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Abstract

Fractional g-integral operators of generalized Weyl type, involving gen-
eralized basic hypergeometric functions and a basic analogue of Fox’s H-
function have been investigated. A number of integrals involving various
g-functions have been evaluated as applications of the main results.
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1. Introduction

Al-Salam [3] introduced the generalized Weyl fractional ¢-integral oper-
ator in the following manner:

Cl]“;(i: /;O(y — @)y T flyg Ty e), (L)

where Re(u) > 0, n is arbitrary and the basic integration, cf. Gasper and
Rahman [5], is defined as:

[ tdta) = x-S a1 ), (1:2)
z k=1

K {f()} =

In view of relation (1.2), operator (1.1) can be expressed as:
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K1 {f(2)} = (1— ) quﬂ (qq’qq)) Flog "), (1.3)

where Re(p) > 0 and 7 belng an arbitrary complex quantity.
In the sequel we shall use the following notations and definitions:
For real or complex a and |¢| < 1, the ¢-shifted factorial is defined as:
1 f n=0

(a;q)n = (1.4)
(1—a)1—aq)---(1 —ag"') ;if neN.

In terms of the g-gamma function, (1.4) can be expressed as
_ Dyla+n)1—g)"
Ly(a) ’

where the ¢g-gamma function (cf. Gasper and Rahman [5]), is given by

(45 9)os (¢; @)1
I'y(a) = = , 1.6
R VT (e L (e 0
where a # 0,—1,—2,---. Also,

(a;q)n n >0, (1.5)

bt 4

[e'¢) q N
1-— y/x v 7 v
- ML [gfge) = | o
a (1.7)
The generalized basic hypergeometric series, cf. Gasper and Rahman [5], is
given by

A, ,Ar 0

(ala crcy Qg Q)n (n—1)/2 (I+s—r)
T(I)s , X = lﬂ -1 n_ n(n ’
bl bs q ngo(qabla'“?bs;Q)n {( ) 4 }

1.8
where for convergence, we have |¢| < 1 and |z| < 1if r = s+ 1, and for( an})/

x if r < s. The abnormal type of generalized basic hypergeometric series
+®@s(+) is defined as

o
ay, i ar 3q,@ (@1, ar D An(nt1)/2
P = T , 1.9
" S[bla"'abs ;q/\ :| 0(Q7b17"'7bSQQ)n 1 ( )

where A > 0 and |¢| < 1.
The g-exponential series is
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= (G9)n
The g-binomial series is given by
a3
ox;
1@0 q,x = ( q)oo .
(2, @)oo

The basic analogue of the Sine and Cosine functions are
sing(ax) = % {eq(iazx) — eq(—iax)},
and
cosq(ax) = % {eq(iax) + eq(—iax)} .

Similarly, we have the ¢-Laguerre polynomial:
n

q ;

a+1.
L (wq) = @ 0)n 191 ¢, —xq" | ;
(QS Q>n qa+1 .
the little g-Jacobi polynomial:
-n o+f+nt+l .
a+1. ) q ,q )
P (;q) = WD g, ¢,2q |;
" ’ (¢ @)n a+1 , ’

q ;
the Wall polynomial (or little g-Laguerre polynomial)

qg "0 ;
W, (2;b,q) = (—1)"(b; q)n ¢""FV/2 23, ¢ |;
b ;

and the Stieltjes-Wigert polynomial:
-n

sn(ziq) = Dk k)2 (= [ i
k=0

4, —T :| .
(4 9)k _ sd
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(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

Saxena, Modi and Kalla [9], introduced a basic analogue of the H-
function in terms of the Mellin-Barnes type basic contour integral in the

following manner:

2 [ 65
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_ L Jj=1 J=
= /C _ A | ——ds, (118)
[T G(g*bt8s) I G(q%~ %) G(¢*~%)sinms
j=m+1 j=n+1
where ~ ,
G =[{a-¢)} ' = —. (1.19)
i (7% q)oo

and 0 < m < B; 0 < n < A; aj and §; are all positive integers. The
contour C' is a line parallel to Re(ws) = 0, with indentations, if necessary,
in such a manner that all the poles of G(qu_ﬂjs) ;1 <5 < m, are to its
right, and those of G(q'~%~%%) ; 1 < j < n, are to the left of C. The basic
integral converges if Re [slog(z) — logsinmz] < 0, for large values of |s| on
the contour C, that is if |{arg(z) — ws wyt —log 2|} < &, where || < 1,
logg = —w = —(w1 + iw2), w, w1 and wy are definite quantities. w; and wo
being real.

