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Abstract

The well known Duhamel principle allows to reduce the Cauchy prob-
lem for linear inhomogeneous partial differential equations to the Cauchy
problem for corresponding homogeneous equations. In the paper one of
the possible generalizations of the classical Duhamel principle to the time-
fractional pseudo-differential equations is established.
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1. Introduction

The role of the classical ” Duhamel principle”, introduced by Jean-Marie-
Constant Duhamel in 1830th, is well known. The main idea of this famous
principle is to reduce the Cauchy problem for a given linear inhomogeneous
partial differential equation to the Cauchy problem for the corresponding
homogeneous equation, which is more simpler to handle. In this paper
we establish a fractional analog of the Duhamel principle with respect to
the following Cauchy problem for inhomogeneous time-fractional pseudo-
differential equations

Diu(t,z) = A(Dg)u(t,z) + f(t,z), t>0, ze€R", (1)
oFu n
W(O,x):gok(x), re€R" k=0,...m—1, (2)
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where o € (m—1,m], m > 1is an integer; f(¢,x) and pi(z), k=0,...,m—1
are given functions in certain spaces defined later; D, = (D1,...,D,), D; =
—i%, j=1,...,n; A(D,) is a pseudo-differential operator with a symbol
A(§) defined in an open domain G C R"; and DY is the operator of fractional
differentiation of order « in the Caputo sense (see, for example, [1, 2, 3])

f(t)a a=0,
1 t fl(T)dT
(DO f(t) = r(1—a)/0 (t— 1)’ 0<a<i, (3)
Df‘m<£n (y)), m<a<m-+1l m=12,....

Note that at the same time other generalizations of the Duhamel principle
based on other definitions of fractional derivatives are possible, but in this
paper we do not stop by these possibilities.

In our analysis we essentially relay on the results obtained in the paper
[3], where the Cauchy problem for fractional order homogeneous pseudo-
differential equations of arbitrary order a (o > 0) is studied. Note that
fractional order inhomogeneous equations can not be directly reduced to the
corresponding homogeneous equations and the classical Duhamel principle
is not applicable. To our best knowledge, solution of the Cauchy problem
for general inhomogeneous fractional order pseudo-differential equations re-
quire construction and estimation of the corresponding Green’s function or
combination of the classic Duhamel principle and some integral equations
4, 5,9, 8, 6]. The fractional Duhamel principle established in the current
paper can be applied directly to inhomogeneous fractional order equations
reducing them to corresponding homogeneous equations, at least, in the
framework of the Cauchy problem (1), (2).

This paper is organized as follows. In Section 2 we recall some facts
related to the fractional Caputo derivative, the classic Duhamel principle,
and the pseudo-differential operators with constant symbols. In Section 3
we formulate the main result of the present paper, namely the fractional
analog of the Duhamel principle. In this section we also demonstrate some
applications of the obtained principle.

2. Preliminaries

2.1. On some relations related fractional derivatives. It follows
from the definition (3) of the Caputo fractional derivative of order o €
(m — 1,m] for a given function f(t), that its m-th derivative f(™)(t) has to
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exist and satisfy certain integrability conditions. We notice that if a« = m,
where m > 1 is an integer number, then D f(t) = f™(t), which immediately
follows from the definition.
Further, denote by J7, v > 0, the fractional order integration operator
Y _ b ' — 1
PHO =575 | €= s
with J° = I, I is the identity operator. It is well known [2], that the family
{J7, v > 0} possesses the semi-group property. Namely, J71172 = J7 J72 =
J”2JN 41 >0, 9 > 0. The Caputo derivative can be written in the form
(see [2])
Def(t)y=JmfM (), m—1<a<m. (4)

We denote by Dl the fractional derivative of order v > 0 in the sense of
Riemann-Liuoville, which is defined as

B 1 dam [t f(r)dr

and DY f(t) = f(t) and DT'f(t) = f™(t). Between these two derivatives
there is the following relationship, [2]:

m—1
DY f(t) = D2f(t) +Zr _a+ )’“‘0‘- (5)

O

‘We note also that

T () = (1) — ot (6)

