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Abstract

In the present paper the Cauchy problem for partial inhomogeneous
pseudo-differential equations of fractional order is analyzed. The solvabil-
ity theorem for the Cauchy problem in the space ¥g2(R") of functions
in Ly(R™) whose Fourier transforms are compactly supported in a domain
G C R™ is proved. The representation of the solution in terms of pseudo-
differential operators is given. The solvability theorem in the Sobolev spaces
H5(R™), s € R! is also established.
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1. Introduction

This paper is devoted to the Cauchy problem for time-fractional inho-
mogeneous pseudo-differential equations of fractional order

DYu(t,x) = A(Dy)u(t,z) + f(t,x), t>0, =xe€R", (1)
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u(0,2) = (x), (2)
where f(t,x) and p(z) are given functions in certain spaces defined later;
D, = (Dy1,..,Dy,), D; = —i%, j = 1,.,n; A(D,) is a pseudo-

differential operator with a symbol A(§), which is a real-analytic function
defined in an open domain G C R"™, and DY, 0 < a < 1 is the operator of
fractional differentiation of order « in the Caputo sense (see, for example,
1, 2, 3])

1 b gn)
DYg(t) = d 1, t>0.
cg(t) F(l—a)/o G—r)o 7, 0<a<l, t>0

In our analysis we essentially rely on the results of the paper [4], where
the Cauchy problem for fractional order homogeneous pseudo-differential
equations of arbitrary order a > 0 is studied. Note that inhomogeneous
case can not be directly reduced to the homogeneous case. The Duhamel
principle is not applicable as well. Moreover, in that case the solution
of the problem is connected with the construction and estimation of the
corresponding Green’s function.

As it is well-known, initial and boundary value problems for partial
differential equations of fractional order in bounded and unbounded do-
mains are important for the study of non-brownian diffusion and transport
of premices in fractal media. The sphere of applications of fractional order
differential equations has been expanded during the last two decades and in-
cludes such areas as computer tomography [6], finance and macroeconomics
[5], biology [7, 8], hydrodynamics [9], etc.

We note that the Cauchy problem for integer order pseudo-differential
equations with analytic symbols or with symbols having singularities was
studied, for example, by Dubinskij [10], Umarov [11] and Tran Duc Van
[12]. For studying of the Cauchy and more general multi-point value prob-
lems they used some properties of pseudo-differential operators with singular
symbols. These operators were introduced by Dubinskij [10, 13] in the case
of analytic symbols defined in some open domain G. Later on, Umarov [14]
suggested the method of localization of singularities. This method allows to
consider non-analytic symbols, which may have non-integrable or other type
of singularities on the boundary of G or in its exterior. Umarov has found
the solvability conditions of the multi-point problem with general boundary
operators in the case of homogeneous equation. The inhomogeneous case
requires construction and additional estimation of the Green function. This
idea was realized by Saydamatov [15] and Saydamatov, Umarov [16] in the
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case of integer order pseudo-differential equations. In the present paper we
will extend this idea to the fractional differential equations.

Finally, we note that Gorenflo, Luchko and Umarov in their recent
work [4] have studied the Cauchy problem (1), (2) and more general multi-
point boundary value problems in the case of homogeneous partial pseudo-
differential equations of fractional order (i.e. f(¢t,z) = 0 in (1)). They
essentially used the language of symbols and have applied the method of
localization of singularities of the solution operators, which are pseudo-
differential operators with singular symbols. As the space of initial data
the class U ,(R") of entire functions of finite exponential type was taken.
Under certain condition on G the space ¥ ,(R") is densely embedded into
the Sobolev spaces H,(R"), s € R', 1 < p < oco. This fact allows to
transfer the obtained results to the Sobolev spaces by means of the closure
of solution operators.

This paper is organized as follows. In Section 2 the pseudo-differential
operators with singular symbols and the space ¥ ,(R") introduced in [17],
are defined. In Section 3 solvability theorem for the Cauchy problem (1),
(2) in the space W p(R"™), p =2 is proved. In Section 4 the well-posedness
of the Cauchy problem (1), (2) in the Sobolev spaces H5(R") is studied. In
Section 5 the Cauchy problem (1), (2) in the case A(D;) = A, where A is
the Laplace operator with the symbol A(¢) = —|¢]2, as a fractional model
of sub-diffusion process is considered.