For aj = 8 =1, j =1,---,A; i = 1,---, B, the definition (1.18)
reduces to the g-analogue of the Meijer G-function due to Saxena, Modi
and Kalla [9], namely:

m,n . ar,--,0a4
Gu'p [x’q by, -+, bg ]
. [T G(¢%~*) IT G(¢*~%*)ma*
— i=1 /=1 ds,  (1.20)
2 Jo B . A . )
[T G(¢'bF) TI G(¢%~*) G(¢'~*)sinms

j=m+1 j=n+1
where 0 <m < B; 0 <n < A and Re[slog(z) — logsinmz] < 0.
Further, if we set n = 0 and m = B in the equation (1.20), we get the
basic analogue of MacRobert’s E-function due to Agarwal [1], namely

B0 at, a4 | _
GAB [x;q bll bg ] = Eq[B;b; : A;a; : x]
B
| [T G(g%*)ma®
j=i
= — 1.21
271 as, ( )

C A
[I G(q%=*) G(¢'~#)sinTs
j=1

where Re [slog(x) — logsinmzx] < 0.
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Saxena and Kumar [8], introduced the basic analogues of J,(x), Y, (x),
K, (z), H,(x) in terms of Hy(-) function as follows:

2 2 o
T (14— q) . , (1.22)

(5, 1), (1), (1,1)

where J,(z; ¢) denotes the g-analogue of Bessel function of first kind J, (x);

(

Ju(ziq) = {G(q)}*Hy

—v—1
2

1)

V(o) = {G(@yHY | ©(0-0)°

(5.1), (F.1), (74 1), (L,1)
(1.23)
where Y, (z; q) denotes the g-analogue of the Bessel function Y, (x);

2 1— 2
K (ziq) = (1—qm2) | “U=0" ,(1.24)

(3, 1), (%1), (1,1

where K, (z; q) denotes the basic analogue of the Bessel function of the third
kind K, (x);

1=g\"™" 31| 2 2 2
mGa=(51) H| 200

2 1 yq
(%,1), (3£,1), (H2,1), (1,1)

1.25
where H,(z;q) is the basic analogue of Struve’s function H,(z). (1.25)

Following Saxena and Kumar [8], Mathai and Saxena [6], [7], we have
the following g-extensions of certain elementary functions in terms of a basic
analogue of the Meijer G-function as:

eq(—1) = G(g)Hy | (1 —q)iq : (1.26)
(0,1),(1,1)

singa) = VL) PG | ZOm0 s
(1.10,0,1), (1)
(1.27)
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cosy(x) = VT (1-q) VG ()} Hy s W;q ;
(0,1),(3,1),(1,1)

(1.28)

™

3

sinh () == (1-¢)"*{G(¢)* Ho’3 —W; q

7

(3.1, (0,1),(1,1)
(1.29)

coshy (o) = v7(1-0) HG@PHY | -0

(0,1), (3,1),(1,1)
(1.30)

A detailed account of various classical special functions expressible in
terms of Meijer’s G-function or Fox’s H-function can be found in research
monographs by Mathai and Saxena [6] and [7].

The main motive of the present paper is to investigate the generalized
Weyl fractional g-integral operator involving basic hypergeometric functions
including the basic analogue of the H-function. Certain interesting special
cases have also been derived as the applications of the main results.

2. Main results

In this section, we shall evaluate the following fractional g-integrals of
generalized Weyl type involving basic hypergeometric function ,®4(-) and
basic analogue of Fox’s H-function. The main results are presented in the
following theorems.

THEOREM 1. If Re(n — \) > 0 and p is any complex number, then the
generalized Weyl fractional g-integral of x*-weighted basic hypergeometric
function ,®4(+), is given by
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A1, 5 Qp Ag—HAT Y
KL g rPs q, pT - xrq q)\(n )
bi, -+, bs ¢ —A+p)
Ay, ar, q1_77+)‘_ﬂ
r1Ps 1 q,pr | . (2.1)
b17 T 7b87 ql—?ﬁ-)\

Proof Inview of relations (1.3) and (1.8), the left hand side of (2.1)
becomes

- — (a1,--,ar;9)
]__qﬂ an q—}t—k)\ 1, s WryY)n
kgo ) ngo(%bla"'abs;(ﬁn

_ (14s—7) u—kn
x (=12 (pg )",

and, interchanging the order of summations, we further obtain

CL ey Oy )n n
“*Z 1 -

qvbla"' saq

n(nq)/z}(l*s_’")

oo

(pzq )"