LEMMA 2.1. For all « € (m — 1,m] and 8 > 0 the relation holds:
TS (t) = JPTmDITTf(8). (7)

P r o o f. Obviously, the relationship (7) is fulfilled, if &« = m. Let
m—1<a<m.Then 0 <m —a < 1. It follows from (5) that

m—o - f(o)taim
D = DM« - .
1S = DI+ R ey 0 ®)
Taking into account (8) and (4), we have
_ _ 0) _
B—i—mDm e _ ﬁ+mDm e f( B+myia—m
J ) =J * f(t)+r(1—m+a)J t

= JﬁJran’ (t) + F(a{;(%)le)taH?'
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Further, using (6) with m = 1, we obtain

0)

JHmDI=a () = JBf(t) — O f(0) 4 toth,

TR = 7))+ 5

The last equation immediately implies (7), if we take into account the well
known formula J71 = F(};ill)’ v > 0. ]

COROLLARY 2.2. Assume f(0) = 0. Then for all « € (m — 1,m| and
B > 0 the relation
JIRf(t) = JPTmDITf () (9)

holds.

P r o o f. We notice that m — «a < 1. Now the relation (9) immediately
follows from (7) and (5). [

2.2. Basic spaces of functions and pseudo-differential opera-
tors. In this section we briefly recall some necessary notions and facts,
which we use in this paper referring the reader to [3, 10|, for details. Let G
be an open domain in R™ and the system of open sets {g;}7°, be a locally
finite covering of G, i.e. 00

G:ng, gr CC Q.
k=0
Let any compact set K C G have a nonempty intersection with finitely
many sets gi. Denote by {0}, a smooth partition of unity of G. Further,
let 1 < p < oo and a function f(x) be in L,(R"™) whose Fourier transform
F'f has a compact support in G. The set of all such functions endowed with
the convergence defined in Definition 2.3 is denoted by ¢ ,(R").

DEFINITION 2.3. A sequence of functions f,, € Vg ,(R"), m=1,2,3, ...
is said to converge to an element fy € V¢ ,(R") iff:

1) there exists a compact set K C G such that the support supp F f,,, C
K for all m € N;

1
2) the norm || fr — follz, = (Jn [fm(2) — fo(z)[Pdz)> — 0 for m — oo.
According to the Paley-Wiener-Schwartz theorem, the elements of
U p(R"™) are entire functions of exponential type which, restricted to R",
are in the space L,(R").
The space ¥¢ ,(R™) can be represented as an inductive limit of some

spaces. Namely, let N

N
k=1

k=1
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Denote by Wy the set of functions f € L,(R") satisfying the following
conditions:

a) supp Ff C G

b) supp Ff Nsupp 6; =0 for j> N;

&) p(f) = IF 1y Ffllz, < .
Here by F~! we denote the operator inverse to the Fourier transform F. It
is not hard to verify that (see [3])

Vap=1ind A}im Uy

Let A(D) be a pseudo-differential operator with a symbol A(¢), which
is a real-analytic ! function in G. Outside of G or on its boundary A(¢)

may have singularities of arbitrary type. For a function ¢(z) € g ,(R")
the operator A(D) is defined by the formula

AD)ola) = G | AQPple)e e =

AF e e dg.
e L APt

As shown in [10, 3], the space ¢ ,(R") is an invariant with respect
to the action of such pseudo-differential operators and these operators act
continuously.

2.3. The classical Duhamel principle. Recall the classical Duhamel
integral and the Duhamel principle. The Duhamel integral (see, e.g. [13,
14]) is used for representation of a solution of the Cauchy problem for a given
inhomogeneous linear partial differential equation with homogeneous initial
conditions via the solution of the Cauchy problem for the corresponding
homogeneous equation. Consider the Cauchy problem for the second order
inhomogeneous differential equation