2. Basic spaces of functions and pseudo-differential operators

In this section we formulate some necessary notions and results, obtained
by Gorenflo, Luchko and Umarov [4].

Let G be an open domain in R™ and the system of open sets {gx}72, be
a locally finite covering of G, i.e.

o
G = U gr, gr CC G.

k=0
Let any compact set K C G have a nonempty intersection with finitely
many sets gi. Denote by {0}, a smooth partition of unity of G.

Further, let 1 < p < oo and a function f(z) be in L,(R"™) whose Fourier

transform has a compact support in G. For example, f(z) = 2~ !'sinz €
L,(RY) for all p € (1;+00) and its Fourier transform

1 1.
F[x_l sinz](y) = { 2: yy:;%li&i)l’, 1)
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has a compact support in G, where G is an arbitrary interval containing the
segment [—1; 1]. The set of all such functions endowed with the convergence
defined in Definition 2.1 is denoted by ¥¢ ,(R").

DEFINITION 2.1. A sequence of functions f,, € Vg ,(R"), m =1,2,3, ...
is said to converge to an element fy € V¢ ,(R") iff:

1) there exists a compact set K C G such that the support supp F f,,, C
K for all m € N;

2) the norm || fr—follz, = ( [pn |fm(x)—fg(ﬂs)]pd:z)% — 0 for m — oo.

According to the Paley-Wiener-Schwartz theorem, the elements of
U »(R™) are entire functions of exponential type which, restricted to R",
are in the space L,(R").

The space ¥g,(R™) can be represented as an inductive limit of some
spaces. Namely, let

N
Gy=U g w©=> 0.

k=1 k=1
Denote by Uy the set of functions f € L,(R"™) satisfying the following
conditions:
a) supp F'f C Gp;
b) supp Ff Nsupp 6; =0 for j > N;
c) py(f) = I1F "Xy Fflr, < oo

Here by F~! we denote the operator inverse to the Fourier transform
F'. Tt is not hard to verify that (see [4])

Vo, =1 lim Wy.
Gp = ind Aim Wy

— 00
Let A(D) be a pseudo-differential operator with a symbol A(¢), which
is a real-analytic function in G. Outside of G or on its boundary A(&) may
have singularities of arbitrary type. For a function p(z) € ¥g,(R") the
operator A(D) is defined by the formula

1
(2m)"

1

A(D) p() = E

/ AQFp(€)e e = /G A(E)Fp(€)e"Sde.

As shown in [17], [4], the space ¥g ,(R") is an invariant with respect
to the action of such pseudo-differential operators and these operators act
continuously. The embedding

Vgp(RY) C HY(RY), s€R', 1<p<oo
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is dense if the complement of G in R™ has zero measure. Moreover, if in
addition the symbol A(€) for some £ € R! satisfies the estimate

A@©) < C1+[¢P)?, C>0, R,

then for the operator A(D) : ¥g2(R") — ¥ 2(R"), corresponding to A(E),
there exists a unique continuous closure

A(D) : H5(R") — H5 %(R"), sec R.

3. Well-posedness of the Cauchy problem in Vg 5 (R")

In this section we prove the well-posedness of the Cauchy problem (1),
(2) in the space Vg o(R™), although the result is true for arbitrary p €
(1,00). We take the particular case p = 2 only for the convenience of
narrative noting the differences in the general case.

First we recall the well-known Duhamel principle for the Cauchy prob-

lem in the case a =1, D¢ = %, ie.
ou
S(tw) = ADJult ) + [t w), >0, v R, (3)
u(0,2) = p(z), «e R (4)

Namely, the Duhamel principle states that to solve the problem (3), (4),
it is sufficient to consider the homogeneous case. In fact, if U(t,7,x) is a

solution of the problem
oUu

ot
U,7,z) = f(r,z), 0<7<t,

= A(Dz)Ua

then .
u(t,x) = / Ut —7,7,z)dr
0
is a solution of the problem

0
871; = A(Dx)u + f(t,a:),
u(0,2) = 0.