Q

k(nf)\fn)'

k=0

On summing the inner ; $¢(-) series with the help of the equation (1.11),
the above expression reduces to

/MZ alv" , Ar; @)n
(q,01, -+, bs; Qnl(@ 2" q)

B (14s—r) n
x {(—1)”q”(” 1)/2} (pzg~)",

and by further simplification, the above expression yields to the right hand
side of (2.1). n

THEOREM 2. Let Re(u) > 0, A € I, p be any complex number, then the
following generalized Weyl fractional g-integral of Hy(.) function for A > 0
and A < 0 holds:

g s o 5 ]
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m n — a’a M + 7)\
= (1—q"Hy [p(qu “)k;q‘ (a0), (u+n.A) ] A>0

(2.2)

= (1-q)"H {5 [p(:rq_“)A;q’ E;;)n(l_i)u(i z’)_/\) } . A<O,
(2.3)

where 0 <m < B, 0 <n < A and Re [slog(z) — logsinmz] < 0.

P r oo f. To prove the theorem, we consider the left hand side of (2.2)
and use definitions (1.3) and (1.18) to obtain

0o ian (¢"; Q)
2mi = (G

H G(qu—ﬂjs) G(ql_aj+ajs)W(px)‘q_“)‘_k/\)s
x/ ];1 = " ds.
I Glg"tt%e) T Glg% °)G(q'~*)sins
j=m+1 j=n+1

On interchanging the order of summation and integration, valid under
the conditions given with equation (1.18), the above expression reduces to

(1 q)u Hl (qu_ﬁjs) Hl G(ql—aj+aj5)7r(px>\q—ﬂ>\)5
- Jj= Jj=
- | = ;
Y C 11 G(ql—b]-—i-ﬁjs) [T G(q%=%)G(¢'~*)sins
Jj=m+1 Jj=n+1

On summing the inner ;$o(-) series, with the help of equation (1.11)
and on using definition (1.19), the left hand side of (2.2) finally reduces to

[T G(gb15)G(q"*) [T G(g"~%+2i%)m(pag—#A)e
(1—g)* / j=1 j=1
- ds.
C

271 B A .
[T G(g' %) TT G(g%~%%)G(grn=29)G (' =) sinms
j=m+1 j=n+1

Interpreting the above expression in view of definition (1.18), we obtain the
right hand side of (2.2). The second part of the theorem follows similarly. m
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3. Applications of the main results

In this section, we evaluate some basic integrals of generalized Weyl
type, involving basic hypergeometric functions and various elementary basic
functions expressible in terms of a basic analogue of Fox’s H-function, as
applications of the theorems from the previous section. These results are
presented in the table that follows.

For the sake of brevity, we mention here the proofs of a few results given
in the table. For example the results (3.1) to (3.6) have been derived by
assigning appropriate values to the parameters r, s and p in (2.1), Theorem
1, keeping in view of the definitions given by equations (1.7)-(1.17).

If weset r = s =0and p=11in (2.1), it reduces to (3.2). Further,
on making use of the result (3.2), we can easily prove the results (3.7) and
(3.8). The proof of the result (3.9) is similar to the result (2.1).

The proofs of the results (3.11) and (3.12) follow directly from (2.2) with
p =X =1 and on using the definitions (1.20)-(1.21), respectively.

While, if we assign m =1,n=A=0,B=3,b; =v/2,by = —v/2,b3 =
I,A=2and p= A=a? 3 (2.1), we obtain

1
w o [#0-0? |- T
s L | Gy Cpn Jf = 00
7 x2(1—q)2' (+m,2)
XHIQ,‘? [4612“’(1' (7772)7(%’1)’(_%’1)’(1’1) :| |

(3.22)
In view of of definition (1.22), the above equation (3.22) reduces to the
result (3.13). The results (3.14)-(3.21) can be proved similarly by assigning
particular values to the parameters m,n, A, B, A and p, keeping in mind
definitions (1.23)-(1.30), respectively.