O*u n
ﬁ(t,x):Lu(t,x)—i—f(t,a;), t>0, zeR", (10)
with homogeneous initial conditions 5
w(0,2) =0, 8%‘(0, z) =0, (11)

where L is a linear differential operator with coefficients not depending
on t, and containing the temporal derivatives of order, not higher than 1.
Further, let a sufficiently smooth function v(¢,7,2),t > 7,7 > 0, x € R",
be for ¢ > 7 a solution of the homogeneous equation

62
—U(t, T,x) = Lv(t, T, 1),

!This condition can be essentially weakened. See the construction in [11, 12], where
continuous symbols are considered.
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satisfying the following conditions:

v
U(t77-7 x)’t=7 =0, E(taTaw)h:T = f(Ta'I‘)'

Then a solution of the Cauchy problem (10), (11) is given by means of the
Duhamel integral

u(t, z) = /0 ot 7 2)dr

The formulated statement is known as the ”Duhamel principle”.

An analogous construction is possible in the case of the Cauchy prob-
lem with a homogeneous initial condition for the first order inhomogeneous
partial differential equation

ou
E(t,x) = Mu(t,z)+ f(t,z), t>0, x € R",
where M is a linear differential operator containing only spatial derivatives,
and with coefficients not depending on t.

2.4. The Duhamel principle for integer a = m, m > 1. Consider
a — O™

Cauchy prog}gm (1), (2) in the case of integer a =m > 1, D¢ = g7, i.e.
u
W(tax) = A(D:L‘)u(tvx) + f(t’ ‘T)a t> O) T e an

oFu n
W(O,x) =y¢r(x), z€R", k=0,...m—1.

In this case the Duhamel principle is formulated as follows. Let U(¢, T, x)
be a solution of the Cauchy problem for a homogeneous equation

%ﬂf{ — A(D)U, 0<7<t, (12)
k
%g@,m)\”:o, k=0, ..m—2, (13)
gLy
W(tﬂ T)|i=r = f(7,7). (14)

Then the function

u(t,x):/o U(t,r,x)dr (15)

is a solution of the Cauchy problem

0" _ A(Dy)u = f(t,z), (16)
otm
Ok

The proof of this statement can be found, for instance in [7]. However,
for the completeness, we reproduce the proof.
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Obviously u(0,z) = 0. Further, for the first order derivative

gt(t:v) Ul(t,t,x) /UtT:):dT,

it follows from (13) that %? (0,2) = 0. Analogously we calculate aat,?(() x) =
0, k=1,...,m — 2. Consequently, for the derivative of (m — 1)-th order
amfl am72 t am—1

Ult,t —
tto)+ | S

we obtain gtmT__llu(O, x) = 0. Therefore, the function u(¢,z) in (15) satis-
fies the initial conditions (17).

Wu(t,x} = W U(t, T,.’L’)d’r,

Moreover,
0"Mu am t
e _A(Dm s / Ut 7, 2)dr — A(D,) / Ut 7 2)dr
o Ul(t,t,x) / tT:UdT—/A Ul(t,T,z)dr
~ ot otm ’

= st + [ 12U 70) = ADU 7l = 10,
Hence, u(t,z) in (15) satisfies the equation (16) as well.

2.5. The representation formula for a solution of the Cauchy
problem for homogeneous fractional order equations. Now we con-
sider the Cauchy problem (1), (2) for arbitrary a > 0. Note that in this
case, the Duhamel principle can not be applied directly. For the Cauchy
problem (1), (2) in the homogeneous case (i.e. f(t,z) =0 in Equation (1))
the following representation nf;ormula for a solution was obtained in [3]:

= Z Jk_lEa(taA(Dx))@k—l(x)a (18)

k=1
where J* is the k-th order integral operator, E,(t*A(D,)) is a pseudo-
differential operator with the symbol E,(t*A(¢)) and E,(z) is the Mittag-

Leffler function (see [15]) o
P 1+ ak

3. Main results

3.1. A fractional Duhamel’s principle in the case 0 < a < 1.
Assume 0 < o < 1. First we formulate a formal fractional analog of the
Duhamel principle and then we show how to apply this principle in various
situations.
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THEOREM 3.1. Suppose that V(t,7,2), 0 < 7 <t, x € R", is a solution
of the Cauchy problem for homogeneous equation