Now we consider the Cauchy problem (1), (2). Note that in this case the
Duhamel principle can not be applied directly. The Cauchy problem (1),
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(2) in the homogeneous case (f(t,z) = 0) was studied by Gorenflo, Luchko
and Umarov [4]. They obtained the following representation for the solution

u(t, z) = Ea(t*A(Dz))p(x),

where FE,(t*A(D;)) is a pseudo-differential operator with the symbol
E,(t*A(€)) and E,(z) is the Mittag-Leffler function (see [18])

o0 Zk

E.(z) = ek

k=0

Denote by C™[t > 0; Ugo(R™)] and by AC[t > 0; Uga(R")] the
space of m times continuously differentiable functions and the space of
absolute continuous functions on (0;+00) accordingly ranging in the space
Ui o(R™), respectively. It is well-known that there exists DI=f(t,x),
0<a<l,if f(t,x) € AC[t > 0; Ugo(R™)] (see [19]).

DEFINITION 3.1. A function u(t, z) € CV[t >0; U o(R")|NC[t > 0;
U 2(R™)] is called a solution of the problem (1), (2) if it satisfies the equa-
tion (1) and the initial condition (2) pointwise.

THEOREM 3.2. Let ¢(x) € Ugo(R™), f(t,x) € AC[t > 0; Y o(R™)],
DI~ f(t,z) € C[t > 0; Vg o(R")] and f(0,2) = 0. Then the Cauchy prob-
lem (1), (2) has a unique solution. This solution is given by the representa-
tion

ult,x) = Ea(t* A(D.))p(x) + /0 Ea((t = )" A(D,)) D} f(r,a)dr. (5)

P roof. It is sufficient to consider the case p(x) = 0 in (2)and to prove
that the function

[e%s} t
o(t,z) = / Ut 7,2)dr — / Ut 7,2)dr, (6)
0 0
where

Ult,7,2) = { §a<<f; :?“A(Dx))Diaf(T,x), t>r,

is a solution of the problem
D¢v(t,x) — A(Dy)v(t,x) = f(t, z), (7)

v(0,2) = 0. (8)
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First we show that the equation

t
De /0 g(r,z)dr) = [(t,x) (9)

has a unique solution g(t,z) = DL f(t,z), if f(t,z) € AC[t > 0; Vg 2(R™)]
and f(0,z) = 0. In fact, we have

¢ t
Df}(/ g(T,x)dr) = Jl_aa/ g(T,x)dr.
0 at Jy

In this formula, J¢ is the fractional integration operator

1

750 = o /0 (t— p)* y(p)dp, O<a<l.

Therefore,

Dj}(/o o(r, 2)dr) = rl)/o (t—p)aaap(/opg(r,x)dﬂdp

1 " glp,x)
- r<1—a>/o (t—p)

and we can rewrite the equation (9) in the form

1 Lglpr) .
R ), et =1t

The last equality is an Abel type equation (see [19], [20]) and therefore, it
has a unique solution g¢(t,z), if f(t,z) € AC[t > 0; U 2(R")]. Under the
condition f(0,z) = 0 this solution is represented in the form

o(t.2) = g | (6= 0" S Hpa)dp = IS a) = D2 ).

Further, verify that v(¢,x) in (6) satisfies to the equation (7). Indeed,
the function U(¢, 7, z) is a solution of the homogeneous problem

D:}U(t)Ta IE) - A(DI)U(t77_7 l’) = Oa

U(r,1,2) = g(r,x).
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Here g(t,z) is the solution of the equation (9), i.e. g(t,z) = DI=*f(t,z).
We have

D¢u(t,x) — A(Dy)v(t,z) = Jl_o‘%v(t,m) — A(Dy)v(t, z)

1 ' a9 - t T,x)dT
_F(l—a)/o(t_p) 8pv(p,x)d,0 A(Dm)/o Ut 7, z)d

: | o o t x)dT
_I’(l—a)/o(t_p) 8/)/0 Ul(p, 1, z)drdp /OA(D:c)U(t,T, )d

1

t Y ) - t
:M/O(t_p) [U(pvpvx)+/0 %U(Pﬁ’fl‘)dﬂdp /OA(Dx)U(t,T,JJ)dT.

