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Abstract

A known family of fractional integral operators is used here to define
some new subclasses of analytic functions in the open unit disk U. For each
of these new function classes, several inclusion relationships are established.
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1. Introduction and definitions

Let A denote the class of functions f(z) normalized by
f(2) :z—l—Zanz", (1.1)
n=2

which are analytic in the open unit disk U={z € C; |z| < 1}. If f € A is
given by (1.1) and g € A given by g(z) = 2+ > .2 5 b2 in z € U, then the
Hadamard product (or convolution) of f and g is defined by (f * g)(z) :=
24> 00 5 anbp ™.

Let Py(«) denote the class of functions h(z) analytic in the unit disk U
satisfying the properties h(0) = 1 and

/271’
0

1—a

§R<h<z)_a>‘d0 < kr (z=re®; 05 a<l; k22). (1.2)
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This class Py(«) has been introduced in [6]. Note that for & = 0, we obtain
the class Py defined and studied in [7] and for k& = 2, we have the class P(«)
of functions with positive real part greater then a. In particular, P(0) is
the class P of functions with positive real part.

From (1.2), we can easily deduce that h € Py(«), if and only if

h(z) = (Z + ;) ha(2) — (’Z - ;) ho(2),  hu he € P(a).  (1.3)

Following a recent investigation by Noor [5], we define the following
function classes:

Ri(a) = {f €A : Z]{(S) € Pula), z€ U} , (1.4)
Vk(a)—{feA: (]":((5))) € Py(a), ze[U}, (1.5)
zf'(2)

Te(B, ) = {f €A : g€ Ry(a) and € P.(B), z¢€ U}, (1.6)

9(2)

/ /

T: (B, o) = {f €eA: ge V(o) and W € P(B), z€ U}. (1.7)
We note that the class Ra(a) = §*(a) and Va(a) = K(a) are, respec-
tively, the subclasses of A consisting of functions which are starlike of order
a and convex of order o in U. The class T5(8,a) = C*(f, ) was consid-
ered by Noor [3] and 75(0,0) = C* is the class of quasi-conver univalent
functions which was first introduced and studied in [4]. It can be easily seen

from the above definitions that
f(z) € Vi(a) <= 2f'(2) € Ri(a), (1.8)

and

f(2) eT(B,a) <= 2f'(2) € T(B,q). (1.9)

For A >0, u,n € R and min{A+n,—u+mn, —pu} > —2, Srivastava et
al. [10] introduced a family of fractional integral operators

Jof(z) A — A,

defined by ( )1 \ )
IF'2—pwIl'2+X+n )\
L) = (). (W)
where I ’”77 is the hypergeometric fractional integral operator due to Saigo

9] (nowadays known as Saigo operator, see also details in [1]):



INCLUSION PROPERTIES FOR CERTAIN CLASSES OF ... 29

gy = 2 e (8 S 1-L) f)d

0,z (Z)_ F()\) /O(Z_) 2 1< T =T A _Z>f() t.
(1.11)

Here the oFj-function in the kernel of (1.11) is the Gauss hypergeometric

function, the function f(z) is analytic in a simply-connected region of the

complex z-plane containing the origin, with the order

f(z)=0(z) (2= 0; e >max{0, p—n}—1),
and the multiplicity of (z — t)*~! is removed by requiring log(z —t) to be
real when z —t > 0.

If f(z) € A is of the form (1.1), then fractional integral operator Jé\”z“’n

has the form (see, [1, p.167, Eq.(25)]):

re-— (24+A+n) Fn+1)T'(n—p+n+1

Asfdy :U’ 77 nn

REnf() =24 1 §j L o
’ ['(2—p+n) Fn—p+1)(n+A+n+1)

1.12

It is easily verified from (1.12) that (1.12)

2o (2)) = At 2) gl f(2) = A+ D) JpT T (z). (113)

Let us note that the generalized fractional integral operator Jg’, Aot , con-

tains such well known operators as the Riemann-Liouville fmctzonal nte-
gral operator, the Srivastava-Owa fractional integral operator, the Multiplier
transformation operator and the Bernardi-Libera-Livengston operator. One
may refer to the papers [1] and [8] for further details and references on these
operators.