DYV (t,r,z) — A(Dy)V(t,7,2) =0, t>7, z€R", (19)

V(r,7,z) = D\ *f(r,2), x¢€ R, (20)
where f(t,x) is a given function satisfying the condition f(0,z) = 0. Then

t
v(t,x) = / V(t,r,z)dr (21)
0
is a solution of the inhomogeneous Cauchy problem
Dgv(t,x) — A(Dg)v(t,x) = f(t,x), (22)
v(0,z) = 0. (23)
P r o o f. Notice that in accordance with (18) a solution of the Cauchy
problem (19),(20) is represented in the form
V(t,7,2) = Eo((t = 7)*A(Dy)) Dy~ f (7, 2). (24)
Further, apply the operator J to both sides of Equation (22) and use the
relation J*DSv(t, z) = v(t,x) — v(0,z), to obtain
v(t,x) — JYA(Dg)v(t, x) = Jf(t, ).
A solution of the last equation _can be represented as
(t,x) =Y JTCAY(D,) f(t, ).
n=0
It follows from (9) with 5 = an and m = 1 that for arbitrary function g(t)

satisfying the condition ¢g(0) = 0, there holds J"T%g(t) = Jen*+1Dl=2g(t).
Taking this into account we have

ot z) = = an+1 gn - ) = ‘N <t_7—)cmAn<D$)
(t, ) nZ:OJ A (Dz)D* f(ta ) /OHZ:O F(om—i—l)

<D f(ra)ir = [ Ba((t =) AD)DI " f(ra)dr. (25)

Comparing (24) and (25) we arrive at (21). [
REMARK 3.2.

1. It is well-known that the fractional derivative D}=%f(¢), 0 < a < 1
exists a.e., if f(t) € AC[0 <t < T, where T is a positive finite number
and ACI0, T is the class of absolutely continuous functions (see [16]).
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2. The condition f(0,z) = 0 in Theorem 3.1 is not essentially restric-
tive. For arbitrary f(¢,z) in the formulation of Theorem the Cauchy
condition (20) has to be replaced by

V(r,7,z) = D_lfo‘f(T,x), r e R,

where D_lifo‘ is the operator of fractional differentiation of order 1 — «
in the Riemann-Liouville sense. The case @ = 1 recovers the classical
Duhamel principle. Theorem 3.1 coincides with the classical Duhamel
principle in the set of functions f(¢,z) with f(0,z) = 0.

Denote by CU™[t > 0; ¥ o(R"™)] and by AC[t > 0; g o(R™)] the space
of m-times continuously differentiable functions and the space of absolutely
continuous functions on (0; +00) with values ranging in the space¥ ¢ 2(R"),
respectively.

THEOREM 3.3. Let po(z) € ¥go2(R"™), f(t,x) € AC[t > 0; Vg R")],
Di=ef(t,z) € C[t > 0; U5 o(R")] and f(0,2) = 0. Then the Cauchy prob-
lem (1),(2) (with 0 < o < 1) has a unique solution u(t,z) € CM[t > 0;
Ve o(R™)] NCJt > 0; Ui o(R™)]. It is is given by the representation

t

u(t.) = Ealt A(D2))o(@) + | Eal(t = 1) ADL) DL (). (20
0

P r o o f. The representation (26) is a simple implication of (18) and

Theorem 3.1. The first term in (26) is studied in [3] in detail. Denote

by v(t,z) the second term in (26). For a fixed ¢ > 0 making use of the
semi-norm of ¥y we have

P2 (olt, 7)) = [Py Fol2, = Ixu Foll3,
t
— / N O] / Ba((t — 7)* A(€))F DL f(r, €)dr|de.
Rn 0

For x, (£) there exists a compact set K, C G such that supp x, (§) C K.
By using Cauchy-Bunjakowski’s inequality we get the estimate

2 2 ! AT 2 T ! 1-a T 2 e
P (o(t,2)) < /K LG / |Ea((t—7)2A(€)) [2d / [FDY f(r, €) Pdr.

