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Abstract

The main purpose of this paper is to present a number of potentially
useful integral representations for the generalized Mathieu series as well as
for its alternating versions via Mittag-Leffler type functions.
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1. Introduction

The following infinite series:
> 2n
S(r)=) ——% R* 1.1
=3 e B (1.1)
is known as named after Emile Leonard Mathieu (1835-1890), who investi-
gated it in his 1890 work [11] on elasticity of solid bodies.
A remarkable useful integral representation for S(r) in the elegant form:
o

S(r) = 1/“in(”)dm~ (1.2)

r et —1
0
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was given by Emersleben [6].

Several interesting problems and solutions dealing with integral repre-
sentations and bounds for the following slight generalization of the Mathieu
series with a fractional power:

Su(r) = 2_:1 m (reR™; u>1) (1.3)

can be found in the recent works by Diananda [4], Tomovski and Trencevski
[21] and Cerone and Lenard [3]. Motivated essentially by the works of
Cerone and Lenard [3] (and Qi [17]), we defined in [18] a family of generalized
Mathieu series:

25
a, ca) = Q(aB) (4. n
SL m(r,a) = SIS ) (r;{aktizy) ,;:1 ST (rya, B, € RT), (1.4)

where klim ajp = o0.
—00
Comparing the definitions (1.1), (1.3) and (1.4), we see that So(r) = S(r)
2,1
and S,(r) = 871 (r, {k}7,).
Furthermore, the special cases

2,1 00 [e%) a,o 0
Sg )(7“7 {ar}iz1), S,(f’l)(?“, {E7}p2) and SL ’ /2)(7“7 {k}ez1)
were investigated by Qi [17], Tomovski [20] and Cerone and Lenard [3].

In [18] the following integral representations were proposed:

S0 (s (K7 172)

2 Y(pa—p)—1
- /w 1 [ D) (V(pa = B),7a) =27z (15)

(T,a,5€R+;u—§>q_1' q€N),

A A+1 A -1
where A(g; \) is the g—tuple — i e +a :
a q q
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Syt s U120 = SV 05 (BB = S (1)

[e.e]

VT / i J (ra)dz, (r,p € RY); (1.7)

= 1
(27")“ 2F(u+ 1) J et —1 #72
(a,0) (.. 2/a 0o
S (T‘, {k }k: ngl n2 + ,r2
o0 1
2 K3 1
VT L, (ra)dz, (r R > ). (1.8)

G O

Here , ¥, denotes the Fox- Wright generalization of the hypergeometric ,F,
function with p numerator and ¢ denominator parameters (see for example
[7], v.1; [19]), p.50, eq. 1.5 (21); [10], Appendix) and .J,, — the Bessel function
of first kind.

In [14] we introduced an alternating variant of S(r),

~ _ 2n
S(r) = Z(_l)n 1m (r e RY), (1.9)
n=1

called alternative Mathieu series.

Using the formulas given in [12]:

Z[/ = /tf()ldt, (1.10)

0

i(—l)k‘lﬁ’(k:) :/ IO (1.11)

t
prt ) et +1

where L(k) is the classical Laplace transform of f(¢), we obtained in [14]

the integral representation of S(r):
o0

S(r) = i/de. (1.12)
0

Let S,(f"ﬁ ) (r;a) be alternating variant of (1.4). Integral representations
for the alternating variant of (1.8) are given in [14] by:
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S s 7))
2 T (pa—p)-1
—i [ * W [ 1); (1 — B), ) —r %] de (113)

I'(p) et +1
0

(r,c, 8,7 € RT;y(pa — 3) > 1);

~ T T ahts
Suv1(r) = 5 H-{ n /em+1JM_é(r$)dx (r,u € RT);  (1.14)
(20 0+ 1)/

- o/m [ ahi 1
(2,0) (.. [1.2/1 00\ _ + -
S (s {7 i) (27~)#%F(M)/ex—i—lj’*_é(rx)dx (reR ", u> 2).

0
(1.15)
2. Mittag-Lefller type functions
The special functions of the form
ad P > P
E,)(z) = — E,.(2)= S e 2.1

with complex p, u € C (Re(p) > 0, Re(u) > 0) are known as Mittag-Leffler
(M-L) functions.

The former was introduced by Mittag-Leffler [13] and named after him
in [7], vol. 3; and the latter is due to Agarwal [1] and also studied in details
by Dzrbashjan (see e.g. [5]) who denoted it as ®;/,(2; ).