Using the generalized fractional integral operator Jg’;
the following subclasses of A:

DEFINITION 1. Let f(z) € A. Then f(z) € RM(k,a) if and only if
JO):’Z“’”f(z) € Ri(«), for z € U.

DEFINITION 2. Let f(2) € A. Then f(z) € VM"(k,a) if and only if
Tl f(2) € Vi(a), for z € U.

DEFINITION 3. Let f(2) € A. Then f(z) € TM"(k, 3, ) if and only
if Jo1" f(z) € Tu(B, a), for z € U.

DEFINITION 4. Let f(z) € A. Then f(z) € T2*"(k, 3, ) if and only
if J&f’nf(z) e Ty (B, ), for z € U.

In this paper we establish some inclusion relationships for the above-
mentioned function classes.

Al , we now define
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2. Main inclusion relationships

We recall first the following necessary lemma.
LEMMA 1. (see [2]) Let u = uy + tug and v = vy + vz and let ¢ be a
complex valued function satisfying the following conditions:

(i) ¢(u,v) is continuous in a domain D C C?,

(ii) (1,0) € D and ¢(1,0) > 0,

(iii) R(¢p(iuz,v1)) < 0, whenever (ius,v1) € D and vy £ —1(1 +u3).

Ifh(z) =1+ > 7 5 by2™, is a function analytic in U such that (h(z),
zh(2)) € D and R(¢(h(2), zh'(2))) >0 for z € U, then R(h(z)) >0 for
z e U.

Our first main inclusion relationship is given by the theorem below.

THEOREM 1. Let f € A, A >0, A+n > —1 and min{\ +n, —u +
n,—p} > —2. Then

h RM(k,0) € Rk, ), (2.1)
whnere
2
°= GrasvEToaT M f=Wn @2

Proof. Let f € RM1(k,0). Then, by setting
2T f(2) <k 1> (k 1)

: =pz)=|-+=]pi(z)—|-—= | p2A2) (2€U), (2.3
Sy 0= (143)ne-(3-3)me Gev. 9

we see that the function p(z) is analytic in U, with p(0) = 1 in z € U. Using
identity (1.13) in (2.3) and differentiating with respect to z, we get

M f(2)) 2p (2
B _ (), 2

(Z)) € P (z € U).

1]5"72“7” (2) A+n+1+p
Let o
B Ad+n+l+j
#(2) = ; Atnt2
then
P(2) 2p'(2)
= +
()« == =p(2) p() A+ +1
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and this implies that

zp;(2) o
<pi(z)+pi(z)+)\+n+1> epP (2€U;i=1,2). (2.4)

We want to show that p;(z) € P(«), where « is given by (2.2) and this will
show that p(z) € Py(«) for z € U. Let

pi(z) = (1 —a)hi(z) + « (z€eU; i=1,2). (2.5)
Then in view of (2.4) and (2.5), we obtain for z € U, i =1, 2:

(1 - ) 2hi(2)
%((1—a)hi(z)+a+ (1—a)zhi(z)+a+)\+n+1> > 0. (2.6)

We now form a function ¢(u,v) by choosing v = h;(z) and v = zh/(z)
in (2.6). Thus

P(u,v) = (1 —aJu+a+ (1—ajy

l—-a)u+a+A+n+1°

(2.7)

We can easily see that the first two conditions of Lemma 1, are easily sat-
isfied as ¢(u,v) is continuous in D = C — (—%) x C, (1,0) € D and
R(4(1,0)) > 0. Now for v; < —1(1 + u3), we obtain
I-a)(a+AX+n+1)y
(@+A4+n+1)2+ (1 — a)?ul

%((f)(iU,Q, 1)1)) =+

<a_1(1—a)(a+>\+n+1)(1+u§) A+ Buj3

= 2 (a+A+n+1)2+(1-a)2u?  2C

where
A= (a+A+n+D2ala+A+n+1) = (1—a)],
B=(1-a)2a(l-a)—(a+A+n+1)],
C=(a+A+n+1)2%+(1—-a)ul > 0.