The function fot |Ea((t — 7)*A(€))|2d7 is bounded on K. Consequently,
there exists a constant C,, > 0 such that

t
K C 2. DL~ f(r,¢)|*drd
P2 (v(t.a)) < N/KN (P [ IPDE ()P
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t
2 1-a 2
< [ [ @ 1PDI s e Pagdr

t t
_ 11—« T 2 = 2 11—« T ~
—c, /0 Ixx () FDY f(r,€) |2, dr = C, /0 P2 (D (7 2))d

It follows from the condition DI=f(t,x) € C[t > 0; ¥ 2(R™)] that the
function p, (D1~ f(r,z)) is continuous with respect to 7 € (0;¢) and for a
fixed ¢ > 0 and some N; the estimate

Py (vt @) < Cy -t sup pi (D7 f(r,2)) < Oy, - t- sup p (f(7,2))
o<r<t o<r<t

holds. Consequently, for every fixed ¢t € (0;+00) the function v(t,z) in
(21) belongs to the space Wi o(R™). The analogous estimate is valid for
5v(t,w). Thus v(t,x) € CW[t > 0; Ugo(R™)]NCOJt > 0; Ugo(R™)]. Hence,
u(t,r) € CO[t > 0; Ugo(R™)] N C[t > 0; Ugo(R™)], as well. The unique-
ness of a solution follows from the representation formula for a solution of
the homogeneous Cauchy problem.

3.2. A fractional Duhamel’s principle in the case of arbitrary
a > 0. Now we consider the Cauchy problem (1), (2) for arbitrary order
a,m—1<a<méeN. Obviously, in this case 0 < m — a < 1.

THEOREM 3.4. Assume m > 1, m —1 < a < m, and V(t,7,2) Iis a
solution of the Cauchy problem for the homogeneous equation (19) with the
Cauchy conditions

oV

W(t,T,x)‘t:TZO, k:O,...,m—2, (27)
am—lv e
ST (t,7,x)|i=r = DI f(7, ), (28)

where f(t,z), t > 0, z € R", is a given function satisfying the condition

f(0,z) = 0. Then ¢

v(t,z) = / V(t,7,x)dr (21)
0

is a solution of the Cauchy problem for the inhomogeneous equation (22)
with the homogeneous Cauchy conditions

kv
S (0.2) =0, k=0 m—1, (29)
P roof. It follows from the representation formula (18) that
V(t,7,2) = I Ba((t — 7)* A(De)) DI f(7, 2) (30)

solves the Cauchy problem for Eq. (19) with the initial conditions (27),
(28).
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Further, apply the operator J* to both sides of the equation (22) and
obtain

m—1 ,; 5
ot,z) =Y w — JYA(Dy)v(t,x) = JOf(t, x). (31)

!
=
Taking into account the conditions (29), we rewrite Eq. (31) in the form

v(t,z) — JYA(Dy)v(t,z) = J*f(t, x).

A solution of this equation is represented as
(o]

o(t,x) =Y JCAN(D,) ().
n=0
It follows from (9) (with 5 = an) that for arbitrary function g(t) satis-
fying the conditions g(0) = 0, there holds J*"Tg(t) = Jontm(Dm=g(t)).

Taking this into account, we have
oo

v(t,z) = Z Jertl ym=1An(D,) D= f(t, x)

/ Jm- 12 t_T omAn( )Dfl’iaf(T,I)dT

(an+1)
= / J"VEL((t— 7)Y A(D,)) DI~ f(, 2)dT. (32)
0
Comparing (30) and (32) we obtain (21), and hence, the proof of the theo-
rem. (]

REMARK 3.5. The condition f(0,z) = 0, we required in the theorem,
is not essential. For arbitrary f(¢,x), as a consequence of relationship (7),
the formulation of the fractional Duhamel principle takes the following form.