The results deduced in the present paper aim to contribute to the theory
of basic hypergeometric series and g-fractional calculus. They are expected
to find some applications to the solutions of fractional ¢-differ-integral equa-
tions. We intend to take up this aspect in a next contribution.
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K {f(e)} =

g "a"

Ty ()
Re{u) > 0 and for any 7

fm(y — a1y T Fyg TV y; 9)

3.1

$A97”A Ty(n —A)

Po(n—A+p)
Re(n—A) >0

3.2

heq(x)

mkqi'qu(’? = E ;
184

Lg(n—A+u) 1—nfa

Re(n—A) >0 )

3.3

e (1 — 2q*)—a

Zq P 4 | 17
Ty(n— A+ p)
Reln—X) >0

3.4

L (w; 0)

2 PN @)D — N)
(QE Q)nrq(n — A+ N)

sy s e
q ﬂ’q ntA—fh

XoPg G, 2q

1 1— Y
e S ;

Reln— X)) >0

T

3.5

2 Py (23 q)

g T )Ty (n — A)
(G Onle(n— A+ p)

—n otftn—1 l—nta—p
H

q 4 q
Xa@g

1 1—nti
qa+,q T+

Re(n—A)»0

1
4, Tq

b

?

3.6

$>\Wﬂ(‘q;5 ba Q)

ar g At 2(4 ) Dy — A)
(@ @)aTe(n— A+ 1)

g Bl g R

x 3®s 4, Tq

1— A
T G ;

Reln—A) >0
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3.7

@ ging (o)

1—p+h—p
$Aq_m Tyl —A) .

i
2Cy(n—A+um) | L iata

q

5’3/\9’_MF4(’7 - A)
BT, 07— At 1)

1=
gt

%14 q,—

Y

gt .

Re(n—A) >0

|
q, tax

1

ar |,

3.8

:cAcosq (azx)

1—n+A—p
quﬂM Dyl —A) .

P
Waln—A+p) = | s

EAQ_HAPQ (n—A)
2Waln — A+ p)

L—qta—
gt A

X1@1

1— A
g o :

Re(n—A) >0

q, taz

g, —taxr s

3.9

e, Qe

d>0

$Aq_m Tyl —A)
Py(n — A+ p)

e

7*+1(I)s+1 { bl; —

t—nta—p
1—n+2

q
q
Re(A—p) >0

y Gy

abS:

19,
i q '

3.10

%80 (2;9)

CUAQ'ﬂM Dy(n—=A)
Ta(n — A+ p)

—n LlentA—p
x2®1{ gk%ﬁk

Re(A—p) >0

) 2
] ’

3.11

(1—g)*

1,10
RXGal By

—,

{xq & nablj""bB

0<m< B, 0<n<Aand
Re[slog(z) — logsinms] < 0

m;~ﬂ&#+n}
?
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312 | Ey[B;by: Aja; x| (L—g)*
Bt _ Gy, a4, 040
XG iy | ®4 %0
U bla T Ty bB
3.13 Ju(e;q) (1 - 9)*{G(a)}*
- g (ptm,2)
z (1l —gq
><H12”2 4(]72#5@'
v —v
h Py TN T A 2 3 2
or,2), (5, 1,570, (0, 1)
34 Ylmo) (L= QMO B35 | g
(71/271’1)3(1‘1'4»7]72) 1
v —v !
(Tn': 2)7 (E’ 1): (7’ 1): (T’ 1)’ (1’ 1)
3.15 Ko{z;q) (1— gyt
iy _ gip (p+m2)
z4(1—gq
XHIS:E 4q2H 4
v —v
(77, 2): (5’ ]-)7 (Ta 1): (]-: 1)
w2 (1—g)?
3.16 H.(z;q) (L.— gyffteoge gy [*ﬁié 2l g
(254, 1), (e +1,2) o
v —v o
(77?2): (5: 1)7 (T? 1): (T? 1): (11 1)
. ‘ e
3.17 eq(—x) e Q)#G(Q)Gﬁa zq “(1—q)iq
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3.18 sing (=) VAL — @ VHG ()Y
sy — g (+n,2)
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<HiZ | —agm 4
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3.19 | cosq(x) \/E(l_— Q" {G(9))?

2 2
z”(1—q)
20 | 22 47 .
H1,4 4q2m 4q

(w+mn,2)

(,2), 0,1, (3,1), (1, 1)

3.20 | sinh,(z) @({—q)“’lﬂ{G(q)}2

( | (u+n,2)
—2?(1—gq 2’

g 4
(7772)7(%71)7(07 1)7(171)

3.21 | coshy(z) | v7(1 — )" /%{G(q)}?
I , , (n+mn,2)
—z°(1-¢q)"

Hid |~ ¢
1

L (77’2)7(07 1)7(571)7(171)
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