Taking into account that U(p, p,z) = g(p, z) and

1 t Y ] B
e | = ateadde = D2 [ atr.ydn) = fit.0)

we obtain
Div(t,x) — A(Dy)v(t,x) = f(t,x)

1 ¢ o [P - ¢ o
+F(1_a)/0(t—p) /0 apr(p,T,x)dep /OA(DQC)U(t,T, )dr.

Further, changing the order of integration we have

D¢v(t,x) — A(Dy)v(t,z) = f(t,x)
t ot 1 ) - t
+/0 /T m(t—p) FpU(p,T,x)dpdT /OA(DI)U(t,T,x)dT
t ot

1 o O
= fta) + [ 1] Frmat =0 Ul mado— DU ra)dr
Since U(p,7,2) =0 for p <7, then

t 1 ) B t 1 o
I T L e (O T

and finally we get that

D¢v(t,x) — A(Dy)v(t,z) = f(t,x)
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t ot 1 D
+/0[/0 m(i—p) 8—pU(p,T,a:)dp—A(Dx)U(t,T,a;)]dT

— f(t,2) +/0 (DAU(t 7,2) — ADNU(t, 7, 2)]dr = f(t,2).

Further, it is obvious, that the function v(¢,x) in (6) satisfies to the initial
condition (8). Consequently, v(¢,x) satisfies to the equation (7) and the
condition (8).

Moreover, for a fixed ¢ > 0 making use of the semi-norm of ¥y we have

pr (u(t ) = [ Fxy Follg, = Iy Follz,

- / (O | / Ea((t — 1) A©)FD(r.O)drPde.  (10)
R 0

For x, (§) there exists a compact set K, C G such that supp x, (§) C K, .
By using Cauchy-Bunjakowski’s inequality we get the estimate

2 2' ¢ —r « 2 . ¢ 11—« T 2 . )
P2 (o(t,2)) < /K @) /0 |Ea((t—7)7 A6)) /0 [FDY f(r, &) Pdrde

The function fg |Ea((t — 7)*A(€))]?dr is bounded on K. Consequently,
there exists a constant C';, > 0 such that

t
2 C 2 l—a £ &V 2dr
P2 (ult,z)) < Cy /K (@ / [FDY f(r,€)2drde

t
<0y [ [ @D s e

t t
e / Ixx () FDY f(7, )13, dr = C, / P2 (DY (7, 2))dr.
0 0

It follows from the condition DI=f(t,x) € C[t > 0; ¥ 2(R™)] that the
function p, (D1=f(7,z)) is continuous with respect to 7 € (0;t) and for a
fixed t > 0 the estimate

P2 (v(t,2) <Cy -t Osuptp?v(Di_o‘f(ﬂ 7)) < 400
<7<

holds. Consequently, for every fixed t € (0;+o0) the function v(¢,z) in (6)
belongs to the space ¥ 2(R™). The analogous estimate is valid for %U(t, x).
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Thus v(t,2) € CW[t > 0; Tgo(R™)] N Ct > 0; Ugo(R™)]. Therefore this
function is a solution of the problem (7), (8). The uniqueness of a solution
follows from the uniqueness of a solution of the homogeneous Cauchy prob-
lem (1), (2) (see [4]). Finally, we deduce that the function u(t,z) in (5) is
a unique solution of the Cauchy problem (1), (2). [

REMARK 3.3. An analogous theorem is valid not only for p = 2, but
for all 1 < p < oo as well. In the general case, in the estimation (10) it
should be used the theorem on multipliers in L,(R").