THEOREM 3.6. Assume m > 1,m —1 < o < m, and V(t,7,2) Is a
solution of the Cauchy problem for the homogeneous equation (19) with the
Cauchy conditions

k

(6 lier =0, k=0, om 2, (33)
am—lv o
W(ta’ra T)|i=r = DV f(1,2), (34)

where f(t,z),t > 0, x € R", is a given function. Then v(t,z) defined in
(21) is a solution of the following Cauchy problem for the inhomogeneous
equation

va(tv x) - A(Dz)v(tﬂ .Z') = f(t,a:),
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v
W(O,.’E) = O, k= O, ooy M — 1.
REMARK 3.7. Note that when o« = m, Theorem 3.6 recovers the known
classical Duhamel principle we mentioned above (see, Subsection 2.4).
Theorem 3.4 and Theorem 3.6 allow to generalize the result of the paper

[6] for arbitrary a > 0.

DEFINITION 3.8. A function u(t, z) € C™[t > 0; Ugo(R™)] N CM—D
[t > 0; Ugo(R™)] is called a solution of the problem (1), (2), if it satisfies
the equation (1) and the initial conditions (2) pointwise.

THEOREM 3.9. Let ¢i(z) € ¥go R"), k =0,..., m—1, f(t,x) €
ACTE > 0; W o(R)], DI f(t,a) € Cft > 0; Ug2(R™)] and f(0,) = 0.
Then the Cauchy problem (1), (2) has a unique solution. This solution is
given by the representation

u(t,z) = JEL (" A(Dy))pr-1()
k=1

—i—/ T EL((t — 7)Y A(D,)) DT f (1, z)dr. (35)
0

P roof. Splitting the Cauchy problem (1),(2) into the Cauchy problem
for the equation (1) with the homogeneous initial conditions and the Cauchy
problem for the homogeneous equation corresponding to (1) with the initial
conditions (2), and applying Theorem 3.4 and representation formula (18),
we obtain (35). The facr‘gl that

Y I EL (" A(Dy)) i1 ()

£ OOVt > 05 g (AN] MOt > 05 g ()]
is proved in [3]. Further, since the m — 1-th derivative with respect to t of
the last term in (35) belongs to AC[[0,T]; ¥ 2(R™)]?, then the estimation
obtained in the proof of Theorem 3.3 holds in this case as well. [ ]

REMARK 3.10. If f(¢,z) does not vanish at ¢ = 0, then in accordance
with Theorem 3.6, the representation formula (35) takes the form
m

u(t, l‘) = Z JkilEoz (taA(Dx))SDk—l(x)
¢ k=1
+/ JEL((t - T)*A(D,)) D™ f(1,x)dr.
0

2T is an arbitrary positive finite number.
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3.3. Examples.

1. Let 0 < a < 1 and f(t,z) be a given function, f(0,z) = 0. Consider
the Cauchy problem

D¢u(t,x) = Au(t,x) + f(t,z), t >0, z € R",

u(O,m) = (PO(x)'
where A is the Laplace operator. In accordance with the fractional Duhamel
principle (Theorem 3.1) the influence of the external force f(t,z) to the
output can be count as

D¢V (t,r,x) = AV (t,1,x), t > 7, x € R",
V(r,r,z) = Di*af(T, x).

The function V(t,7,2) = Eo((t — 7)*A)D}=2f(7,2) solves this problem.
Hence,

u(t,z) = Eq(t*AN)po(x) + /0 E.((t — 7)*A)D f (1, 2)dr.

2. Similarly, if 1 < o < 2, and F(t,z) is a given function, which
describes the outer force, then we deal with the Cauchy problem

D¢u(t,x) = Au(t,z) + F(t,z), t>0, z€R",

U(O,.CC) = (PO(ZC), ut(0,$) = 901(35)
Again in accordance with the fractional Duhamel principle (Theorem 3.6)
the influence of the external force F(¢,z) to the output can be count as
D¢V (t,r,x) = AV (t,T,x), t > T, x € R",

V(r,7,z) =0, aa‘t/(T, T,T) = D_Q[O‘F(T,m).

The function V (t,7,2) = JE,((t — 7)*A)D¥ *F(r, ) solves this problem.

Hence,
t

u(t,z)=Eo(t*A)po(z)+JEq(t*A)p1(x) —|—/0 JEo((t=7)*A) D2 *F (1, x)dr.
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