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Abstract

We characterize the range of some spaces of functions by the Fourier
transform associated with the spherical mean operator R and we give a
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1. Introduction

The spherical mean operator R is defined, for a function f on IR"*!,
even with respect to the first variable, by

RUNa) = [ fona+1€)don(n.€). (r.x) € Rx R

where S™ is the unit sphere {(n,£) € Rx R" : n* + [|£]|*> = 1} in IR™™! and
o, 1s the surface measure on S™ normalized to have total measure one.
This operator plays an important role and has many applications, for
example, in image processing of so-called synthetic aperture radar (SAR)
data (see[5, [6]), or in the linearized inverse scattering problem in acoustics
[4]. In [9] the second author with M.M. Nessibi and K. Trimeche have de-
fined a generalized Fourier transform and a generalized convolution product
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associated with R, and they have established some results in the theory of
harmonic analysis (inversion formula, Paley-Wiener and Plancherel theo-
rems, etc). Also, in [10], the second author with K. Trimeche have studied
the Weyl transforms associated with the spherical mean operator R. Vu
Kim Tuan has studied in [13] the range of the Hankel and extended Hankel
transforms on some spaces of functions.

Using the same idea as in [13] and the properties of the Fourier trans-
forms associated with the spherical mean operator R, we characterize in this
paper the range of some subspaces of L?(IR, x IR",r"drdx) (the space of
square integrable functions on IR x IR™ with respect to the measure r"drdx)
by this transform. We give a new description of the spaces Sy (IR x IR™) (the
space of infinitely differentiable functions on IR x IR", even with respect to
the first variable, rapidly decreasing together with all their derivatives) and
S.(T") (the space of infinitely differentiable functions, even with respect to
the first variable, rapidly decreasing together with all their derivatives on
the set I' = IR x R™ U {(it,x); (t,x) € R x R™, |t| < ||z||}).

This paper is arranged as follows. In the first section, we recall some
properties of the Fourier transform associated with the spherical mean op-
erator R. In the second section, we describe the range of rapidly decreasing
functions by the Fourier transform associated with the spherical mean op-
erator. In the third section, we will give an other characterization of the
space Si(IR x IR™) and using the result of the precedent section, we obtain
a description of the space Si(I'). In the last section, a Paley-Wiener and a
Paley-Wiener-Schawrtz theorems are established.

2. Fourier transform associated with the spherical mean operator

In this section, we recall some properties of the Fourier transform associ-
ated with the spherical mean operator. For more details see ([1],[4],[9],[10]).

NoTATION. We denote by:

- £(IR x IR™) the space of infinitely differentiable functions on IR x IR",
even with respect to the first variable.

- S™ the unit sphere in IR x IR",

S"={(n,€) € Rx R";n*+ ||€])* = 1},

where for &€ = (&1, ...,&,), we have ||£]|? = &2 + ... + &2.
- do,, the normalized surface measure on S™.
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DEFINITION 2.1. The spherical mean operator on &,(IR x IR"™) is de-
fined by

V(@) € 0 +oo[x R", Rf(rw) = [ f(rn.o+r€)don(n.6)

For (u,\) €@ x@", let us put

V(r,z) € [0, +00[xR", @, \(r,x) = R(cos(u.)e_i<)‘/'>)(r, x).

ou(r,z) = jnT,l(T 12 4 | A[|2)emt<Me>,

where jn—1 is the normalized Bessel function defined by
2

We have

ovyala) = 207D (n 4 1)2) 200024, 2.1)

Here J(;,_1)/2 is the Bessel function of first kind and index (n—1)/2 ([8],[14]),
and if A = (A\(,..., \p) € @" and = = (21,...,7,) € IR", we put \? =
M+ o+ 22 and < Mz >= M\z1 + .+ AT

The normalized Bessel function j,_1)/o satisfies the following property
VEeENN,V reR; |j((s)_1)/2(r)] <1. (2.2)

Moreover for all A € @; the function 7 +— j(,_1y/2(Ar) is the unique
solution of the differential equation

Lpu(r) = ( )s
{ w0 ) =0, (23)
where L, is the Bessel operator defined on IR% by
d n d
L, =(—)
(dr) Ty rdr
We have, also, the following recurrence relation
0 . —/u"2
VrelR, Ve R; @(J(n—n/Q(W)) = nx1’ Jnt1y/2(pr). (2.4)

