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Abstract. It is shown in the paper the discovery of two rekabte points of
the triangle by means of “THE GEOMETER’'S SKETCHPA&ftware. Some
properties of the points are considered too.
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An effective way to establish geometrical relatiogsby the realization of
experimental investigations on definite geometricahstructions. On the other
hand, precise constructions are necessary for ficieaf study which gives
possibilities for exact observations on the depeodg under examination. A good
knowledge of the geometrical configuration and gprapriate instrument for
elaboration are needed. A possible way is by tieeofi€orresponding software. In
the sequel it is demonstrated an application of ETHGEOMETER'’S
SKETCHPAD” (GSP) program and of two well known thems to the discovery
of two remarkable points of the triangle plane getsyn The discovery is based on
the following two theorems which are proved in [1]:

Theorem 1. Let k be the circumcircle oA AB&nd the circlek, with radius
p. be internally tangent to k and to the sides CA @#l. If r is the radius of

" (Fig. 1).
co L
2

Theorem 2. Let k be the circumcircle of ABahd the circlek, with radius
p. be externally tangent to k and to the lines CA @#l. If r, is the radius of
the externally tangent circle ok AB@th respect toAB and /BCA=y , then

’ I"C H
pe = (Fig. 2).
cos?

the incircle AABC) and ZBCA=y , thenp, =

The usual notations for the sides and the anglasgofen AABC are be used.
Additionally, the tangent points df, with CA and CB are denoted by, and
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C,, respectively (Fig. 1), while the tangent pointskjy with CA and CB are
denoted byC) and C;, respectively (Fig. 2).
As stated in [2], it follows the following properfsom theorem 1:

Property 1. The pointsC, and C, together with the incenter of AABC
are collinear (Fig. 1).

Fig. 1

The proof could be deduced by means of the ecemidi _ o _r

sinZ sinZ
2 2

and CCazcaPcctggzpcctg%, which follow from the trianglesIDC and

P.C,C, respectively (Fig. 1). The equalities, togethé@hvwheorem 1, lead to the
conclusion that ZCIC, =90°. Thus, ClI is angular bisector and altitude of
AC,C,C from the vertexC. Consequently, the points, C, and C, are
collinear, the point  being the midpoint of the segme@tC, (Fig. 1).

Analogously, it follows from theorem 2:

Ptoperty 2. The pointsC, and C|, together with the centet, of the
externally tangent circle oA AB@ith respect toAB are collinear (Fig. 2).
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It could be deduced from corollaries 1 and 2 ary &&sy for the construction
of the pointsC,, C,, C, andC]. Such an observation facilitates the realizatibn o

all necessary constructions by GSP.

Fig. 2

Let L, = AC, nBC, (Fig. 1) andL; = AC, N BC, (Fig. 2). The pointsL,,
L,, L, and L; are determined analogously. Some observations 3 Gn the

relations of the points with the vertices @fABC give arguments for the
formulation of the following two properties:

Property 3. The lines AL, , BL, and CL_are concurrent in the poin .
Property 4. The linesAL,, BL] and CL. are concurrent in the point’.

Barycentric coordinates with respect tABC like A(100), B(010) and
C(0,0;l) could be applied to the proof of the above proesras well as of the next
ones. What is used for the determination of therdioates of the point€, and

C, is thatl i,i,i [3, p. 91], Wherep=a+—b+C and also the formula
2p 2p 2p 2
for scalar product of vectors [3, p. 60] in the atipn ac—bl =0 (it follows from

property 1). Thus we getta(E ,O,EJ , Cb( Bp;bj .
P p p P
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b ’

‘P p-c

Using the coordinates of the poin®,, C,, C, and C/, we determine the
equations of the pairs of lineAC,, BC, and AC|, BC]. Next, their common
points L, and L. are determined in the form:

) LCLa(P—b) b(p—a) (P—a)(P—b)J’

It is obtained analogously théft;l[E ,O,—p;bj , Ct (0 b _p- aJ .
p

pZ—ab p?-ab p?-ab
) o[ _ap-a)  blp-b) (p-afp-b)
( ) c 2 ’ 2 ’ 2 ’
(p-c)’—ab (p-c)’-ab (p-c)*-ab
It is well known that three pointsM(x,y,z), M;(x,y;,z) and
M,(x,,Y,,2,) are collinear iff the following equality is veri:

X y z
(3 X Y1 z|=0[3, p.61]
X Yo 4

Now, by (1) and(3) the equation of the lin€L, is obtained in the form:
CL.:b(p-a)x—a(p-b)y=0. Substitute the equations p—azrctg%,

B

p-b= rcth, a=2Rsinag and b=2Rsing. The last equation takes the form

CL.: sinzﬁx—sinZZyzo.
2 2

Analogously we obtain the equationdl, sinzgy—sin2£z=0 and

BL,: sinZ%z—sinZ%x=0. Next, it is easy to check that the three equatine

verified by the coordinates of the point

B 27

(04 .
27 sin? £ sin
2

(4) . sin 2’ | |

T T T

B 4

where r = sin® > +sin® £ +sin? £,

Analogously, by means d2) and(3) it follows that the linesAL., BL, and
CL; pass through the point
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co? % co B cos?”
2 2 2

T T T

(5) T

where 7' = co? £ + cod? B +cog L.
2 2 2

This ends the proof of properties 3 and 4.

Argumentation for the pointd and T' thus obtained to be considered as
remarkable ofAABC could be found in some interesting propertieshefn. The
search is possible by GSP again.

C

Fig. 3

A first observation is connected with the following

Property 5. T and T’ are in-points ofA ABC(Fig. 3).
The proof of this property could be deduced digefstm (4) and(5).

A search of a relation between the poifits T’ and classic remarkable points
of AABC leads to the following:

Property 6. The center of gravity G and the Gergonne point f{JAABC

are on the linef T’ (Fig. 3).
The proof of this property could be obtained by ¢berdinate representations

a B .y

tg— tg- tg~
of G and J: G(EEEJ J 2, 2, 2 ,where@:tggﬂgﬁ
333 o o o 2 2

Y
+tgZ
9

[3, p. 97]. The validity of (3) for the triples @oints T, T', G andT, T', J
could be verified from(4) and(5) by substitution.
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By the help of GSP relations of the poinfsand T’ under known
transformations in the plane @fABC could be found. Thus, a dependence exists
betweenT and T' under isogonal transformation which could be fdated in
the following way:

Property 7. The points T and T'are isogonal conjugate with respect to
AABC.
It could be used in the proof of the above propdrat the isogonal conjugate
. . . . a? b? c? a? b? c?
of a given pointP(x,y, z) is the pointQ ~—,—,~— |, wheret="-+ — + =
xt oyt zt X 'y z
[3, p. 65]. It follows easily from(4) and (5) that the same dependence exists

between the point$ andT' which implies that they are isogonal conjugate.
On the grounds of the obtained properties of thatpol and T’ we call
them remarkable points fABC.
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