Prabhakar [16] introduced the M-L type function Eg’ (2) of the form

B =X it e €CR0) 20,22)

where (), is the Pochhammer symbol:
0)o=1, O)p=00b0+1)...0+k—-1) (k=1,2,...).
For § = 1, we have

Epy(2) = Bpu(2), Epi(2) = Ep(2). (2.3)

The function Eg ., can be represented via the Fox-Wright Psi-function ;¥
and the generalized hypergeometric function 1 F}, as follows:
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B5,(2) = 751 al06.0). (. 0): ). (2.4)
Eq(‘srz,zl(z) = W

Let m > 1 be an integer, p1, p2,--.,pm > 0 and u1, p2, - - ., 4y, be arbi-
trary real numbers. By means of the ”multi-indices” (p;), (1;), Kiryakova
[9] introduced the so-called multi-index (m—tuple, multiple) M-L functions:

\Fo(8; A(m; v): #) (meN,s,veC).  (2.5)

[e.@] Zk"

5 .
(1/p3), (:U'Z Z;)F M1+k/p1) (M2+I€/P2) (Mm+k/pm)

(2.6)

About generalized fractional calculus differential and integral opera-
tors and Laplace type integral transform, closely related to the functions
E1/p)),(us)» S€€ also Al-Mussalam, Kiryakova and Vu Kim Tuan [2].

The special case m = 2 of (2.6) was introduced by Dzrbashjan [5]. He
denoted it by

Sk

Ba/or1/ o) = Poon (7 p1, 12) = Z D(p1 +k/p)T (2 4 k/p2)

k=0
(2.7)
We mention here some special cases of (2.6), presented by Kiryakova in [9]:

E1/p1(2) = E1/5.0),1,1)(2) = Ppoo(2; 11, 1), (2.8)

Ju(z) = (g)yE(l,l),(u—H,l) (—Z:) = (g)yq)l,l (—Z:; Lv+ 1> , (2.9)

]

m —1
:<HF(M)> A Fn (L, 2y s 2). (2.10)

(1,1)
s 1)?1

Ea1,.1),uisn)(2) =1¥m [ (

Using the relations (2.4) and (2.5) we give here some integral representa-
tions for the Mathieu type series S&a”g ) (r,a) and SELO"B ) (r,a) via (M-L) type
functions:

Oogﬂ(/wz B)—1 2 e
A {k1172,) =2 mﬁ(#a g (=727 dz; (2.11)
0
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Q(a 0 Ooxy(,ua—ﬂ)—l «a
Sl(t B) (ri{k7}52,) = 2/ P E'l;a;y(ua—ﬁ)<_r2$7 )dx

0
(r,a, B,y € RT; y(pa — ) > 1); (2.12)
T palu—B/o]-1
S (r; (k1/°}32,) = 2 / =1 Paatu-pra (- de
0

(r,a, BERT; p—B/a>q ' qgeN). (2.13)
From the relation (see [16])
156 - —p\—8
c [t“ Ep,u(wtﬂ)} (s) = s7*(1 — ws™")
s€C, Res>0, |w/s’| <1, (2.14)
and (1.11), upon setting f(t) = tq[“*ﬁ/a}”E(‘;q[uiﬁ/a](—r2tq), it easily fol-
lows the integral representation

(o . T palu—p/al-1
s (W) =2 [ T Bl (e (219
0

Next, using the relation (2.7), we obtain also the integral representa-
tions:

Sy (s (R3720) = S5 (R)720) = S (7)

ptl 1
o ﬁ o0 Qj2/~" T2$2 .
C 22T (u+ 1) /O et _ 1E(1,1),(u+%,1) B dx; (2.16)
0o g2 2,2
clo,a/2) 2/ 00 . ﬁ T _7" "
Sjp1 T (ri k7 2,) = 2207 (1 + 1) /0 T 1 1E(1,1),(#+%,1) < 1 ) dx
(r,p € RT); (2.17)

oo .2u—1 2.2
a,0) (... £1.2/a 00 — ﬁ r e ;
SL )(7"7 {k‘ / }k:1) = 22“_11_‘(“) /0 o _ 1E(1,1),(IJ«+%,1) <_ 4 > dl’»

(2.18)
0o, 2u—1 2,2
Q(a,0) (,.. f1.2/a 00 — ﬁ z re
SL )(Ta {k / }k:l) - 22”_1F(/L) /(; eT & 1E(171)1(M+%71) <_ 4 ) dx
1

2
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3. Mathieu-type series whose terms contain
multi-index M-L functions

In the recent articles ([14], [15], [22]) Pogany, Srivastava and Tomovski
considered special kind of Matieu-type series and their alternating variants
whose terms contain the Gauss hypergeometric function o F1, generalized hy-
pergeometric ,F, and the Meijer G functions. The derived results concern,
among others, closed integral form expressions for the considered series and
bilateral bounding inequalities. Here we are interested in giving the integral
expression for the Mathieu-type series (and its alternating variants) whose
terms contain the multi-index M-L functions from [9] and [2].