In the following we shall define the Fourier transform associated with
the spherical mean operator and we give some properties.
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NOTATION. (see [10]) We denote by:
- dv(r,z) the measure defined on [0, +oco[x IR™ by
dv(r,x) = kprdr @ dx,

where
k, =

20T (1 + 1)/2) 2n) 2

- LP(dv),1 < p < 400, the space of measurable functions on [0, +-00[x IR",
satisfying

1/p
||f||p,yz(// rm|dura:)> < 400, 1<p< oo,

| flloow = ess su |f(r,z)| < o0, p=+4o0.
(r,z)€[0,400[x R™

-dy(p, A) the measure on the set I' defined by

[0 =kl [ [ f 2 + N 2 dpay
I IR™ JO

[[Al
7 O ) )
- LP(dv),1 < p < 400, the space of measurable functions on I, satisfying
1/p
10 = (106N Pn0)) T < o0, 15 p < oc,
[flloony = ess sup |f(p,\)| <00, p=+o0.
(mA)er

DEFINITION 2.2. The Fourier transform associated with the spherical
mean operator on L!(dv) is defined by

V(u, \) €T, Ff(u,N) /n/ f(r,x)oux(r,x)dv(r, z).

We have the following properties:

. V(i A) €T, (F(,A) = ((Bo F)(f)) (1 A) (2.5)
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where, V(u,\) € R x IR",

FruN = [ [7 1o nptme ), (26)

and
V(/J,, A) el Bf(:ua >‘) = f(\/ /1'2 + >‘2’)‘)'

e For f & L'(dv) the function Ff is continuous on I' and

lim  Ff(sA) =0 2.7
|2+ A[2—+00 Fl: ) 27

e For f € L'(dv) such that Ff € L'(dy), we have the inversion
formula for F: for almost everywhere (r,z) € [0, +oo[x IR",

1) = [ F50 N o) (0.
e Forall p € [1,400] and f € LP(dv),

Bf € LP(dy) and ||Bf

Py — | f

P (2.8)

In particular, the mapping B is an isometric isomorphism from L?(dv)
onto L?(dry).

e The mapping F is an isometric isomorphism from L2 (dv) onto itself.
Consequently, the Fourier transform F is an isometric isomorphism from
L?(dv) onto L?(dy).

Thus,

Vf e L*dv); FfeL*(dy), and |Ffllony = | f]

20 (2.9)

NoOTATION. We denote by:

- S (IR x IR™) the space of infinitely differentiable functions on IR x IR",
even with respect to the first variable, rapidly decreasing together with all
their derivatives.

- S.(T") the space of infinitely differentiable functions on I', even with
respect to the first variable, rapidly decreasing together with all their deriva-
tives, which means

Vki,ko € NV ae N,

0
sup{(1 + |uf* + !!/\IIQ)kl\(@)kQfo(M, A); (1, A) € T} < 400,
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where
of D), ip=reR
87;;(’“’ A) = 10,,,. e
EE(f(zt,/\)), if p=it, [t| < [[A[].
and P 9 0
DS = (550" (o) ()™
(sec [9]).

REMARK 1.1. From [9], the Fourier transform F is a topological iso-
morphism from S,(IR x IR™) onto S,(I'). The inverse mapping is given
by

F(r, ) = /F £ (s N () dy (1, V).

3. Fourier transform of rapidly decreasing functions

This section consists to characterize, by the Fourier transform associated
with the spherical mean operator, a space of functions having only some
integral conditions at infinity. This permits, in the last section, to give
an other description of the space S.(I'). To prove the main result of this
section, we need some lemmas.

Let f be a measurable function on IR x IR"™. For every k € {0, ...,n} and
(ig, ...,1x) € INF*1 such that 0 < ig < ... < i < n, we put:

Jioyonsin (T3 )

= f(y07 sy Yig—1y Ligy Yig+15 -5 yip—1’ xi;ﬂ yip+17 ey Yip—15Tig s Yig+15 -y ?/n)
(3.1)
with z = (xo, ..., zp) and y = (yo, ..., yn) € IR x IR™.

n
LEMMA 3.1. Let I, = ‘]_{)[aj, b;] where ag, ..., Gy, bo, ..., b, are real num-
j:

bers such that for every j € {0,...,n}, a; < b;j. Let f be an infinitely
differentiable function on I,, and g a measurable bounded function on I,,.
Then we have

[ e = s oY,

n k=0 0<ip<...<ix<n ,l’{)[aij bi]
j:
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8k+1

(mf)io,...,ik (t;0) gy .. (t:0) dtiy...dt;, ),

where

Vke{0,..n} gk(t) = /k: GUQy vey Uy Tt 1y -vy tr ) dug...dug.

jg)[aj it5]

Proof. By integration by parts, the result follows by induction on
n. [

In the sequel, we denote by S(IR¥) the usual Schwartz’s space and
LP(IR*,dx),1 < p < 400, the Lebesgue space on IRF.