Further, consider the equation

A(Dz)UO("L‘) = —f(O,IL‘), (11)

with a pseudo-differential operator A(D,) whose symbol A(§) is a real-
analytic function in G and has no zeros in G. Formally applying the Fourier
transform, we get the algebraic equation

A(§)Fuo(§) = —Ff(0,8).

Obviously, if f(0,z) € Ug2(R™), then there exists a unique solution of the

equation (11) in the form
1

A(Dz)

f(0, ),

up(z) = —

where m is the pseudo-differential operator with the symbol ﬁ. This

solution belongs to the space ¥q 2(R™), too.

THEOREM 3.4. Let A(D,) be a pseudo-differential operator with a sym-
bol A(§) #0, & € G and ¢(z) € Ygo(R"), f(t,z) € AC[t > 0; ¥g2(R™)],
Di=ef(t,z) € C[t > 0; Vg o(R")]. Then there exists a unique solution of
the Cauchy problem (1), (2). This solution is represented in the form

L 102

u(t’ gj) = Ea(taA(Dx))[(p(x) + m

+/ E((t — 7)*A(D)) D% f(r, x)dr — f(0,2). (12)
0

I
A(Dy)
P r o o f. First we consider the Cauchy problem

Dgov(t,x) = A(Dg)v(t,z) + f(t,z) — f(0,x), (13)

v(0,x) = ¢(x) + f(@0,z). (14)

A(Dz)
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It follows from Theorem 3.2 that the problem (13), (14) has a unique solu-
tion. This solution is given by the formula

v(t, ) = Ea(tA(Dz))[p(x) + f(0, )]

A(D,)
n / Eal(t — 1) A(Dy)) DY (r.z) — F(0.2)]dr
0

= Ea(tA(Dz))[p(2)+ f(Oax)H/O Eo((t=7)*A(Ds)) Dy~ f(7,z)dr.

A(Dy)
Then it can be easily verified that the function
I
u(t,z) =v(t, x) — mf(oaff)
is a unique solution of the Cauchy problem (1), (2) and for this solution the
representation (12) is valid. ]

4. Well-posedness of the Cauchy problem (1), (2)
in the Sobolev space H;(R")

Let G be a domain whose complement R™\G has n-dimensional zero
measure. Then the embedding

Vg o(RY) C H5(R"), seR'
is continuous and dense (see [14], [4]).

THEOREM 4.1. Suppose that the following conditions are fulfilled:
1)p(z) € H3(R"), s € RY;
2) for a fixed £ € R* and T > 0 the estimate
’
|[Ba(t*A())] < C(L+[€)z,

where C' is a positive constant, is valid for all £ € R" and t € [0; T';
3) f(t,x) € AC[0 <t < T; H3(R™)], Dy~ f(t,2) € Cl0 <t < T; H3(R")];

and f(0,z) = 0. Then there exists a unique solution of the Cauchy problem
(1), (2) in the space

cW0 <t <T; Hy “(R™)] N C[0 <t <T; Hy*(R")).

REMARK 4.2. The conditions 1) and 2) in Theorem 4.1 provide the
solvability of the Cauchy problem (1), (2) in the homogeneous case.
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Proof. For p(z) € H5(R") there exists a sequence ¢, (z) € Ugo(R"),
N =1,2,... approximating ¢(z) in the norm of the Sobolev space HS(R™).
Analogously for f(t,x), such that f(0,2) = 0, f(t,z) € AC[0 < t < T;
H5(R")] and Dl “f(t,z) € C[0 < t < T; H5(R")],we can choose an
approximating sequence of functions fi(¢,x), k = 1,2,3,... satisfying the
conditions

fk(O,.%') =0, fk(t,m) € AC[O <t<T, \I/GQ(RH)],
DI fi(t,x) € C[0 <t < T; U a(R™)].