DEFINITION. By a Fox’s H—function we mean a generalized hyper-
geometric function, defined by means of the Mellin-Barnes-type contour

integral m "
[T D(bx—Bys) T1 (1— aj+5s4;)
m,n (ak, A)Y 1 / k=1 =1 G .
H ; — | q ~ 5 ag d37
P (bx, Br){ 2mi q P
p I1 T(=bg+sBy) II (a;j—s4;)

k=m+1 Jj=n+1
(3.1)
where £’ is a suitable contour in C, the orders (m,n,p,q) are integers,
0<m < gq, 0<n <pand the parameters a; € R, A; >0, j =1,2,...,p,
bp € R, By, >0,k =1,2,...,qaresuch that A;(by+1) # By(a;—1'—1),1,I' =
0,1,2,....
For various type of contours and conditions for existence and analyticity

P q
of function (3.1) in disks C C whose radii are p = HA;Aj H BP* >0,
j=1 k=1
one can see, for example [10], Appendix.
We define the Mathieu-type series fi(1/p,),(,) @nd its alternating variant

la(l/ﬂi)y(ﬂi) as follows: 9

= E1/p:) i) (*27)
a)an +72)n
> E/p) (i) (—2%2
~ . . n—1 n
A(1/po) (o) (@3 7) = ;( Ve G
where we make the convention that the real sequence a = {a, }nen increases
and tends to oc.
We will need the Laplace transform of x’\_IH&’Sﬁl(wx\-). Using the

definition (3.1), for real w it follows easily

M(l/ﬂz‘)a(ui)(a; r) = ) (3.2)

n=1

) (A\,n,r €RY),  (3.3)
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(2

(oo}
—Aw A—1p1,0 p
/ Hy’ ;m4+1 (wx

1., — A w
0 (0,1), (1 — pu, p)i1> = A B /00, <ﬁ> ’

1—
h A i . : 4
where m >0, Re{A}, Re{\}+p, in Re{ p; } >0. (3.4)

THEOREM. Let A > 0,17 > 0,7 > 0 and let the real sequence a increase
and tend to co. Then,
B(1po) )@ 1) =l (A +1) + I(A+1,n), (3.5)
fi(1 /00, (@5 7) = (A + 1) + T(A + 1,7),

where -
2\ o @)
I(>\777) = /E(l/Pi)y(ﬂi) <_SL‘> mdl‘, (37)
al
= r 2\ sin?(3[a~1(z)]
I\ n) = /E(l/pi)v(ﬂi) <—$> mdw, (3.8)
and a : Rt — RT is an increasing function such that a(z)|zen = a,

a~'(x) denotes the inverse of a(x), [a~'(z)] stands for the integer part of
the quantity a=!(x).

P r oo f. Taking ¢ = a, + 72 in the formula
oo

Dl = [ €t (Re§ >0, Ren>0)

0
and A =an, p=1, w= —7r?in (3.4), we get

H(1/pi), (uz F // 0m+1 (‘TQ

x e TS 13’7 1dsdt,
where o

(s+1) Z et — (54 1) / ~H07 0= ()] da

al
is the integral representatlon of the Dirichlet series (see [8], [14], [15]).
Hence,

£(0,1), (1 — s, ;)gm) Dals + 1)
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1
t1(0,1), (1 — ps, p)?l1>

1 2
11 pi), (i) (B3 T) T m“ -

« o)tz g1 1tA 1(s+t)[a H(@)ldsdadt = I, + I,

1
2t1(0,1), (1 — 4, p)i”l)

e~ (PRt A1 = ()| dsdadt

1
2t1(0,1), (1 — ps, ')T1>
Pi
x e T a7 (2)] (/ e(ﬁ”)ss”ds) dxdt
0
1,0
:77/ r2+x 77—5—1 ( H0m+1<

al

a1 (z)] ™\ o
:"/ 2 1 oy e~ ) 4

al

1
O 1) (1 //”Lap )z 1) t)\ 1 txdt) dx
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1 T r [a_l(x)] i —(r24x)s ;n—1
] / Eq1/p ) (—x> eS| O/ ¢ ' ds | du
ay

7 r? [a~! (2)]
= /E(l/pi),(m) <_x) mdm
ai

The derivation of (3.6) is similar to the previous proof; as the alternating
Dirichlet series Da(z) equals to (see [14]):

00 o0

Pa(z) = 3 (1) Lemane = 5 / e A(t)dt,
n=1 a1
where the so-called continuing function A(t) has been found easily in the

following manner:

) (1)) i
A=Y (1)t = 1(12) = sin® (T~ (1)])

n:an <t

Hence Da(s +1t) = (s +t) [ e sin? (Z[at(2)]) da, i.e. we get (3.6). m

a
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