LEMMA 3.2. Let ¢ : IR"™! x I, — @ be a measurable bounded function

such that

lim o(\, t)dt =0, (3.2)
INI=-+00 Jfag, Bol ... X [ Ba]

uniformly in o; and B; for a; < a; < B; < b;; i € {0,...,n}. Then for every
integrable function f on I, with respect to lebesgue measure, we have

[ f(eeO e =0, (3.3)

where I, is defined in Lemma 3.1.

Proof. By using Lemma 3.1 with g(t) = ¢(\,t) and according to
the relation (3.2), we obtain the result for f € S(IR"*1).

Since the function ¢ is bounded on IR"*! x I,,, we complete the proof
by using the density of S(IR"*!) in L!(IR""!, dx). n

REMARK 3.1. In [12] and [7], the result of Lemma 3.2 is proved for
n=0.

ExaMPLE 3.1. Let N be a real number such that N > 1 and
In =[0,N] x [-N,N]".

Let ¢ be the function on (IR x IR"™) x In defined by

n/2 ;

o, A1y x) = (rp)™ -1y jp(rp)e” M 1 4 or(1)

where j(,_1)/2 is the normalized Bessel function defined by the relation (2.1).
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It is well known ([8], [14]) that there exist two positive constants ¢, and
d,, such that
V x € [0, +o0]

12251y j2(2)] < (3.4)

and .
[ ()] < d (35)

According to the inequalities (3.4), (3.5) and by using Lemma 3.2, we
deduce that for every integrable function

lim flr,x)e(p, A\, x)drdx = 0. (3.6)
PP =00 JIy

In the following, we need the partial differential operators

0 10 0 0
—_— = K =4 + |MA)(5)* +2 s
o = 200 W™+ 1M (G z)" + 2+ 155,
L=L,+A; A=K+¥",C3
where 5 5
C o A 8,2 1<n
For all f € E.(IR x IR™), we have
0 0
B(=—f)==5Bf. 3.7
. (5o ) = 555 (37)
e Vke IN,Va= (ay,...,ay) € N"
B(LyDSf) = K*C*BYf, (3.8)

0 \an O
()™ (50)

Qn

where C® =C{...C4». and D} =

e VkelN,
B(L*f) = A¥(Bf), (3.9)

We can now prove the main result of this section.
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THEOREM 3.1. Let f be a function in L?(dv). Then the following two
assertions are mutually equivalent:

1) For all « € IN™ and m € IN, the function

(r,x) — Mz f(r,x)

belongs to L*(dv).

2) The Fourier transform F(f) of the function f satisfies the following
properties:

i) The function F(f) is infinitely differentiable on I' even with respect
to the first variable.

ii) For all &« € IN® and m € IN the function K™C*F(f) belongs
to L?(d).

iii) For all « € IN™ and m € IN

lim (14 (@ + [MDYHE™COF(f)(p, A) = 0. (3.10)
a2+ A[[2—+o00

iv) For all « € IN™ and m € IN

o
lim 24 |NP) DA gmoe F ) =0. 3.11
WHMLM(M L) o ()1, A) (3.11)

Proof  Necessity. Let f be a function in L?(dv) satisfying the
assertion 1) of Theorem 3.1. Then, it is clear that for all @ € IN" and
m € IN, the function

(ryx) — r™az® f(r, )
belongs to L (dv).

i) Using the relations (2.2) and (2.6), we deduce that the function F(f)
belongs to (IR x IR™) . On the other hand, it is known ([1], [9]) that if
g € E(IR x IR™) then, the function Byg is infinitely differentiable on I' even
with respect to the first variable. Thus from the relation (2.5), the function
F(f) is infinitely differentiable on I', even with respect to the first variable.

ii) From the relations (2.3) and (2.6) we deduce that for all @« € IN™ and
m € IN we have
V(p, A) € R x IR™,

LI DOFE(f) (1, A) = F((=12)™ (=)l fr, ) (1 2) (3.12)
Then, by the relations (2.5) and (3.8), we obtain

V(p, A) €T; K™CUF(f)(1, A) = F((=r?)™ (=) f (r,2)) (1, N). (3.13)
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Therefore, the property ii) follows from the relation (3.13) and the fact
that the Fourier transform JF is an isometric isomorphism from L?(dv) onto
L?(d).