We note that R(¢(iug,v1)) <0 if and only if, A <0 and B < 0. From

A =<0, we obtain « as given by (2.1) and B <0 givesus 0 S a < 1.
This completes the proof of Theorem 1. [

THEOREM 2. Let f € A, A >0, A+n > —1 and min{\ +n,—u +
n,—p} > —2. Then

VAR 0) € V(K a), (2.8)
where « is given by (2.2).
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P r o o f. To prove the inclusion relationship, we observe (in view of
Theorem 1) that

f(z) € VMK, 0) <= 2f'(2) € RM(k,0)
— 2f'(z) € RMU(k, )
= f(z) € VIII(E, ),
which establishes Theorem 2. ]
THEOREM 3. Let f € A, A >0, A+n > —1 and min{\ +n,—u +
n,—u} > —2. Then
TAN(E, 6,0) € T (K, a), (2.9)
where « is given by (2.2) and ~y < [ is defined in the proof.

Proof. Let f(z) € TM"(k, 3,0). Then there exists g(z) € RM"(2,0)
such that
A, ,M /
2(Jg " f(z
WGPk(ﬁ) (zeU; 0S8 <1).
Jo2"9(2)
Let

AR

z

= (§+3) -mmEal- (4 - 3) l0-DmE -+l @0)

where p(z) is analytic in U, with p(0) = 1. Using the identity (1.13) in
(2.10), and after some computation, we obtain

G ) A I i O R
Jo g (2) Atnt2 pg(z)

32

. (2.11)

Since g(z) € RM1(2,0), by Theorem 1 we know that g(z) € R*1LA1(2, a),
where « is given by (2.2). Hance there exists an analytic function ¢(z) with
q(0) = 1, such that

(St g (2))

T = (1l-a)qx)+a (z€0). (2.12)

9(2)
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Then, by using identity (1.13) once again for the function g(z) in (2.12) and
using (2.11) therein, we get

2(Rf"fR) (1-9) 2p'(2)
W—ﬁ = <1_7)p<z)+(7_ﬂ)+(l—a)q(z)+a+)\+7]—|—1

€ P. (2.13)
We form a function ¢(u,v) by taking u = p;(z), v = zpj(z) in (2.13) as

(1=
1-—a)glz)+a+A+n+1

o(u,v) = (L= u+(y—p0)+ (2.14)

It can be easily seen that the function ¢(u,v) defined by (2.14) satisfies the
conditions (i) and (ii) of Lemma 1. We verify the condition (iii) as follows:

(1-9[1-a)g +a+A+n+1v

%®@WWH):7_ﬁ+K1—®m+a+A+n+H2+ﬂ—aVﬁ

I -1 -—a)+a+A+n+1](1+u3)
Sy-B-3
= 2 [(1—a)g+a+A+n+12+(1—a)?q¢3
<0 for v B<1.

Therefore applying Lemma 1, p; € P, ¢ = 1,2, and consequently p € Py
and thus f € TATLen(k, B a). n

Using the same techniques and relation (1.9) with Theorem 3, we have
the following

THEOREM 4. Let f € A, A >0, A+n > —1 and min{\ +n,—u +
n,—p} > —2. Then

T)}f‘?“:n(kj /87 0) C T)}(A—"_l?“?n(k’ ,-Y’ a)7
where v and « are as in Theorem 3.

REMARK. Upon setting p =0 and n=4§—1, Theorems 1 to 4 would
yield the corresponding known results due to Noor [5]. Furthermore, for
different choices of k, A\, u and 7, we can obtain several interesting special
cases of Theorems 1 to 4.
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