According to Theorem 3.2, for a fixed N and k there exists a unique solution
of the Cauchy problem (1), (2) (in which ¢(z) and f(¢,x) are replaced by
@, and fi(t, x), respectively). This solution is represented in the form

Uy (1, 2) = Ea(t*A(Dz)) oy (2)

+ / Ea((t — 7)*A(D,)) DY fi (. 2)dr- (15)
0

We have
[y i (6 2) [ gs—e < [[Ea(tA(Dz))py ()|l s

t
+1 [ Bal(t =P AD)DE filr.a)r -
= (| 1B A Py (@) - (1+ 167 de)

Rn
w1 [ Balle=nr A©)FDE ilr dr - (1+ € a1,

By using the condition 2) and the Cauchy-Bunjakowski inequality, we get

i ta)lge < (€ [ |Poy@R (14 lgPrae)?

t —T)¢ 2dr - ' l—ap 2dr - 2\s—{ %
([ [ B a@)Par - [P fn ) Par- (14 ) e

SIS

t
< Cllew(@lln + @7 [ [ PP irPar- 1+ 6Py ae)

t
o 1
= Cllgy@lls + O [ 1D fu(r.a) gr)
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< Cllen(@)lmg + T+ sup D7 fult, @)llms)- (16)
o<t<T

This estimate yields the existence of a unique closure of the solution operator
in the representation formula (15). Consequently, the Cauchy problem (1),
(2) has a unique solution in the form

u(t,z) = Eq(t*A(Dyg))p(z) + /0 Eo((t — 7)*A(D,))DIf (1, x)dr.

Moreover, it follows from the estimate (16) that this solution belongs to the
space
cW0 <t <T; Hy “(R™)] N C[0 <t <T; Hy*(R")).

Applying Theorem 3.4 we get the following result.

THEOREM 4.3. Suppose that the following conditions are fulfilled:

1) the conditions 1) and 2) of Theorem 4.1;

2) A(Dy) is a pseudo-differential operator with a symbol A(§) # 0,
§eG;

3) f(t,r)€ AC[0 <t < T; H5(R")], DI=f(t,x)€C[0 < t < T; H5(R"™)].
Then there exists a unique solution of the Cauchy problem (1), (2) in the
space

cW0 <t <T; Hy “(R™)] N C[0 <t <T; Hy*(R")).

This solution is given by the formula (12).

5. An example: fractional sub-diffusion
Let us consider the Cauchy problem for the time-fractional equation
Diu(t,x) = Au(t,z) + f(t,2), t >0, z € R", (17)

u(0, ) = p(z), (18)
where 0 < o < 1 and A is the Laplace operator. The Cauchy problem (17),
(18) is important in the theory of fractional brownian motion and anomalous
transport of premices. In this case the solution operator E,(t*A(D,)) has
the symbol E,(—|¢|*t%). From the well-known asymptotics at infinity of the
Mittag-Lefller function with a negative argument (see [19, 21]), we have

Eo(—l6t*) = O(1 + [€]) 72, [¢] — oo
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It follows from this asymptotic formula and Theorem 4.1 that the Cauchy
problem (17), (18) has a unique solution in the space

cWo <t <T; HS*(R")] n C[0 <t < T; H5(R"),

provided the conditions 1) and 3) of Theorem 4.1 are valid. This solution
is given by the formula

w(tz) = Bo(t*A)p(z) + /0 Eal((t — 7)*A) DL f(r, 2)dr.

Moreover, if G = R™\{0}, then the space ¥ 2(R") is dense in , H5(R")
and the symbol A(¢) = —|¢|? has no zeros in G. Therefore, we get the
following result.

THEOREM 5.1. Let p(x) € H5(R") and f(t,x) € AC|0<t<T; H5(R")],
DI7f(t,z) € C[0 <t < T;H5(R")]. Then the Cauchy problem (1), (2)
(in which A(D,) is replaced by /) has a unique solution in the space
CM0 < t < T;HSP(RY))NC[0 < t < T; HY(R™)]. This solution is
given by the formula

u(t,2) = Ba(t A)plw) + . 7(0,2)]

if(O,az:).

+/0 E ((t —7)*AYDYf (1, 2)dr — A

Here é is the pseudo-differential operator with the symbol —‘5%, Eed.

The author is grateful to Professor Sabir Umarov for his valuable advises
and attention to the present work.
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