iii) From the relations (2.7) and (3.13), we deduce that

Vaoe IN", Vm € IN; lim K™MC*F(f)(u, \) = 0. (3.14)
|12+ AP —+o0

On the other hand, from the relation (3.4), it follows that for N > 1,

we have

YV (1, \) € Ry xR"

’ S /Ln/ZT?ml'af(T, $).€7i<)\/x>]’(n,1)/2 (TM).T‘ndT’da:‘

<en / P2mn/2020 £ ()| drda
R xR™"\In

+| / @(H’A7T7 x)T2m+n/2xaf(r,$)de{L‘|7

N
where ¢ is the function given in Example 3.1, and this implies by using the
hypothesis, Example 3.1 and the relations (2.6) and (3.12) that

lim 2L DEF(f) (s A) = 0. (3.15)
H2H|A |2 =400

Thus from the relations (2.5) and (3.8) we obtain

lim (@ 4 AP CNF () (s A) = 0. (3.16)
2 +][A][2—+00

Therefore, iii) follows from the relations (3.14) and (3.16).
iv) For (u,A) € R4+ xIR", and from the relations (2.4), (2.6) and (3.12)
we obtain

o ~
n/2 Y rmnpa
W g L DEF () s A)

_ M(n+2)/2

i1 e X]Rn(—7°2)m+1(—i)wﬂ?o‘f("”, ) e NI Gy o (rp) du(r, @),
.

By the same way as in iii), we deduce that for all « € IN™ and m € IN

0 ~
li (n42)/2_Z_mpeF ) =0.
T gz o DU F ()i A)
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Thus, iv) follows from the fact that
V (1, A) €T,

B2 L DY) 1, 0) = (NS KO () ).

Sufficiency. Suppose now that the function f satisfies the assertion 2)
of Theorem 3.1. Then from the property ii), we deduce that for all « € IN"
and m € IN the function K™C*F(f) belongs to L?(dvy). And this implies,
by using the relations (2.5), (2.8) and (3.8) that the function L™DF(f)
belongs to L?(dv).

Therefore, for all j € {1,...,n} and m € IN there exists a null set
Njm C IRy x IR™! such that for every (u,z) € Ny, the function defined
on IR by

fj,m,,u,z(t) = (ai)mf(f)(,u, 21y ey Zj—1, t, Zjyeeny Zn—l)
J

belongs to L?(IR, dt).

And for all m € IN there exists a null set M,, C IR"™ such that for every
A € Mg, the function LF(f)(.,\) belongs to L?(IR,,t"dt)(the space of
square integrable functions on IRy with respect to the measure t"dt).

We introduce now, for m € IN and j € {1, ...,n}, the following sequences
of functions:

e For (u,z) € Ry x R 1,

1 N .
gjvmuz(y) = E [N fj,m,u,Z(t)euydt'

e For A € IR™,

1
200=D/2T((n + 1)/2)

N ~
hAW) = | L F Nttt

Then, for all (11, z) € Ny, the sequence (gﬁm%z)]\/ converges in L? (IR, dt)
to

9jmpu,z = Al_l(fj,m,u,z) (3.17)

and for all A € M¢,, the sequence (h)\

m,A

hma = Fp(LRF(£)(,A), (3.18)

)N converges in L?(IRy,t"dt) to
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where A7 is the inverse of the usual Fourier transform A; on IR defined by

N —ity
MW = Jim = [ p0e .

in L?(IR,dt), and Fp is the Fourier-Bessel transform defined by

1

FB(f)(y) :N1—1>+oo 9(n— 1)/2F((n—|—1 /2 / f (n— 1)/2(ty)t dt,

in L2(IR,t"dt).
Now by integration by parts we obtain, for m € IN*:
o V(u,2) € Ry x R,

1 .
Do) = = fimot ey — 0012 ()  (319)
oV )e R,
WY () = ! (U 2ty L@ F () 6 V1Y
m,\ Yy 2(n 1)/2F((n+1)/2) n 1)/2 Y ot 3 0

_4n+1,2 _
L e ) LT E )N = PR Aw) (320

From the relations (2.5), (3.8) and the hypothesis iii), we deduce that
for all m € IN* and j € {1,...,n}, we have
V (p,2) € Ry x R™1
Hm [ 1, (£)] Yy = 0. (3.21)

