(U(tvxZ(tvﬂ))) - /\3(U(t7$2(t76)))]'
wy Ut (8, O)rs (U 22(8, ) = 0
\ U(Oaﬁ) =0

and, analogously,

d
EU(t xa(t,a)) =0
U(0,a) =0.
Therefore
(3.14) U(t,zo(t,3)) =0 vVt >0
and
(3.15) U(t,z2(t,a)) =0 Vt>0.
Since

SU (1)) = Ut zs(t,)) + Ma(Ult 256, 9)Ue (2500, 9))

=0 in DQ s
then (3.14) implies that U(t,z) = 0 in Dj, and hence
wi(t,x) =0 in Dy, Vi=1,2,3.

Then from Lemma 1.4 we deduce that

(3.16) wi(t,z) =0 in Dy, fori=1,3.

85
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Analogously, since

d .
aU(Rl‘l(tJ/)) =0 in Cy,

from (3.15) we have that U(¢,z) and hence w;(¢,x) are identically zero in Cy, for
i =1,2,3, and hence from Lemma 1.4 again:

(3.17) wi(t,z) =0 in C3, fori=1,3.

Using now Lemma 1.3 for 0 < ¢ < ¢, where ¢ is the time when I's(«)
intersects I'1 (), from (3.16) and (3.17) we obtain that

(3.18) wy(t,x) = ws(t,z) =0 V(t,x) € [0,400) x R.
This means that
(3.19) Uy(t,x) = wa(t, z)ra(U(t, x)) V(t,x) € [0,400) x R

and hence

SO 2(t,9)) = Uilt,walt, ) + MUt 2t 9))Ue 1, 22(,9)

=0 Y(t,y) € [0,+00) X R,
U(t,zo(t,y)) = U(0,y) V(t,y) € [0,+00) x R

and the graphs I'y(y) are straight lines.
Since we are assuming by contradiction to have a global C'! solution, these
straight lines can never intersect, and therefore we must have:

A (U(0,y)) = Xa(Us(y)) = X2(0)  VyeR.
This implies that

(320) 0= £ 2a(U(0.4)) = VAa(U(y) - Usly) = Pha(Uoly)) - (0,5} (Uo9))
= w2(0,y)VA2(Ua(92(y))) - r2(U2(02(y))) ,
where

o) = [ " a0, 2)de,

since Us(¢2(y)) and U(0,y) satisfy the same Cauchy problem, because of (3.19).
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We can then argue as in the proof of (3.10), showing that (3.4) and (3.20)
imply that

wo(0,y) =0 Vy e R.

If there would exist, indeed, some 3§ € R such that wy(0,7) # 0, then we should
find, because of (3.4), some ¢ € R such that

w2(0,5)VA2(U2(d2())) - r2(U2(82(7'))) # 0,
contradicting (3.20).

Then w2 (0,y) = 0 together with (3.18) imply that 0,U(0,z) = Ul(x) =0
for all z € R. This contradicts the assumption U, # 0, and therefore we cannot
have both (3.12) and (3.13). Then, from (3.10) and (3.11), one at least of the
two following strict inequalities must be satisfied:

(3.21) ws(t,x2(t,3)) >0  in some [t1,t2] C [0,400)
or
(3.22) wi(t,x2(t,a)) >0  in some [t1,ts] C [0, +00).
But
d

%/\Q(U(tvxZ(tvﬂ))) = [/\Q(U(t7$2(t76))) - /\B(U(t7$2(t7ﬂ)))]wB(tuxZ(taﬂ)) :

VAQ(U(t7 L2 (t7 ﬂ))) : T3(U(t7 L2 (ta B)))
(3.23) <0 vVt >0
by (3.5) and (3.10), and analogously

%)\Q(U(t,xg(t,a))) = MUt 22(t, @) — MU, z2(t, )))Jwi (t, 22(t, @) -
'V)\Q(U(t, ) (t, Oé))) : TI(U(t’ T2 (tv a)))
(3.24) >0 Vt=0

by (3.5) and (3.11).

Moreover, from (3.21) and (3.22), arguing as in the proof of (3.10), we have
that at least one of the two preceding inequalities, (3.23) or (3.24) must be strict
for some ¢ > 0, because of (3.5). This means that the graphs I's(«) and I'a(5)
must intersect somewhere, contradicting the existence of a global C!-solution of
the Cauchy problem (3.1). We must then have blow-up in finite time. O
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Remark 3.2. Conditions (3.3) and (3.4) are weaker then the genuine
non-linearity condition. Assumption (3.5) is, on the contrary, an extra condition.

Let us now consider an example of application of Theorem 3.1:

Example 3.3 Let us consider the 3 x 3 matrix of U = (U, U, Us):

U 0 U3 +2
AU)=| 0 U}+U3+1 0
0 0 U+ U3 +2

The matrix A(U) has eigenvalues

MO)=UE, NU)=U+U+1, MU)=U+UZ+2.
They satisfy condition(3.2) with A = 1.

We can find the right eigenvectors

r(U) =%(1,0,0), ro(U)=10,1,0), r3(U)=—="1,0,1),

1
V2
and then compute

1
Ui(s) = (s,0,0), Us(s) =%0,s,0), Us(s)=—="1s,0,s) for s e R.

V2
Let us verify that conditions (3.3), (3.4) and (3.5) are satisfied:

%/\1([]1(8)) = V)\l(Ul(S)) . Tl(Ul(S)) = 382

L rs(Us(s)) = VAs(U Uy(s)) = ——

s 3(Us(s)) = VA3(Us(s)) - r3(Us(s)) = 2—\/53
%AQ(UQ(S)) = V)\Q(UQ(S)) . ?“Q(UQ(S)) = 2s
%AQ(Ul(S)) = V)\Q(Ul(s)) . Tl(Ul(S)) = 382

L ro(Us(s)) = Vaa(U Uy(s)) = ——

s 2(Us(s)) = VA2(Us(s)) - r3(Us(s)) = 2—\/5 S

Since all assumptions of Theorem 3.1 are satisfied, the solution of the
associated Cauchy problem

U+ A(U)U, =0

U(0,z) = Us(z) € Col(R)ga Up #0
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must develop some singularities in finite time.

d
Remark that this system is not genuinely non-linear, since all —\;(U;(s))

vanish for s = 0. Not even the assumptions of the theorems of [12] are satisfied
in this example, since U = 0 is not a minimum point nor a maximum point for

any of the eigenvalues A (U), \2(U), A\3(U).

[10]
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