N—+oco

Then, from the relation (3.17),(3.19) and (3.21), we have

k
€ N5 Gikn=() = (=it)*gj0,,2 (), (3.22)
=0

in L?(IR, dt).
Using the relation (3.17) and the Plancherel formula for the Fourier
transform A, we obtain for all j € {1,...,n} and k € IV,

k
v (/UH Z) S ﬂ Njc,l; / ’gj,k,u,z(t)’2dt - / ‘fj,k,u,z(t”zdt'
=0 R R
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Integrating over [0, +oo[xIR"~!, with respect to the measure p"dudz,
and using Fubini-Tonelli theorem, we obtain by virtue of the relation (3.22)

that
0

[ G F L NP dpad
RyxRr  O\j

=[x 950,00 (8) P1a" dpadz) . (3.23)
R Ry xRn—1

Let us now define the Fourier-transform ,,,,_1, on [0, +-00[x R""! by

Frn-1(9) (1 2) = knn /IR - /0 9(r, @) jin1yjo(rp)e <" r"drdz,

where

1
knn—1 = .
T 202D (0 4 1)/2) (2m) (D72

Then, the transform j}n7n_]_ can be extended to an isometric isomor-
phism from L?([0, +oo[x IR"" !, k,, ,—17"drdx) (the space of square inte-
grable functions on [0, +oo[x IR" ™1, with respect to the measure ky ;1 7"
drdz) onto itself, and we have, for almost everywhere ¢

gj,O,u,z(t) = ]:n,nfl(f(“'vﬁ ))(:ua Z) .

jtPplace

Consequently, for almost everywhere ¢,
/ 195,0,0,2 (1) 1" dpadz
[0,+oo[x R"—1

:/[0+ o 1|f(u,zl,...,zj_l,t,zj,...,zn_1)|2,u”dudz. (3.24)
,Foo| X IR"—

From the relations (3.23) and (3.24), we obtain

0 |k 7 _ k
/mw !(ax)’fff(u,k)bdu(u, \) = /mw |2k f (r, @) [*dv (r, x)

and by using the relations (2.5), (2.8) and (3.8), we deduce from the hy-
pothesis ii) that for all K € IN and j € {1,...,n}, the integral

/ |x§f(r,x)]2du(r,w)
IRy xIR™
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is finite. So, for all « € IN",
/ 2% f(r, ) [2du(r, z) < +o0. (3.25)
R xIR™
In the following, we will prove that for all k£ € IN, the integral
[ Pt
R+ x IR™

is finite.
From the relations (2.5), (3.8) and the hypothesis iii), we deduce that
for all m € IN* |

lim 2L Ff(u, A) = 0. (3.26)
B2+ [A][2 =00

On the other hand, for all y € IR%, the relation (3.4) implies that
Vm e IN*, V(u,\) € Ry x IR";

. m—1 71 Cn n m—1 7
1Y Sy 2 () LT FF e M| < e L F )]

Then, by the relation (3.26), we obtain for y € IR,
Vme IN*, V) e IR";

—tn+1 2

Yy m—1 1 =N
im ﬁj(n+1)/2(ty)(Ln FH(EN]iZ =0. (3.27)

Moreover, from the relations (2.5), (3.7), (3.8) and the hypothesis iv),
we deduce that for all m € IN* |

P -
li 2 L E £, \) = 0. 3.28
e e S, A) (3.28)

Now, from the relation (3.4), we have for all y € IR* ;

Cn

n; 9 m—1 n/2 9 m—1r
1" G120 5 LT F F e NI < S |02 5 LN F F G V)

Then, by the relation (3.28), we get for all m € IN*,y € IR} and
A€ R"

: . n 9 m—1 t=N _
NEIEOO[](n—l)/Q(ty)t aLn Ff(t, M=o = 0. (3:29)
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By the same way as the proof of the relation (3.25) and using the rela-
tions (3.20), (3.27) and (3.29), we deduce that for all k € IV,

/ 1k £ (r, ) 2du (r, 7) < o0, (3.30)
IR xIR"™

Thus, by the relations (3.25), (3.30) and the Cauchy-Schwarz inequality,
it follows that for all £ € IN and o € IN", the function

(r,z) — rkxo‘f(r, x)

belongs to L?(dv). This completes the proof of Theorem 3.1. [

4. Other characterizations of the spaces S,(IR"™!) and S, (T)

In this section, we will give an other characterization of the space
S.(IR"*1) which together with Theorem 3.1, permit to obtain a new de-
scription of the space S (T').

LEMMA 4.1. Let m € IN*. For all infinitely differentiable function f on
IR™, we have

o if(x)dx =fO)+ 3 (-1 Y fir,oin(a@; b)]

m e
jl;[l[apbj] Oz1 O k=1 1<ir <..<ip<m
(4.1)
where ay, ..., pm, b1, ..., by, are real numbers such that, for all j € {1,...,m};
a; < bj.
Proof. The result follows by induction on m. ]

ProrosITION 4.1. Let f be a continuous function on IR™ and f €
L?(IR™,dx). Then, the following assertions are equivalent:
1) For all o € IN™, the functions

x—z%f(z) and x— %Ay f(2)

belong to L?(IR™, dx).
2) For all « € IN™, the functions

x—z%f(z) and x— %Ay f(2)

are bounded on IR™.
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Here N, is the Fourier-transform on IR™ defined by

1

Anl$)@) = Gy [, S0t

Proof. Necessity. Let f be a continuous function on IR™ such that
f € L?(IR™,dz) and satisfying the assertion 1) of Proposition 4.1. Then,
f is infinitely differentiable on IR™ and all its derivatives are bounded on
R™.

For all a € IN™, we have

0 0

Gor 3y W T =Y ey TP WIIW), (42)

finite

where v € IN™, 6 = (d1,...,0mm) € IN™ x ... x IN™ and c,s is a positive
constant.

Let p € {0,...,m — 1} and (i1, ..., 0m—p) € {1,..m}" P, 1 <41 < ... <
im—p < m such that for « = (a1,...,q0,) € IN™, ][  «; # 0 and

J=15-tm—p
aj =0if j # i1, ..., lyp—p-
bm—p
By integrating the equality (4.2) over ( [] [0,z;]) x ( 1, z;])
Jj=u1 #i1,.. ,zm P
and according to Lemma 4.1 one can show by induction on p that

sup [( T a%)f(x)] < +oo,

T€IR™ j=i1,....im—p
Thus, for all & € IN™, the function
x — 2% f(z)

is bounded on IR™ and by the same argument, we prove that for all « € IN™
the function
x — % A f(2)

is bounded on IR"™. The implication 2) — 1) is clear. [

PROPOSITION 4.2. Let f be a continuous function on IR X IR", even with
respect to the first variable and f € L?(dv). Then, the following assertions

are mutually equivalent:
1) For all « € IN™ and k € IN, the functions

(r,z) = r¥2% f(r,z)  and (1, A) — pFACF(F) (1, M)
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are bounded on IRy x IR".
2) For allao € IN" and k € IN

sup [k a f(r, )| < 400
(rx)eRy < IR™
the function f is infinitely differentiable on IR"*' and all its partial deriva-
tives are bounded.
3) The function f belongs to the space S, (IR"*1).
4) For all « € IN™ and k € IN the functions

(r,m) = r¥2% f(r,z)  and (1, A) = pFAF(F) (1, N)

belong to L?(dv).
Proof
1) = 2) From the hypothesis 1), for all £ € IN and o € IN"; the function

(1, A) = BENCF(F) (A

belongs to L!(dv). Then, by the inversion formula for the transform F
V(r,z) € R x IR"

f(rv [E) = /[O,+oo[xll?" f(f)(:“? /\) €i<x/)\>.j(n—l)/2(r:u)dy(:u’a A)

And using the relation (2.2), we deduce that the function f is infinitely
differentiable on IR x IR"™, even with respect the first variable and all its
derivatives are bounded.

2) = 3) For all j € {0,...,n} and for k € IN and o € IN" one can show
that the function

Yj
y— /O |uk(y07 ey Yj—1, Y5415 -0y yn)aDJf(y(]a ey Yj—1, Uy Yj41y ooy yn)|2du

is bounded on IR"*! and this leads us to see that the function
(r,z) — rkanjf(r, x)

is bounded on IR x IR".

Consequently, for all j € {0, ...,n}, the function D; f satisfies the same
hypothesis as f. Hence, we deduce that for all £k € IN and o € IN", the
function DED®f is rapidly decreasing.
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3) = 4) We know that the transform F is an isomorphism from S, (IR x
IR™) onto itself. Then, the assertion 4) follows from the fact that for all
k € IN and o € IN", the mapping

[ rhae s

is continuous from S(IR x IR™) onto itself.
4) = 1) Let g : R"™! x IR® — @ be the function defined by g(t,x) =
f(It]l, ). According to the relation

ff(:ua )‘) = /\2n+1g(5a )‘)
with s € IR"*!; ||s|| = p, then the result follows from Proposition 4.1. m

REMARK 4.1. By the same way, as in the proof of Proposition 4.2, we
show that a continuous function f satisfies the assertion 2) of Proposition
4.1 if and only if the function f belongs to the space S(IR™).

In [3], it is proved that a continuous function f belongs to the space
Si«(IR) (the subspace of S(IR) consisting of even functions ), if and only if
for all k£ € IN, the functions

z—zFf(z) and 2z — 2"Fpf(x)

are bounded on R, .
Here Fp is the Fourier-Bessel transform defined by

1 +oo
12T ((n+1)/2) Jo

fB(f)(x) = 9(n—1) f(t)j(nfl)/Q(tx)tndta

with f € L'(IR,,t"dt).

COROLLARY 4.1. Let f be a continuous function on ', and f € L*(dv),
even with respect to the first variable. Then the following assertions are
mutually equivalent:

a) For all o € IN™ and k € IN

sup_ (22 4 [AID™2A (20| < oo and
(z,A)erl

" F () (r,x)| < e
S8 It F T () (@) < oo

b) The function f belongs to S.(T").
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c¢) For all « € IN"and m € IN the function
(11 2) = (1 + P20 (1, A)

belongs to L?(dr).
e The function f satisfies the properties i), ii), iii) and iv) of the assertion
2) of Theorem 3.1.

Proof. Since the Fourier-transform is an isomorphism from S, (IR x
IR™) onto S.(I"), there exists a function h € S,(IR x IR"™) such that g =
F~Y(f). Therefore by using the relations (2.5) and (2.8), the result follows
from Proposition 4.2 and Theorem 3.1. ]

5. Fourier transform of functions with bounded support

In this section, we prove some results characterizing some spaces of
functions with bounded support. From these characterizations we deduce
a Paley-Wiener and Paley-Wiener-Schwartz theorems for the Fourier trans-
form associated with the spherical mean operator.

We recall that for a measurable function f on IR x IR™, supp(f) is the
smallest closed set, outside it the function vanishes almost everywhere [15].

Using similar techniques as in [13], we prove the following theorem de-
scribing the range of square integrable functions with bounded support.

THEOREM 5.1. (Paley-Wiener) Let f be a function in L*(dv).
1) If the function f has a bounded support, then f satisfies the assertion
2) of Theorem 3.1 and moreover, the sequence (|| A*F( f)”é/i k)k converges

to U]—'(f) .
2) Conversely, if the function f satisfies the assertion 2) of Theorem 3.1

and the sequence (||A*F(f) H;/jk)k admits a finite limit o, then the function
[ has a bounded support and o = o5y, where

or(s) = maz{[lyl - y € suppf}.

Now, we will prove a second result characterizing the space of infinitely
differentiable functions with bounded support.

NOTATION. Let m € IN* and § > 0, we denote by

oH%(@™) the space of entire functions g : @™ — @, slowly increasing of
exponential type, i.e.: there exists a positive integer k such that

5% L4+ M 4 )7
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X[ F(ALy oy A ) [e0UHmAF A ImARDY < o0,

e E5(IR™) the space of distributions T" on IR™ such that supp TC {z €
R ]| < o).

e S’(IR™) the space of tempered distributions 7" on IR™.

e £(IR™) the space of infinitely differentiable functions on IR™.

e D.(IR x IR™) the subspace of £(IR"*!) consisting of functions, even
with respect to the first variable, with bounded support.

o For all f € HO(@™*!) we put

- 8 = sup{|lyll,y € supp AL}y f}-

- 5f,i = sup{|t|,t € Pi(supp /\;-il-l N} i€{0,..,n},

where for m € IN*, A, is the usual Fourier transform on IR'™ defined
in Proposition 4.1 and P;((yo, -, Yn+1)) = Yi-

We design by 7 the measure on I' defined by

dy(p, A)

dy(p, A) = (U’%)W-

o LP(dy), 1< p < oo, the space of measurable functions on I' satisfying

/1

1/p
= ([ 1rapar) " < voe, 1<p < oc,
’ r
1fllooz = css sup |f(1, A)| <00, p=+oc.

REMARK 5.1.

e The Fourier transform A, is a bijection from &(IR™) onto H? (@™)(Paley-
Wiener theorem) and from S’(IR™) onto itself.

e For every f € S.(IR x IR™) we have

0
k ~a _ k na
1B Bl 5 = ) DP s (1)

where F = 2(u? + H)\HQ)l/Za(Z2 and C? is defined in the relation (3.8).

Using the Bernstein’s inequality and the theorem of Kolmogoroff (see
[11]), we obtain the following results.

PROPOSITION 5.1. Let p € [1,00] and ¢ € {0,....,n}. Then for all
f eHo@™ )N LP(IR™Y, dx) we have
0
H(?T:ipr’B"H < Opll f llp, e
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PROPOSITION 5.2. Let p € [1,00] and f € E(IR™') such that for all
o= Wn—i-l

Def e LP(IR", dx).
Then for all i € {0,...,n} and r € IN* we have
0
H(afwi)kf\l et < (1/2)" ||prRn+1H( )’ Fllp e

withk e IN, 0 <k <.

REMARK 5.2. From Proposition 5.2 it follows that for every f €
E(IR™) satisfying for all o € IN"F1,

D%f e LP(IR", dz),

1/k .
8(Zi)kf||p7/ﬂ%n+1)k, 1€ {0, vy n}

THEOREM 5.2. Let p € [1,00] and f be a function satisfying the hy-
pothesis of Proposition 5.2.
1) If 65 < oo then for all i € {0,...,n} the sequence (||(

converges to 0y ;.
2) If there exists M > 0 such that for all « € IN"t!

there always exists the limit of the sequences (||(

D Fly ),

1D flpgenr < M1

then §y < oo, and for all i € {0,...,n} the sequence (||( ) f||;/£n+1)

converges to 0y ;.

Proof. Without loss of generality we may assume that ¢ = 0 and
using the fact that the function f belongs to the space LP(IR"! dx) it
follows that f € S'(IR"1).

1) Assume that d; < oo. Then, from the Paley-Wiener theorem for
the Fourier transform A, 1 we deduce that f € H%f(@"*'). According to
Proposition 5.1 and using the same reasoning as in [2], we obtain the result
of the assertion 1).

2) Assume that there exists M > 0 such that for all « € IN"!

1D f || sr < M1,
If p = oo, then it follows that f € H (@"*"') and from the Paley-Wiener

theorem for the Fourier transform A,;; we deduce that supp /\;}rl (f) C
{z € R, ||z < M}.
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For p € [1, +o0[, let ¢ € S(IR™1) such that

0<ep<1,
supp C {x € R, ||lzf] < 1} .

For all m € IN*, we put

pnla) = mhp(ma) and fu(@) = [ @+ ton,

and we have
Va e N || D flp s < ML

Therefore f,, € HM(@"!) and this implies that d;, < co. Hence, by
proceeding as in the proof of Theorem 1 in [2], it follows that for all i €

{0,...,n}
dpi <M.
Thus, for all p € [1,+00], 6 < oo and from 1) we deduce that for all

. 1/k
i € {0,...,n} the sequence (||(a(?xi)kf||p,/ﬂ%"+l

)k converges to dy ;. [
LeEMMA 5.1. (see[9]) The mapping W, _1)/2 on D« (IR x IR") defined by

2I'((n+1)/2)

“+oo
Winmyjag(r.) = =i [0 =)0 (1 eyt

is a topological isomorphism from D,(IR x IR™) onto itself. Moreover, for
all g € D.(IR x IR™)

sup{[t|.t € P;(suppW(n-1)/2(9))} = sup{|t|.t € P;(suppg)}
i €40,...,n}.

COROLLARY 5.1. Let f be a function in Sy (IR x IR™). Then the function
F~1f belongs to the space D, (IR x IR™) if and only if there exist M > 0
and p € [1, 00| such that for all « € IN" !

1D fllp,pener < M
and moreover, for all i € {0,...,n}, the sequence (H(a%z)ka;/;nH)k con-
verges to 0y ;.

Proof. Since the transform F satisfies the relation (see [9])

_ N

=—F A Win—1y/2, 5.2
272 (n+ 1)/2 " O (=02 5:2)

Then, by virtue of Lemma 5.1, the result follows from Proposition 5.1 and

Theorem 5.2). [
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THEOREM 5.3. (Paley -Wiener-Schwartz) Let f be a function in S, (T").
Then F~'f belongs to the space D.(IR x IR") if and only if there exists
M >0 and p € [1, 00| such that for all (k,a) € IN x IN",

koo e Eal+1
||E C f”p,'y S M ?
1/k 1/k :
) and (ICEFINE) i€ {1, ),
converge respectively to oy and oy;. Here,

ori = sup{|t],t € Pi(suppF ' f)}

and moreover the sequences (||Ek fll

with
B(y) =Y , Y= (yo, ...,yn) e R,

Proof. Since the mapping B is an isomorphism from S, (IR x IR"™)
onto S, (I'), then from the relation (2.5) we deduce that

Flf=F1B7Y).

According to the relations (2.5), (5.2) and Lemma 5.1, we get for all
i€{0,..,n}

63—1f,i =0fi- (53)

Hence, Theorem 5.3 follows from Corollary 5.1, the relations (5.1) and

(5.3). ]
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